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PREFACE TO THE FIRST EDITION 

r pHIS book, as its name indicates, is meant to be a text- 
book for the Intermediate students of Indian Univer- 
sities, especially the University of Calcutta. Regarding 
the subject-matter, we have tried to make the exposition 
clear and concise, without going into unnecessary details. 
A good number of examples has been worked out by 
way of illustrations, and examples set have been carefully 
selected. 

Important formula and results have been given at the 
beginning of the book for reference. Calcutta University 
questions of recent years are given at the end, to give the 
students an idea of the standard of the examination. 

It is hoped that the book will meet the requirements 
of those for whom it is intended and we shall deem our 
labours amply rewarded if the students find the book useful 
to them. 

The book had to be hurried through the press practi- 
cally within the period of a fortnight, and we must thank 
the authorities and officers of the K. P. Basu Printing 
Works, Calcutta, who, in spite of their various pre- 
occupations had the kindness to complete the printing in 
such a short period of time. 

Any criticisms, corrections and suggestions towards 
improvement will be thankfully received. 


B. C. D. 
B. N. M. 



PREFACE TO THE SECOND EDITION 

We have taken the opportunity afforded by the need for a 
new edition to subject the whole work to a careful revision. 
In this edition, a few articles have been recast and the 
number of examples has been substantially increased. In 
addition to the Miscellaneous Examples at the end of the 
book, two other Miscellaneous Examples have been added. 
The few misprints in the first edition that have been kindly 
pointed out to us by some of our friends and colleagues have 
been corrected in this edition. 


B. C. D. 


B. N. M. 


PREFACE TO THE FTFTH EDITION 

This edition is practically a reprint of the fourth edition ; 
only a new chapter dealing with harder problems on 
Heights and Distances, Summation of Finite Trigonometri- 
cal series, and Elimination has been added in the end to 
cover the syllabuses of some other Indian tlniversities. 

B. C. D. 

B. N.M. 
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TRIGONOMETRY SYLLABUS 
OP THE CALCUTTA UNIVERSITY 
FOB 

I. A. & I. Sc. EXAMINATIONS 

Measurement of angles. 

Trigonometrical ratios. 

Applications of algebraic signs ; angles of any magnitude. 
Graphs of Trigonometrical ratios. 

Elementary Trigonometrical formula and their appli- 
cations. 

Logarithmic sineB, cosines etc. 

Relations between the sides and angles of a triangle. 
Practical solutions of triangles with applications. 
Elementary cases of Inverse Functions. 

GREEK LETTERS USED IN THE BOOK 


a (Alpha) 

0 (Theta) 

ft (Beta) 

n (Pai) 

y (Gamma) 

<#• (Phai) 

8 (Delta) 

V (Pai). 

A (Delta) 



Note. The notation C. U. used at the end of any example moans 
that the example was set in the Intermediate Examination of the 
Calcutta University. 
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CHAPTER I 

MEASUREMENT OF ANGLES 

1. Trigonometry, as indicated by its very name, 
originally meant a subject which dealt with the methods 
of measurements of triangles. At present its scope has 
widened, and now it means a subject which deals with the 
measurements relating to any angle, not necessarily an 
angle of a triangle. 

2. Angles in Trigonometry. 

In Geometry, angles are supposed to be formed by the 
intersection of two straight lines and are always restricted 
to lie between 0° and 360°, being acute, obtuse or reflex. 
Moreover, they are always positive, negative angles having 
no meaning. In Trigonometry however, the idea of an 
angle is much more general. 

An angle in Trigonometry is supposed to be formed by 
the revolution of a straight line which starts from an initial 
position coinciding with one arm, and traces out the angle 
by its revolution about one extremity until it reaches the 
final position coinciding with the other arm. 

For instance, the angle XOP is formed by the revolution 
of a line which starts from the initial position OX, and 
revolving in the anti-clockwise direction, traces out the 
angle XOP which is acute. The same line again, starting 
from OX and revolving in the anti-clockwise direction may 
make a complete revolution and further move up to the 
position OQ. The angle formed in this case is more than 
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five right angles. Now revolutions may be clockwise or 
anti- clockwise. It is conventional to consider angles formed 
by the anti- clockwise revolution of the revolving line to be 
positive . Angles formed by clockwise revolutions of the 



revolving line will then be considered negative angles . i'or 
example, the angle XOB measured in the clockwise direc- 
tion from the initial position OX is a negative angle. 

Thus, angles in Trigonometry may be of any magnitude 
and may be positive as well as negative. 

OX being the initial position of the revolving line, 
produce XO to X\ and let TOY* be the perpendicular line. 
The whole plane is thus divided into four quadrants, the 
first being XOY, the second YOX\ the third X , OY\ and 
the fourth Y'QX. If we contemplate an angle say + 920° 
to be traced out by the revolving line, the line must have 
completed two complete revolutions, thereby describing 
2 x 360° •720°, and have further traced out an angle 200°, 
so that the final position of the revolving line is in the third 
quadrant. Similarly, if we consider an angle - 1354°, the 
final position of the revolving line is in the first quadrant, 
for - 1354° - - 360° * 3 - 274°. 

It should be noted that if two angles differ by complete 
multiples of 360°, the starting line being the same f the final 
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positions of the revolving line will be coincident for the two 
angles. For example, the angles 255° and - 105° will have 
the dual positions of the revolving line same, if both start 
from the same initial position. 

3. Units of measurement of angles. 

We should now define the different systems of units 
used for the measurement of angles. In defining a unit 
however, a standard angle, which has no reference to any 
particular system of unit, should form the basis, and such 
a standard angle is a right angle. A right angle is defined 
in books on Geometry to be an angle which any straight 
line standing on another makes with it, when the two 
adjacent angles formed are equal to one another. A right 
angle is always the same everywhere, and it thus forms 
a suitable basis to start with, in defining the different 
systems of units of measurement of angles. 

There are three systems of units used in Trigonometry 
for measurement of angles, viz . 

0) Sexagesimal unit. 

(ii) Centesimal unit. 

(ill) Circular unit. 

Sexagesimal 41 System. In this system, a right angle 
is divided into 90 equal parts, each being called a degree . 
A degree is again divided into 60 sexagesimal minutes , and 
each minute is further subdivided into 60 sexagesimal 
seconds, so that 

1 rt. angle « 90° (degrees) 

1° »0O' (sexagesimal minutes) 

1' « 60" (sexagesimal seconds) 

* So called, since the subdivisions are mostly by sixtieth parts* It is 
also called the Common or the English System. 
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Centesimal 1 System. In this system, the subdivisions 
of a right angle are as follows : 

1 rt. angle = 100* (grades) 

1* “100' (centesimal minutes) 

1' “100" (centesimal seconds) 


Note. It may be noted that 1' (centesimal minute) is not the same 
as 1 ; (sexagesimal minute), the former being Jqq^qq of a angle 

and the latter being ^ of a right angle, so that the first is J&th 

part of the secend. Similarly, 1" is less than 1 ", being only ^Yeth 
part of it. 

The connection between the two systems of units may 
be effected through a right angle, remembering that 1 right 
angle” 90° “100 g , so that 9° ” 10 g . Any angle in the first 
system may be reduced to degrees, and then multiplied 
by V will be reduced to grades. Similarly, an angle in the 
second system may be changed to the first. 

We shall presently deal with the third system, namely 
the circular system. 

4. Theorem. In all circles , the circumference hears a 
constant ratio to its diameter . 

Take any two circles of any radii, and place them with a 
common centre O. In one, let ABGD... be an inscribed 
regular polygon of n sides. Let A\ B\ C',... be the points of 
intersection of the radii OA , OB, 00,... with the other circle. 
It is easily seen that A’BfG'..* is also a regular polygon of 
n sides, inscribed in the second circle. Now OA *■ OB , as 
also OA' m OB\ so that in the triangles OAB, OA'B', 

t So called, because the subdivisions are' by hundredths. It is also 
called the French System* 
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OA : OA'-* 02? : OB', and angle 0 is common. The two tri- 
angles are therefore similar. Hence AB : A'B' — OA : OA\ 

Thus, 

perimeter of polygon ABCD . .. __ n. A B_ OA 

perimeter of polygon A'B'C'Z?'... ~ n.A'B' ~ OA' * 


K 



This being true, whatever the number of sides » may be, 
making n infinitely large, the perimeters of the polygons can 
be made practically coincident with the circumferences of 
the corresponding circles, and thus we deduce that 

cir cumferenc e of th e cir cle ABCD . .. t OA f 
circumference of the circle AHfCflf... OA' 

radius of circle ABC ... t 
radius of circle A'B'C'... 

Thus circumference of any circle : its radius is the same 
for all circles. As diameter is twice the radius, we deduce 
that the circumference of any circle bears a constant ratio 
to its diameter. 

This eonstant ratio is denoted by the Greek letter ». Its 
actual value has been determined by methods which are out- 
side the scope of the present book, by some mathematicians 
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to more than 500 places of decimals. An approximate value 
commonly used is W A more accurate value is $ 1 &. 

Expressed in decimal, the value is nearly 3*14159... 

Hence, if r be the radius of a circle, d its diameter, 
the circumference - ircl = 2 jjt, 

where ir = 3'14150->« V' roughly. 

5. Circular Unit or Radian Measure. 

In any circle, if we take an arc whose length is equal to 
the radius of the circle, the angle which this arc subtends 
at the centre is called a radian , and is written as 1°. 

We shall now show that with roferenco to whichever 
circle it may bo defined, a radian is a constant angle, and 
hence it may bo used as a suitable unit for measurement of 
angles, which is known as the circular unit. 

Theorem I. A radian is a constant angle , 



Let A B be an arc of any circle with centre 0, whose 
tength is equal to its radius 0A. By definition, <£.A0£ — 
1 radian. Since angles at the centre of a circle are propor- 
tional to the arcs which subtend them, and the whole angle 
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round 0 subtended by the complete circumference being 
known from Geometry to be 4 right angles, we get 

i C.AOB _ arc AB ^ radius 

4 right angles whole circumference circumference 

1 radian r 1 , . ,, 

** c ~ 4 rt7Z 8 = 2*r = 2*’ r belDg the radlU8 ' 

2 

Hence, 1 radian *= rt. angle. 

71 

a radian is a constant angle. ( n being constant ) 

Note. We thus see that whatever be the radius of the circle with 
reference to which a radian is rlofined, its magnitude is the same. 

Prom above, 7 r radians « 180°. 

* 180° 180 , 

.'. 1 radian™ ^ *3* 14159*^ 29577 degrees 

™57°17'44*8" nearly. 

.*. 1 degree = 0174533 radians nearly. 

In higher mathematics so far as theoretical investiga- 
tions are concerned, as a matter of convenience, angles are 
usually measured in the circular unit, i.e. in radians. In 
this connection we may state the following theorem : 

Theorem II. The measure of any angle in radians is 
expressed by the ratio of the arc of any circle subtending that 
angle at its centre, to the radius . 

Let XOP be any angle. 

With centre 0 and any radius OA draw a circle, and let 
AQ be the arc which subtends the angle XOP at the centre 
0. Let AB be the arc whose length is equal to the radius 
OA, so that, by definition, LAOB is one radian. 

Now from Geometry, angles at the centre of a circle are 
proportional to the arcs which subtend them. 
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Hence ^ = 5^# - ■ arc 4 g_ , 

f JiAOB b,tqAB radius 04 


Z.XOP b 
1 radian 


s arc A Q 
radius OA 
arc AQ 


i.e, Z.XOP— j. Tirol a radian. 

radius OA 



Thus if 0 bo the radian-measure of tbe Z.XOP, 3 be the 
length of the arc AQ t and r the radius of the circle, then 

0“ z or, s*=r6. 

r 

Note. In higher mathematics, when an angle is expressed in 
radian measure , the unit is generally implied and not expressed , . so 
that, when the measure of an angle is given without the unit being men- 
tioned, we should always understand it to be in radians. For example, 

‘an angle is ^ means that the angle is ^ radians, which converted 
to degrees is 90° i.e . one right angle. 

6. Id working'out examples, the relations between the 
three systems of units should be carefully remembered, 
namely 

1 rt. / - 90° - 100* - f radians, 

*•■■180*. 


whence. 
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Ex. 1. Express 

(i) 63° 22' 40’8" in centesimal measure 
and (ii) 203* 58' 73" in radians. 

Here (i) 63° 22' 40 , 8"-63£§g deg. - x * rt. Z 

8 a **V x 100 grades ** a fa 1 grades -70 s 42'. 
(ii) 203* 58' 73"- 203 ‘5873 grades 

-2 035873 rt. Z -2 035873 x ?• radians 
— 1'0179365 n radians. 


Ex. 2. Ttoo angles of a triangle are 72“ 53' 51", and 
41* 22' 50" respectively. Find the third angle in radians. 

41* 22' 50"-4T2250 grades 

41 22 5 x9 , i 

j-Q — degrees [ 9 - 10* j 

— 37'1025 degrees 
-37° 6' 9". 

The sum of the two given angles is therefore 

72° 53' 51" + 37° 6' 9"- 110°. 

The sum of the three angles of a triangle being 180°, the 
third angle is 


180°- 110° 


■ 70° - 70 x radians [ n e ■ 


1 180* ] 


In 

' 18 


radians. 


Ex. 8. Divide ^ radians into ttoo parts such that the 

number of sexagesimal minutes in one may be to the number 
of centesimal seconds in the other part as 27 : 2500. 

We have -7 radians - — * - rt.Z - $ rt. Z. 

4 4 n 
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Let x be the number of centesimal seconds in the second 
part, so that x is the number of sexagesimal minutes 
in tho first part. 


Now 


x 


07 

and 2500 ^ 


x f / 

100 * 100 x 100 Y1, 

27sr__ . ^ x_ . , 

2500 x 60 x 90 r " 500000 rC ’^ 
x 1 


- - + 

1000000 500000 2 


whence x • 


500000 

a — — .. — • 

3 


Thus, second part is 


500000" 


500000 


- rt. Z 


3 3 x100 x 100 x 100 

“i rt.Z “ 15°, and as the sum of the two parts is 
i rt.Z i.e. 45°, the first part is 30°. 

The two parts are therefore 30° and 15°. 


Ex. 4. The angles of a quadrilateral are in A. P. 9 and 
the number of grades in the least angle is to the number of 
radians in the greatest as 100 : n. Find the angles in 
degrees. 


Let the angles, expressed in degrees, be a, a + 0, a + 2p 
and a + #p respectively. Then 

a + a + 0 + <z + 2j8 + a + 3j?«360, 

i.e. 2a + 30 **180. (i) 

Again the least angle, a 0 — ^a R 

n° 

and the greatest angle (a + 30)° * (a + 
and so from the given condition, 

^ a /(a + 30)^ -100/*, 

2a 

or, . - 1, whence a - 3 ft. 

a t op 
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using (i), 3a = 180, or, a -GO and 0= £ =20. 

o 

Thus the angles are 

60°, 80°, 100° and 180°. 

Ex. 5. At what distance docs a man , 5J ft, in height, 
subtend an angle of 35" ? 



AB being the man subtending an angle 15" at 0, let 
OA be r ft. 


As the angle AOB is very small, so that AB is very 
small compared to AO, we may assume the small length AB 
to be practically a small arc of a circlo whose centre is 
O. Now the, measure of an angle in radians is the ratio 
of the arc which subtends it at the centre to the radius. 

[ See Art . 5. ] 


15 


... x - — y » 

GO x 60 180 r 

11 v 180x60x60 fJ . 
or, r= 2 *— lh - Xn 

11 x 180 x 60x GO x 7 x 
2 15x22 


3xl76O mil0S appr0X ' 


“ 14*32 miles nearly. 


Examples 1 

1. Indicate the final position of a revolving line which, 
bas traced out the angle 

(i) 1122°; (ii) -810° 29'; 

(iii) - 617 g 51' 5" ; (iv) radians. 

5 
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2. Express (i) 55° 12' 36" in centesimal measure ; 

(ii) 195 s 35' 24" in degrees, minutes and secs. 

3. How many radians are there in (i) 50 s 75' 50" ; 
(ii) 18° 33' 45"? 

4. Express in each system of angular measurement, 
the angle between the minute hand and the hour hand of a 
clock at a quarter to twelve. 

5. If x K be taken as the unit angle, and the angles 
600° and 16° expressed in that unit be a and P respectively, 
find the relation between a and p. 

6. The difference of two angles is 1° ; the circular 
measure of their sum is 1 ; find the circular measure of the 
smaller angle. 


7. Two angles are in the ratio 2 : 3, and the difference 
of their measure in grades and in degrees respectively is 
2fr ; find the angles in degrees. 

8. An angle is the excess of D° M' over G g m\ Find 
the ratio of this angle to a right angle. 

9. The circular measure of a certain angle is equal 
to the ratio of the number of degrees in it to the number 
of centesimal minutes ; find the magnitude of the angle 
in degrees. 

10. With two units of angular measurement differing 
by 10°, the measures of an angle are as 3 : 2 ; determine 
the units. 


11. If an angle standing upon an arc of length % V at the 
'centre of a circle of radius V be taken as unit, and three 
angles JD°, 0 s , and G circular units expressed in that unit 
be x t Vt z respectively, show that 
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12. Three angles are in G. P. The number of grades 
in the greatest angle is to the number of oircular units in 
the least as 800 to n , and the sum of the three angles is 
126°. Find the angles in grades. 

IS. Divide 54° in three parts, such that the oircular 
measure of the first exceeds that of the second by ^ • and 
the sum of the second and third is 30 grades. 

14. Find at what times between 7 and 8 o’clock the 
angle between the two hands of a clock is (i) 60*, (ii) 155°. 

15. The angles of a triangle are in A.P., and the number 

of radians in the greatest is to the number of grades in the 
least as n : 40. Find the angles in degrees. 

16. In each of two triangles the angles are in G. P. ; 
the least angle of one of them is three times the least angle 
in the other, and the sum of the greatest angles is 240°. 
Find the circular measure of the angles. 

17. One angle of a quadrilateral is i of another and the 

3*i 

two other angles are 66 I grades and -j- radians. Express 
the angles in degrees. 

18. The angles of a polygon (which has no reflex angle) 
are in A. P. The least angle is radians and the common 
difference is 5°. Find the number of sides. 

19. The number of sides of two regular polygons are as 
m : n, and the number of degrees in an angle of the first is 
to the number of grades in an angle of the second as p : g. 
Determine the number of sides in each polygon. 

20. An arc of 50* in one circle equals one of 60° in 
another ; find the radian measure of an angle subtended at 
the centre of the first cirole by an arc equal to the radius of 
the second. 
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21. Two regular figures are such that the number of 
degrees in an angle of one is to the number of degrees in 
an angle of the other as the number of sides in the first 
is to the number of sides in the second. The sum of the 
number of sides of the two figures being 9, determine the 
number of sides of each. 

22. The wheel of a railway carriage is 4 ft. in diameter 
and makes 6 revolutions in a second ; how fast is the train 
going ? 

23. The earth revolves round the sun in a circular orbit 
of radius 92700000 miles once a year. Find its velocity in 
miles per hour. If the apparent angular diameter of the 
sun observed from the earth bo 32', find also the linear 
radius of the sun. 

24. A tower subtends an angle of 10' when the observer 
is at a distance of 6 miles ; find its height. 

25. Find the radius of the earth, if an angle of 1° is 
subtended at its centre by an arc joining two places on it 
distant 69'1 miles. 

26. A horse is tied to a post by a rope 27 feet long. 
If the horse moves along the circumference of a circle 
always keeping the rope tight, find how far the horse will 
have gone when the rope has traced out an angle of 70°. 
(*-¥). 

27. A man running along a circular track at the rate 
of 10 miles per hour, traverses in 36 seconds, an arc which 
subtends 56° at the centre. Find the diameter of the 
circle. 

28. An arc of 30° in one circle is double an arc in a 
second circle the radius of which is three times the radius 
of the first. Show that the arc of the second circle subtends- 
5° at its centre. 



CHAPTER II 

TRIGONOMETRICAL RATIOS 


7. Trigonometrical ratios defined.* 



Pig. I Pig. 2 

Let 0 be the measure of an angle XOP which may bo 
supposed to be traced out by a revolving line starting from 
the initial position OX. From any point P on its other arm, 
draw 'a perpendicular PN on OX (produced if necessary, 
as in the second figure). A right-angled triangle is thereby 
formed. Tbe trigonometrical ratios of the angle 0 are 
defined as follows 

PN 

Sine of the angle 0, written as sin 0- yy 

• °PP°! *J*.**d* 
hypotenuse 

ON 

Cosine of 0, written as cos 6 ■ 

. adjacent si de 
hypotenuse 


Par alternative definitions, see Appendix. 
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Tangent of 0, written as tan $ 


PN 

ON 


op posite side 
% ' e ' adjacent side 


Cosecant of 0, written as cosec 6 


OP 

PN 


hypote nuse 
% 6% opposite side 


Seoant of 0, written as sec 6 


OP 

ON 


hy pot enu se 
’ adjacent side 


Cotangent of 0, written as cot 0 


ON 

PN 


. adjacent side 
opposite side 


In addition to these, we define two less important ratios 
of the angle 0 which are sometimes used, as follows : — 

Versed sine of angle 0, written as vers 6 «“ 1 - cos 6 

Coversed sine of angle 0, written as covers ©“l-sin 6 


8. Signs of Trigonometrical ratios. 

XOP being any angle, traced out by a revolving line 
which starts from OX, it has already been mentioned in the 
last Chapter that the plane may be divided into four 
quadrants by the two perpendicular lines XOX 9 and YOY\ 

It is conventional, as in graphs, to consider distances 
measured along OX and OY as positive, and along OX 9 and 
OY 9 as negative. The distance measured along OP, the 
final portion of the revolving line corresponding to the 
angle XOP, in whichever quadrant it may lie! is however 
always considered positive , 
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With this convention, if OP lies in the first quadrant 
as in Fig. (i) of the last article, the sides PN, ON and OP 
of the right-angled triangle OPN are all positive. Hence 
all the Trigonometrical ratios are positive. If OP lies in the 
third quadrant as in Fig. (ii), ON and PN are both negative, 
but OP is positive. Hence from the definitions of the 


( PN\ 

- gp I is negative, cos XOP 

(-D * 


is positive etc. 


In this way, according to the final position of the 
revolving line (starting position being OX), we can determine 
the signs of the Trigonometrical ratios of the angle XOP 
whether this angle traced out is positive ox negative. If 
OP is in the first quadrant , the ratios are all positive . If 
OP falls in the second quadrant , sine and cosecant (which is 
evidently the reciprocal of sine), are positive ; all the other 
ratios are negative. If OP be in the third quadrant , tangent 
and cotangent (which are reciprocals to each other) are 
positive ; all the others are negative. In the fourth quad- 
rant, cosine and secant are positive, others are negative. 
A symbolical figure will help the memory in this cas 
namely, that according to the position of OP, 


Y 


sin 

all 

(positive) 

(positive) 


X 

tan 

cos 

( positive ) 

(positive) 

Y' 



The positiveness of sine, cosine and tangent also impli 
the positiveness of their reciprocals, namely, cosecax 
SeOant and C rt ^ aT,<,on ^ raanonfivt 
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9. Constancy of Trigonometrical ratios. 

So long an an angle remains the same, its Trigonometri 
oal ratios are unique. 



Let XOP (“*0) be any angle, and let PN and P'N' be 
drawn perpendiculars upon OX from any two points 
P and P' on OP. The two right-angled triangles OPN 
and 0&N' are similar. Hence sin 0, whether we take it 
PN P'N' 

as op or op* * s the same. If the angle be XOPi, 

when OPi is not in the first quadrant, the right-angled 
triangles P x N x O and P' x N\0 are not only similar but 
also have their corresponding sides of the same Bign. 
Hence the Trigonometrical ratios of the angle XOP x , 
whether defined from the triangle P±N x O or from P\N\0 
. are the same in magnitude as well as in sign. Thus for any 
given angle, the Trigonometrical ratios are unique. 
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Note. In case of a positive acute angle like XOP , we night take 
any point Q on OX as well, and draw QM perpendicular upon OP, 

and define sin XOP to be "hypovenuM ? i,e ‘ C>V C0S X0P *° 1)8 

©to. Now the two triangles QOM and PON ar© easily seen 

v/\f 

to be similar and both have their sidos all positive ; so that 

*OQ~^6p' etc * ** oncQ the Trigonometrical ratios of the 

angle XOP, even if defined from trianglo QOM , will have the samo 
values. 

It may also be noted that for angles of any magnitude, positive or 
negative , any of the two arms may be supposed to bo coincident with 
OX, and then the magnitude and sign of the angle will fix up the 
position of the other arm, and thereby will make the Trigonometrical 
ratios unique. 

10. Fundamental relations between the Trigono- 
metrical ratios of any angle. 

From the very definitions given in Art. 7 o f the Trigono- 
metrical ratios of any angle XOP ( ~ G) of whatever 
magnitude and sign, we at once derive the following 
relations : ... 

1 

sin e 
1 


cosec 6- 


sec 6 — 


cot 0> 


and since sin 0 - 


cos 0 
1 

tan 0 

PN 

op’ 


cos O' 


ON 

'op 




cot 0 


ON 

'PN 


we get 


tan&- 


cot e ■ 


sin 0 
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Again, since in the right-angled triangle OPN , 

OP 2 «■ PN 2 + ON 2 , 

dividing by OP 2 , ON 2 and PN 2 respectively, we get 



From the definition of the Trigonometrical ratios, 
(i) gives 

(sin 0) 2 + (cos 0) 2 «■ 1 

Now it is usual to write (sin 0) 2 in the form sin 2 0 and 
so for other ratios. The relation then reduces to the form 
sin 2 0 + cos 2 G=»l. 

Similarly, (ii) and (iii) give respectively 

sec 2 0-l + tan 2 e 
cosec 2 G — 1 + cot 2 0. 

These formulas are also used in the forms 
sin 2 0 — 1 - cos a 0, cos 2 0 - 1 - sin a 0, 
seo 2 0- tan 2 0» 5B l, tan 2 0 * sec 2 0 - 1. etc. 

Note. The fundamental formulas derived in this article are very 
important, and are true for all values of 0 whatever its magnitude and 

0 

sign may be. For example, if we take in place of 0, we are simply 

taking a different angle for which the same relations are true, bo that 

0 0 
sin* g + cos* ^ 

11. Conversions of Trigonometrical ratios. 

With the help of the formulas of the previous article, we 
can express any Trigonometrical ratio of an angle in terms 
of any other ratio for the same angle ; hence if the value of 
any Trigonometrical ratio of an angle be givon, we can find 
the v&lae of any other ratio. 


I 
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From the formulae cosec 0 ■ 


Ex. 1. Express sin 0 in terms of cot 0. 

1 

: - ■ 

sin 0 

and cosec 2 0 * 1 + cot s 0, 

1 1 


we get sin0— ,, — . 

cosec 0 ± vl + cot - 0 


Ex. 2. 

cosec 6 


Express cosec 0 in terms of sec 0 . 


*■ ± \/l + cot’ J 0“ 



tan 2 0 + 1 
tan 2 0 


± nj 1 + 

- ± J "°" 8 


tan 2 0 
sec 2 0 t 
sec 2 0 - 1 


± sec 0 
Vseo 2 0 - 1 


Ex. 3. I f cos A ^ Iff, find tan A. 


We have tan A = 


sin A + vl -cos 2 
cos ^4 cos -4 

± +*« 
i a t a 

-ITV i 15 


n 

12 


A more practical method in such cases is however to 
construct a right-angled triangle with the numerator and 
denominator as the two suitable sides, as shown below. 


Ex. 4. If sec A = -V~» ./wd cot 4. 

Let -dPJV be a triangle right-angled 
at N in which the hypotenuse AP^iil, 

AN** 9, so that sec NAP • 

-4N 9 

Thus Z.A T iP-^. 

Now PN 2 “ .4P 2 - 4iY 2 - 41 s - 9® 
-40 s , 

so that PN** ± 40. 

cot J. *“ cot NA P *=* ■» ±: 7 n * 

PN 40 
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12. Restrictions on the magnitudes of Trigonometri- 
cal ratios. 


From the relation sin B 0 + cos B 0 — 1, since sin*0 and 
eos a 0 being square quantities are both positive, it is evident 
that neither sin a 0 nor cos 2 0 can exceed 1, for if sin 2 0, for 
example, be greater than 1, cos 2 0 (which is a square quan- 
tity) becomes negative, which is impossible. Thus sin 0 
as well as cos 0 must have numerical vahies not exceeding 1 ; 
in other words, both sin 0 and cos 0 must lie between + 1 
and - 1 whatever the magnitude of 0 may be. Any value 
numerically greater than 1, like - 2 or +3*1 must be 
impossible for sin 0 or cos 0. 


sec 0 and cosec 0 therefore, being reciprocals of cos 0 and 
sin 0 respectively, can never be numerically less than 1. 

tan 0 and cot 0 however, can have any numerical value 
greater than 1 or less than 1 according to the value of 0. 


13. A few examples on the applications of the funda- 
mental formulas are given below. 


Ex. 1. Prove that 


■cos 0 s 
cos 0 


•At 

/l + cos 0 ^ /(1_+ COB J?) 2 « J (1 + c 

1 - cos 0 V I - eoB*0 V b j 


cosec 0 + cot 0. 

[ C. U. 1937 . ] 
cos 0 ) a 


1 + cos 0 

t i 

sin 0 


1 . cos 0 

* + - . ~ , 

sin 0 sin 0 


bin 0 

! cosec 0 + cot 0. 


Ex. 2. 


We have 


Prove that 
1 

sec A + tan A 
1 


cos A 


I 

i — - 

cos A 
1 


sec A - tan A 


sec A + tan A sec A - tan A 
B A — tan A + s ec A + tan A a 
(sec A + tan A)(sec A - tan A) 
2 

B 

cos A 


b 2 sec A 

sec 2 .4 - tan 2 A 


— 2 sec A ■ 


_ 1 _ 

cos A cos A 
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Hence by transposition, 

1 1 

sec A + tan A cos A 


1 _ 1 

cos A sec A - tan A 


Ex. 3. 


Prove that 


1 + 2 sin 0 cos 0 
(sin 0 + cos 0)(cot 6 + tan 0) 

— sin 0 cos 0 (sin 0 + cos 0). 


We have 


1 + 2 sin 0 cos 0 
(sin 0 + cos 0)(cot 0 + tan 0) 
(ain a 0 + cos 2 0) + 2 sin 0 cos 0 

s ----- i - - - - 

/ . - , ~\l cos 0 . sin 0\ 

(sm 0 + cos 0) . - + J 
vsm 0 cos 0/ 

(sin 0 + cos 0) 2 
(sin 0 + cos 0 


v/cos a 0 + Bin*0\ 
\ sin 0 cos 0 ) 


— (sin 0 + cos 0) sin 0 cos 0 
1 

“ sin 0 cos 0 (sin 0 + cos 0). 


Ex. 4. If 15 sin 2 6 + 2 cos 0 - 7, find tan 0. 

Here 15(1 - cos 2 0) + 2 cos 0 — 7, 

whence 15 cos 2 0 - 2 cos 0-8-0, 

or, (5 cos 0 - 4)(3 cos 0 + 2)-O ; cos 0 or,-$. 

Case (i) when cos 0 - 1, 

sin*0- , l-cos 2 0-l-ij- A. sin 0- ±x. 


, , a sm 0 , 3 

and so tan 0 - — n — ± • 

cos » 4 

Case (ii) when cos 0 — - 1, 


sin 8 0 - 1 - cos 9 0 ** 1 - & “ f. 


tan 0 


sin 0 
cos0 



sin dm 
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Examples II 

Prove the following identities (Ex. 1 to 24) : 
sin A + cos A 

~~ a . a “Bin A cos Am 

sec A + cosec A 

* 2 . cot 0 + fcan 0 = sec 6 cosec 0. 


1 


^ - 1 

1 + tan A 1 + cot A 

cosec°-4 — cot 6 -4 ■* 1 + 3 cosec Z ii cot 2 ^4. 

cos 6 -4 + sin 6 -4 “*1 — 3 sin 2 .4 cos 2 4. 

1 - - 1 
cos *A cosee 2 4 — 1 

A 

f 7 . cos A + tan A sin A ■* sec A. 

sec * A + tan 4 4 = 1 + 2 sec 2 4 tan 2 4. 


/«. 1 + 3 cos .9-4 co 9 3 0 = (l + 2 cob 0)9 

10. (cot 0 + cosec 0)* — if + C - S ?• 

1 — cos 0 


11 . 

r 

12 . 

13 . 


14 . 


? 


16 . 


1 + tan a 0 ^/l — tan 0V 2 ^ 

1 + cot *0 ** VI — cot Of 

tan 2 a — cot 2 a sin a a_— co s 2 a 
1 + cot 2 a cos 2 a 


- tan 0 + sec 0 ■ 




tan 0 + sec 0 — 1 _ 1_+ sin 0 * 
tan 0 — sec 0 + 1 cos 0 

sin A — 2 sin 8 .<4 _ ^ ,, 

n ~8 A A *" tan Am 

2 cos 4 — cos A 



1 + sin 0 
1 - sin 0 


- sec 0 sec 


0 - 



1 — sin 0 
1 + sin 0 
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I* 


4p. 


cosec yM- cot jA ^ _ sinM 
cosec A - cot A (1 - cos 4) 14 

(1 + sin A 4- cos 4) 2 = 2(1 + sin 4)(l + cos -4). 


^ 9 . 


s ec 0 + tan 0 sec 0 — tan 0 
cosec 0 + cot 0 co sec 0 - cot 0 


2(scc 0 - cosec 0). 


> 20 . 


. ___* _L _ A « 1 

1 + sin 2 0 1 + cosec 2 0 

sin s a + cos 3 nr + sin 3 a — cos 9 a 
sin a + cos a sin a — cos « 


> 22 . 


tan 0 
sec 0-1 


sin 0 
1 + cos 0 


2 cot 0. 


^ cos 0 + cos 4> ^ sin 0 + sin <j> 

sin 0 - sin <t> cos </> - cos 0 

^4. 1 + 4 coseo 2 0 cot 2 0 =*(cosec 2 0 + cot 3 0) 2 . 

25. Express 1 - 2 sin 0 cos 0 as a perfect square. ^ 

26. Express 2 sec 2 0 - sec 4 0 - 2 cosec 2 0 + cosec 4 0 in 

nns of tan 0. 


27. Prove that 

(sin a cos P + cos a sin 0)(sin a cos P — cos a sin /J) 

= 3 sin 2 a-sin a /i. 


28. If sin A + sin 2 4 — 1, then cos s 4 + cos*4 - 1. 

29. i (i) If sin 0 - cos 0 *0, prove that sec 0 * ± -s/2. 

(ii) If 7 Bin s 0 + 3 008*0“ 4, show that tan 0- ± 

(iii) If 3 sin 0 + 4 cos 0 “5 show thfrt sin0-f* 

® 2 — 1 

80. If tan 0 + sec 0 “ x, show that sin 0 - -- * 


31. If tan 0 


^ » find the value of 
o 


a si n Q — b cos 0 ^ 
a sin 0 + fc cos 0 
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82. If 1 + 4a? 2 - 4a; sec A % prove that 

sec A + tan A - 2a; or l/2a?. 

88. Express sin a in terms of sec a, and sec 0 in terms of 
cot 0. 

84. Given sin 0“!, cos where 0 and 4 > are acute 

' angles, find the value of “^7-— ~ • 

1 + tan 0 tan <p 


85. If cos a + sin a =* cos a, prove that 
cos a -sin a* 1J2 sin a. 


86 . 

37. 

’ 88 . 


TJ? , . 1 „ , cosec 2 A - sec 2 A 

If tan -4 = ~t* find * . , — »-.• 

v/3 cosec -4 + sec -4 

If l + sin 2 -4 ,BB 3 sin A cos A , find tan -4. 

If tan 0 + sin 0 — m, tan 0 - sin 6 a n, prove that 

m 2 -n 8 -4 Vmw. 


89. If (a 2 -& 2 ) sin 0 + 2a& cos 0 **a 2 + b* t find tan 0 and 
cosec 0. 

40. If tan 0 ■» . » prove that 

sin a + cos a 

cos 0 “ sin a + cos a. 

1 41. Given tan 2 0 - 1 - e 2 , show that 

* 

sec 0 + tan s 0 cosec 0 — (2-e 8 ) 7 . 

42. If x and y are two unequal real quantities, show that 
the equations (i) sin 2 0““-^- and (ii) cos 0«a? + ^- are 
both impossible. 


43. Eliminate 0 between 

(i) x**a cos 0\ y-b sin 0. 

(ii) x «■ c (sec 0 + tan 0), y « c (sec 0 - tan 0). 

(iii) a cos 0 + b sin 0 + c - 0, a cos 0 + 6' sin 0 + c ~ 0. * 
(vi) a tan*0 + 6 tan 0 + c-a' eot*0 + &' cot 0 + c'~O. 
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Examples 11(A) 

Provo the following indentities (Ex. 1 to 18) : — 

1 + cot 8 a ^ 1 — 2 sin 2 a coa 2 a . 

l + tan 2 a l + cot 2 a sin a cos a 

2. (tan 6 + cot 0 + sec 0)(tan 0 + cot 0 — sec 0)«- cosec® 0. 

3. sin 0(1 + tan 0) + cos 0(1 4- cot 0) ■* sec 0 + coseo 0. 

f C . U. 1935. ] 

4. (l + sin a ~ cos a) 2 + (l - sin a + cos a) 2 

“ 4(1 - sin a cos a). 

5. sin 6 a + sin 4 a cos 2 « - sin 2 a cos 4 <* - cos 6 a 

— sin 2 a - cosV 

6. 3(sin 0 + cos 0) - 2(sin 8 0 + cos”0) — (sin 0 + cos 0) a . 

1 __ 1 1 _ 1 , _ _ 1 _ 

cosec 0 - cot 0 sin 0 sin 0 cosec 0 + cot 0 

g cos x + cos v = _ cos x + cos y 

sinar + cos^/ sin^y-cos# sin# ~ cos y sin y + cos# 

9. (sin 0 + cosec 0) 2 + (cos 0 + sec 0) 3 — tan 2 0 + cot 2 0 + 7. 
10. (sec 0 - cos 0)(cosec 0 - sin 0)(tan 0 + cot 0) — 1. 

^ 1 + (coseo x tan p) 2 ^ 1 + (cot x mvl y) 2 * 

1 + (cosec z tan y)* 1 + (cot z sin y) 2 

12. sec r 'a cosec 8 « - 3 sec a cosec a ■* tan s a + cot 8 «. 


13 . 

14 . 

15 . 

16 . 

17 . 


sin 6 A - cos® A (sin A + cos A)(sin A - cos A) 

x (1 + sin A cos A)( 1 - sin A cos A). 
tan a , cot a 

a 7Y 2 . *" . v \ 2 *° Bin (Z COB 

+ tan a) (l + cot*a) a 

sin 8 0 tan 0 - cos 8 0 cot 0 + sec 0 cosec 0 ■» 2 tan 0. 


cos 2 A — sin 8 A 

sin A cos 9 A-cos A sin 2 A 


cosec A + sec A . 


tan 2 + cqt* A = sin 4 J + cos 4 A # 

tan 9 A - cotM sin 2 A - cos*A 
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18. (sin a cos P - cos a sin P) 2 

+ (cos o, cos P + sin a Bin P ) a = 1. 

19. If cosM - sinM — tan 2 #, 

then cos 2 # - sin 2 # ■ tan 2 ^. 

20. If sin 4 ® + sin 2 ®** 1, then tan 4 ®- tan 2 ® = l. 

21. Show that the difference between 3 sin 4 0 - 2 sin°0 
and 2 cos°0 - 3 cos 4 0 is the same for all values of 0. 

@ T , 1 + sin 0 , , 1 1 - sin 0 

If®« -» show that - - 

COS 0 X COS 0 

23. If tan 2 .d “=1 + 2 tan 2 #, show that cos 2 # = 2 cosM.^ 

24. If sin a + cos a =■ 1, then sin a - cos a= ± 1. 

25. If a cos 0 - b sin 0 = c, then show that 

a sin 0 + 6 cos 0= ± Jar + b*-c*. 

26. If (l + sin ®)(l + sin ?/)(l + sin z) 

" (1 - sin ®)(l - sin 2/)(l “ sin z\ 

• prove that each is equal to ± cos x cos y cos z, 

27. If x sin 3 a + y cos 3 a — sin « cos a, and 

x sin a-?/ cos a«0, then x 2 + y 2 *1. [ G, U. 1937 . ] 

oo t t * a sin x + sin?/ , ... 

28. If sin A “ - , . . » show that 

1 + sma: sin y 


yus A. — -JZ -i , . 

1 + sin x sin y 

29. (i) If sin a + cosec a « 2, 

then sin n a + cosec w a - 2. 

(ii) If sec a » sec j 3 sec y + tan P tan y. 

then sec p ** sec V sec a ± tan V tan a. 

cos 4 ® , sin 4 ® . cos*y , sin 4 ?/ - 

i"+ .-»-*= 1, then — + !• 

cos ?/ sin y cos ® sm ® 


30. If 



CHAPTER III 

TRIGONOMETRICAL RATIOS OF SOME 
STANDARD ANGLES 

14. Ratios of 30°. 



Let the angle XOP , which may be supposed to be traced 
out by a revolving line starting from OX, be 30°. Let PN 
be drawn perpendicular upon OX from any point P on OP. 
The angle OPN is then 60°. 

Produce PN to Q , making NQ*=NP. Join OQ. The 
triangles PON and QON are easily seen to be equal in all 
respects, and so Z.OQA— Z-OPN^G 0°. Hence the triangle 
OPQ is equilateral, and so OP ** PQ ** double of PN. 

i 

Hence in the above figure if PN^a, then OP "2a and 
so OA“- JOP^-PN* - Jia* -a* - J3a. The sides ON, 
PN, and OP are all positive in this case, since the angle is 
acute. 

Hence 

sin SO -mn PON- 0 p~2a~2, 

o ON ^ JSa Js 
“op 2a' “ 2 


cos 30‘ 
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tan 30 s 
cot 30" 
cosec 30° 
sec 30° 


PN 

ON' 

ON 

PN 


1 

Ts 

-Js 


1 . 

sin 30° 

1 _ 
cos 30“ 


2 

W 


15. Ratios of 45°. 



Let /XOP — 45°. PN is perpendicular on OX. In the 
right-angled triangle PON, /.PON*' 15°. 

Therefore, Z.OPN is also 45* and so ON—PN^a 
suppose. Then OP - JON'+PN* - ■ 


Hence 


sin 45° 
cos 45". 


PN 1 
OP""j2 

ON 1 
OP” 7 2 


tan 45" 


PN 

ON 


1 


sec 46"“ cosec 46°“ J2, cot 45*“ 1. 
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16. Ratios of 60°. 



Let Z.XOP** 60°. Now PN being perpendicular upon 
OX t along NX cut off NQ — ON. Join PQ. Then fche two 
triangles OPN and QPN are easily seen to be congruent. 
Hence Z.PQN— L PON — 60°. Thus the triangle POQ is 
equilateral, and so OP- OQ — double of ON . 


If ON -a, then OP -2a and hence PN- JOP* - ON 2 

■<* 7 3 . 

Then sin 60“ -^“4* 

cos 

tan 60®~g$- 73 
cot 60° - sec 60® - 2, cosec 60® 


2 

73 ' 


Note. It may be noted from the values of the ratios, that 
sin 60® « cos 30®, cob 60°«8in 30®, tan 60°-cot 30% cot 60®-tan 90®, 
sec 60®«coBec 30®, ooseo 60° * sec 30®. It will be proved more 
generally; in the next chapter, that for any two complementary angles 
sine of one is the cosine of the other and vice-versa, tangent of one is 
the cotangent of the other, and secant of one is the ooseoant of 
the other. The angle 46° being its own complement, therefore, it 
should have its sine and cosine equal to one another, as is actually 
seen to be the case, 
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17. Ratios of 90°. 

Lot XOP be an acute angle very nearly 90°. PN being 
Y p perpendicular upon OX, ON is extreme- 

ly small, and as /.XOP approaches 
more and more to 90°, ON becomes 
smaller and smaller. The length OP 
may however remain finite, and PN and 
OP will approach each other more and 
more closely. Ultimately when / XOP 
becomes 90°, OP and PN coincide, and 
° N X ON becomes zero ultimately. Hence 

the ratio PN/OP becomes 1 and ON) OP becomes zero. 


„ p7\7 

Thus sin 90 — in the limit — 1 

cos 90° ■* in the limit ® 0 
PN 

tan 90° - yrvj in the limit - <» * (infinity) 


( since ON —> 0, whereas PN remains finite ) 

. nno „ uus 90° _ 0 * A 
cot 90 “ - — nA o = v “0 
sin 90 1 


cosec 90° — 1, sec 90° - OPiON in the limit — » *. 


* The symbol oo is used to denote a quantity which exceeds any 
positive number, however large, and does not represent a definite 
number. 

It should be noted that in determining tan 90°, we may start with 
an angle XOP, slightly greater than 90° (i.e. in the second quadrant), 
and make it approach 90°. Then ON will be negative and 0, 
Whereas PN is positive. Accordingly we may also write tan 90° ■* — oo. 

(Thus strictly speaking. we_ s hould write tan 90°= +°°± ) Similar 
remarks apply for sec 90°, cot 0°, cosec 0°, 
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18. Ratios of 0°. 


p 



Let Z^XOP be an infinitely small positive angle* and let 
PN be perpendicular on OX. 

Then PN is infinitely small, whereas OP is finite. Now 
if LXOP be taken less and less and ultimately becomes 
less than any quantity we can assign, we denote it by 
zero, and in this case PN practically vanishes, whereas 
OP and ON remaining finite, coincide. Hence the ratio 
PN! OP becomes ultimately zero, and ON/OP becomes 1. 


Hence, 


« PN 

sin 0 - Qp in the limit “0 


cos 0°«* in the limit 


tan 0° 


sin 0°_ 0 
cos 0° 1 


cot 0° 
cosec 0° 
sec 0° 


ON 

PN 

OP 

PN 

1 

cos 


in the limit 
in the limit 



UO 


* 


Note. Note that 0° and 90° being complementary, 
sin 0° «* cos 90° « 0, cos 0° - Bin 90* — 1, etc. 

19. As the ratios of the standard angles 0°, 30°, 45°, 60° 
and 90° are very often used, they should be remembered very 


• See loot note of Art, IT. 
3 
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carefully. The first three ratios are given in the tabulated 
form below. The other three are reciprocals to these. 


angle 

sine 

cosine 

tangent 

0° or 0° 

° 

1 

0 

30° or * 

6 

I 

bO H- 1 

' i 

- f 

i 

s/3 

45 or A | 

4 j 

1 


1 

1... 

__ o 71 

60 or - 

m 

j 

2 

s/3 

_ 71 


; 

! 


90° or 3 

1 

I 0 

± 00 


Note, The following device may be of uso in remembering the 
sines and cosines of standard angles. The sines of the angles 0°, 30° f 
45°, 60°, 90° are respectively the bquatw roots of the fractions 

Z.hbl.i 

and cosines of those angles are the square roots from right to left. 


20. Examples worked out. 

Ex. 1. 1/0 = 30°, verify that cos 20 = 

x t tan u 

Hence cos 20 ■* cos 60° *** \ • Also tan 0 — tan 30° 

a ^ 

1 - tan fl 0_ 1 - ?f __ 1 „ 1 - tan*0 

•• i+ss 1 * m > 

Ex. 2. Verify that 

sin 30° - sin 60° oos 30° -cos 60° sin 30°. 


1 

78 ' 
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The right-hand side, on substitution of the values, 


J 3 v/3_ 1 1J.1 
2 ‘ 2 2 ' 2 “ 4 4 


^ *= Bin 30°. 


Hence the result. 


Ex. 3. Solve for 0 , where 6 is a positive acute angle , 
given cosec 0 cot 0 ~ 2 


From the given equation, — 2 */3, 

B * Bin 0 sin 0 

or, cos 0 — 2 J3. sin a 0«*2 ^3(1 - cos 8 ^), 
whence, 2^3 cos *0 + cos 0-2 N /3- , O 


giving cos 0 


-JL + J 1 + 48^ -1 + 7 
4 J'3 “ 4 ^3 * 


Since 0 is a positive acute angle, cos 0 is positive, and 
so rejecting the negative value, 

cos 0= 4 ^- ^-cos 30°. 0 — 30° *\e„ |* 


Examples III 


Verify the results {Ex. 1 to G) : — 

1. 1-2 sin 2 30° - 2 cos 2 30° - 1 - cos 60". 


o _2^tan 30 
1 — tan*30° 


x/3. 


3. cos rcoB. + sin rgm - A - sin 7 cos £ + cos - sin ~ 
o 4 34 46 46 


a t*\ x. i a « n\ tan A + tan B , 

4. (0 tan {A + B)~ - — j~ — D ! 

1 - tan 4 tan B 

(ii) oos A ■* cos*£ - sin *5, 
where A —.60°, B - 30°. 
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5. sin 3 A — 3 sin A - 4 sinM , where A — *1 • 

o 

8. 00860*45®, 860*30° (sin* 30° + 4 cot*45° - 860*60°) - 

i o W 2 * Jl 71 71 n • 

. If tan - 4 - cos o ■ a? sm - cos rtan 0 -» find ®. 

4 3 4 4 3 

8. If 0 be a positive acute angle, find 0, when 

(i) 2 sin a 0-3 cos 0 ; 

(ii) tan 0 + cot 0 - 2 ; 

(iii) cosec 2 0 + 5 - 3 ^3 cot 0 : 

(iv) Bin 0 + cos 0 - J2 ; 

(v) 2(cos 2 0 - sin 9 0) — 1 ; 

(vi) 6 sin*0 - II sin 0 + 4 - 0 ; 

, ..v sin 0-cqs 0^1- J3 
mij sin 0 + cos 0 * 1 + J3 

9, Given 0 and <f> to be positive acute angles, and 
tan (0 + </>) - J3 f tan (0 - 4>) « 1, determine 0 and *k 

10. Find a and 0 (a and 0 being positive acute angles), if 

sin (2a - jS) ■* 1, 
and cos (a + 0) — b 

11. Find A, B t 0 ( A , B % C being positive acute angles), if 

sin (B+ 

oos(C + 4-B)“l, 
and tan (A + B - 0) ■* 1. 

12. Find the numerical values of : — 

W , j 3* rt 2 W 3 2^* i 2 ** , 

cot g “ 2 cos 2 g - j sec ^ - 4 sec g » 

(ii) 3 tan a 45° - sin a 60° - $ cot a 80° + * gec a 45°. 



CHAPTER IV 

TRIGONOMETRICAL RATIOS OF ANGLES ASSOCIATED 
WITH A GIVEN ANGLE 6 

21. Ratios of the angle (~d) in terms of those of 0, 

0 having any magnitude. 
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intermediate: trigonometry 


Now LXOP (measured anti-clockwisely) being equal to 
LXOQ (measured clockwisely), LPON* Z.QON in magni- 
tude in all the figures, and therefore the two rt-angled 
triangles PON and QON are congruent. The corresponding 
aides are therefore equal in magnitude. Considering the 
signs of these sides according to the usual convention, we 
get in all the figures, 

QN- -PN t and OQ-OP 

( both OP and OQ being always considered positive ). 

Hence, from definition, 


sin ( - 6) 
cos ( - 6) 
tan ( - 0) 


QN -PN 
OQ~ OP 

ON ON 
OQ~OP 

QN - PN 
OJV“ ON 


- sin 0 


cos 6 


— - tan 0 


and the reciprocals of these give, 

cosec ( - 0) « - cosoc 0, 
sec ( - 0 ) « sec 0, 
cot (- 0)“ - cot 0. . 


22. Ratios of (90° - 6). 

Let the LXOP traced out by a revolving line be 0, and 
let another revolving line, starting from OX trace out the 
angle XOY— 90° and then revolve back, tracing out A.YOQ 
■*0 in the clockwise direction, so that Z.XOQ**90 o — 0. 

Take two equal lengths OP and OQ along OP and OQ 
respectively, and draw PN and QM perpendiculars on OX. 

If OP be in the first or third quadrant as in Pig. (i) and 
Pig, (iii), OQ also lies in the same quadrant. If OP lies in 
the second quadrant as in Pig. (ii), OQ lies in the fourth 
quadrant ; and if OP lies in the fourth, OQ lies in the 
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second, as in Pig. (iv). Now, LXOP being equal to A.YOQ 
in magnitude, Z.PON** Z.OQM, and since OP-Og, the 



Fig. (iii) Fig. (iv) 

two rt.-angled triangles PON , OQM are congruent. The 
corresponding sides are therefore equal in magnitude. 
Considering signs as well, we get in all the figures, 

QM~ON t OM-PN ; og-op. 

Hence, from definition, 


sin (90* -6)- sin Z.XOQ - ~ cos 0 

cos (9O*-0)«* °Q^“^Qp "* <*•“ 0 
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The reciprocals of these are 

cosec (90° -6) — sec 0, 
sec (90° - 0) — cosec 0 , 
cot (90° - 0) ■* tan 0. 

Obs. The angle (90° — 0) is the complement of 0, and wo derive the 
result that for a pair of complementary angles, sine of ono iB tlio cosine 
of the other and vice versa , tangent of one is the cotangent of the 
other and secant of one is the cosecant of the other. This was verified 
in the last chapter in connection with the complementary pairB 30° 
and (50°, as also 0° and 90°. 


23. Ratios of (90° + 6 ). 
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Cut off OP~OQ along OP and OQ respectively and 
let PN , QM be perpendiculars on OX (produced where 
necessary). 

Now OQ being perpendicular to OP, the Z.PCW" the 
complement of Z.QOM” Z.OQM in magnitude, and since 
OP« OQ, the two right-angled triangles OPN and OQM are 
congruent. The corresponding sides are therefore equal. 
Considering signs as well, we get, for all the figures, 

QM= ON, 0M~ - PN, OQ ~ OP. 


Hence from definition, 

sin (90°+ 0) - sin XOQ ■ 


QM ON 
' OQ ** OP' 


cos (90° + 0) * s 


OM - PN 
OQ " OP~" 


- sin 0 


tan(90°+e) -cote 


and considering their reciprocals, 

coseo (90° + 0) — sec 0, 
sec (90° + 0 ) « - cosec 0, 
cot (90° + 0) — - tan 0. 


24. Ratios of (180°- 0). 



Fig. (i) Fig. (ii) 
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Let; ZXOP-0 be traced out by a revolving line, and let 
another revolving line, starting from OX, trace out an 
angle 180° coming up to OX' and then revolve back and 
describe an angle X'OQ^O, so that ZXOQ* 180° -0. 

Two figures are given here, one with OP in the first 
quadrant and another with OP in the third quadrant. The 
two other figures may easily be drawn by the students. 

Now cut off OP “00, and draw PN and QM perpendi- 
culars on OX (or OX ' as the case may be). Then LPON 
-* Z.QOM in magnitude, and OP“OQ. Hence the right- 
angled triangles PON and QOM are congruent, and so have 
their corresponding sides equal in magnitude. Taking into 
consideration the signs, we get for all the figures, 

QM~PN, 01 lf« - ON, OQ-OP. 

' Hence for all values of 0, 

sin (180° - e) = sin XOQ - 0 ™ Q - ~ - sin 6 

cob (180° “ 0) “ °qq “ = ~ cos 6 


tan (180° - 6) « 


QM 

OM 


_PN m 
-ON 


-tan 6 


and so taking reciprocals, 

cosec (180° - 0) — cosec 0, 

sec (180° - 6) * - sec 0, 
cot (180° -0)— - cot 0. 

Note. The first two formula, may Ihj expressed in the form “sinss 
of supplementary angles are equal, and cosines of supplementary angles 
are equal in magnitude but opposite in sign .** 

25« Ratios of (180 ° + eh 

Let a revolving line starting from OX, trace out an 
angle XOP« 0, and further trace out an angle POQ »■ 180°, 
so, that ZXOQ- 180° + 0. 
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OP and OQ are then in one straight line. 



Fig.(i) Fig.(ii) 


Cut off OP — 0Q t and draw PN and QM perpendiculars 
on XOX'. 

Two figures are given here with OP in the first and 
fourth quadrants, and the other two may be similarly 
drawn. 

Now POQ being a straight line in this case, /„PON 
“ Z. QOM in magnitude. Also, OP - OQ . Hence the right- 
angled triangles PON and QOM are congruent and have 
their corresponding sides equal in magnitude. Considering 
signs, we get in all cases, 

QM- - PN t OM - - ON OQ- OP. 

Thus for all values of 0, 

■in (180°+ ©) - sin XOQ ~ Q q Q ~ ' 

cos (180°+©)- ^ " ~0P “ ' C0B 6 

f An /I QA° x QM “ PN PN « 

tan (180 +©)- 0 ^- _ 0 ^“ ^ Un ® 


-sin © 
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and bo, 

cosec (180° + 0) — - cosec 0, 
sec (180° + 0) — - sec 0, 
cot (180° + 0) — cot 0. 

20. Ratios of (270° - 0). 



Let Z.XOP — 0 be traced out by a revolving line, and let 
another revolving line trace out an angle XOY' “270°, there- 
by coming up to the position OY\ and then revolve back, 
tracing out an angle Y r OQ — Q, so that Z.XOQ aa 270° - 0. 

Two figures are given here with OP in the first and third 
quadrants. The other two may be drawn similarly. 

Out off OP - OQ and draw PN, QM perpendiculars on 
XOX'. 

Since LXOP — LY’OQ in magnitude, we easily derive 
that LPON— LOQM in magnitude. Also OP — OQ. Hence 
the two right-angled triangles OPN and OQM are congruent. 
Considering signs, we get for all the figures, 

QM- - ON, QM- -PiV, OQ-OP. 
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Hence, for all values of 0, 


sin (270* -0)- sin L XOQ 


cob (270° -a) 
tan (270° -0) 


OM 

OQ 

QM 

OM' 


-PN 
OP 
- ON ON 
-PN m PN' 


- sin 0 


* cot 0 : 


— cos e 


and thus, 

cosec (270° - 0) « - sec 0 , 
sec (270° - 0) — - cosec 0, 
cot (270° — 0) *■ tan 0. 


27. Ratios of (270° +6). 


We may proceed geometrically as in the previous cases. 
Otherwise we may proceed as follows : 

sin (27<T + 0)«sin (180° + 90° + o ) « - sin (90° + 0) [ from § 25 
--COS a ... ... [ from § 28 

COS (270° + 0) - cos (180° + 9O 6 "+0) * - cos (90° + 6) 


tan (270° +0) 


= - (-sin 0)~sin 0 
^ sin (270° + 0) ^ — cos^i 
cos (270° + 0) sin 0 


cot 0 ; 


and hence, 

cosec (270° + 0) - - sec 0 t 
sec (270° + 0) *= cosec 0, 
cot (270° + 0) — - tan 0. 


Note. The ratios of 180® - 0, 180° *f 0, 270° - 0 can also be similarly 
deduced from the formulae for ratios of 90° ±9, 


28. Ratios of (800° - 0), (860° + 0) and (n.880° ± 0). 

It has already been remarked in Art. 2, Chanter I v that 
angles which differ by complete multiples of 360\ i.e, by an 
exact number of complete revolutions, (save the final posi- 
tions of the revolving lines coincident, if the initial lines are 
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the same. Hence all the trigonometrical ratios of two such 
angles must be identical in magnitude as well as in sign. 

Thus trigonometrical ratios of 360° - 0 must be same as 
those of - 0. Hence, 

sin (360° - 6) - sin ( - 0) - - sin 6 
cos (360° — 6) “ cos ( - 0) “ cos 6 
tan (360° — S) — tan ( - 0) ■» - tan 0 9 etc. 

Trigonometrical ratios of 360° + 0, or of 360° x»±0, 
where n is an integer, positive or negative, must similarly 
be same as those of 0, or of ±0. 

Thus in determining trigonometrical ratios of angles , 
complete multiples of 360° ( i t e. t 2 n) may be always added 
or subtracted . 

29. All the above results may, for easy remembrance, 
be summed up in a simple rule. 

II 0 be associated with an even multiple ol 90° by a + or — sign, 
( e.g 180° - 0, 180° + 0, 360° - 0, 360° + 0, etc.), the ratio is not 
altered in form (i.e. t sine remains sine, cosine remains 
cosine, etc.). To determine the sign, assuming 0 to be 
acute, find out the quadrant in which the associated angle 
lies, and determine the sign according to the rule “all, sin, 
tan, cos*’. 

If 0 be associated with an odd multiple ot 90° by a + or — sign, 
(e.ff., 90° “* 0, 90° + 0, 270° - 0, 270° + 0 , etc.), the ratio is altered 
(sine becomes cosine, cosine becomes sine, tangent becomes 
cotangent, etc.). Moreover, the sign of the result is 
determined as in the previous paragraph. 

Example. Consider formula for tan (270° - 0) and 
sec (180*+ 0). 

870* - 0 3.90* - 0 (multiple of 90" is odd). 
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Hence the ratio will be altered, tan changing into cot. 
Moreover, 8 being assumed acute (whether it actually is so or 
not, it does not matter), 270°- 0 falls in the third quadrant, 
where tan is positive. 

Hence, tan (270° - 0) - + cot 0. 

180° + 0 has got 0 associated with even multiple of 90°. 
Hence the ratio does not alter inform, sec remaining sec. 
Also, 180° + 0 falls in the third quadrant, if 0 be assumed 
acute, where sec (by the rule “all, sin, tan, cos”) is negative. 

Hence, sec (180° + 0)- - sec 0. 

N. B. The angle “ — 0” may be written a8 0.300° — 0, and 0 may 
be considered even in applying the above rule. 

Thus, 0 being supposed acute, —0 falls in the fourth quadrant, 
where cos and She only are positive. The form of the ratio not changing 
in this case, sin ( — 0)=* — sin 0, cos ( — 0)® +cos 0, etc. 

80. Special angles (< outside the first quadrant). 

In Art. 2d, putting 0*60°, 45°, 30° and 0° respectively 
we can deduce the following results : 


sin 

120' J 

« sin 60° « ; 

COS 120° » 

-cos 60° » 

1 

“ 2 ’ 

sin 

135° 

sin 45° « V. I 
v* 

cos 135° a 

- cos 46° — 

1 

sin 

150® 

-sin 30° » l ; 

« 

cos 150° — 

- COS 30° « 

_*/3. 

2 

sin 

180° 

as Sin 0° a 0 1 

cos 180° « 

- COS 0° a — 

1. 

And similarly from Arts. 

, 27 and 28, 

putting 8 

-0, 

sin 

270® 

- - cos 0° - — 1 ; 

cos 270° - sin 

0°-0. 


sin 

880° 

-sin 0° — 0 ; 

cos 860° — cos 0° — 1. 


From 

the 

above, we get, 




tan 

180® 

«*0 ; tan 270°- - os ; tan 860° 

-0, 
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Examples worked out. 

Ex. 1. Find the value of cot ( - 1575°). 

cot ( - 1575°) - - cot (1575°) - - cot (4 * 360° + 135°) 

- - cot (135°) - - cot (180° - 45') 

-cot 45° -1. 

lln 

Ex. 2. Find the value of cot 0 - tan 0, where 0 = g- 

Yin n o 

g g 1 and omitting complete multiples of 360° 

i.e. % of 2n, whereby trigonometrical ratios are not altered, 
we get, 

cot ^g 71 ■* cot | - g j - - cot g - - cot 60° - - ^Jg- 

tan ■* tan | - 3 ) “ tan \ ~ tan SO 0 ** ~ *J3. 

* * * * 1 . /Q 3-1 2 2j3 

.. cot 0 - tan 0 - - 7 3 + J 3 - = j 3 - 3 • 

Ex. 3. Prove that 

sin (420°) cos (390°) + cos ( - 300°) sin ( - 330°) — 1. 

L. H. side - sin (360° + 60°) cos (360°.+ 30°) 

+ cos ( - 360° + 60°) sin ( - 360° + 30°) 
— sin 60° cos 30° + cos 60° sin 30* 

= V3jv/3,ll 8 1. 

2" 2 2 ' 2 “ 4 4 ' 

Ex. 4. Express cot (-1358°) in terms of the ratio of a 
positive angle less than 45°. 

cot ( - 1358°) - cot ( - 4 x 360° + 82°) 

— cot 82* - cot (90* - 8°) 

-tan 8*. 

Note. Ratios of angles of any magnitude and sign can always be 
expressed in terms of a ratio of a positive angle less than 45°. 
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Ex. 5. Express 

rns (\)()° + 0) see ( - 0) fav (180° - 0) 
sec l3Gu°"+ 0} sin (lfet? -to) cot 190° - 0) 

form . 


its simplest 


The given expression 

- sin 0 bp o 0 ( - tan 0 ) 
sec 0. ( - sin 0), tan 0 


Examples IV 

1. Write down the values of sin 150°, cot 840°, 
cosec ( - GG0°) and tan (-11 25°). 


tan 


(i + 3) 


and cos 


f / 

r lG»\ 

[ ~ 4 )' cosoc | 

l 3 )' 

/5x 10n\ 


\ 2 3 / 


| - cos ||2n + 1 

Ki 


is 


n is a negative integer. 

4. Find the value of sin + ( - l) u j» where « i 
any integer. 

5. Find all the values of 

(i) tan I*”* + ( _ 1)" 4} ’ 

(ii) cosec j~ + ( - l) n gj« 
where n is any integer. 

6. Show that cos|*2m:»±“j and tan ( wn+ gj have 
one value each for all integral values of m . 
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7. Prove that, n being any integer 

(i) cos (nw + a) — ( - 1 ) n cos a ; 

(ii) tan (nn — a) — - tan a. 

8 . Prove that 

(i) cos 0 - - cos (0 - 180°) ; 

(ii) tan 0 — - cot (0 - tjti). 

9. Prove that 

(i) sin (780°) cos (390°) - sin (330°) cos ( - 300°) - 1 ; 

(ii) cos 306° + cos 234° + cos 162° + cos 18° -0 ; 

/...x sin 250° + tan 290° 1 

UuJ cot 200° + cos 340° ~ ~ 1 ’ 

10. Simplify 

sin 3 Gr + 0) , tan (2n -J0) sec a (7i-0) 
cos^n + O) eosec^O sin(^-“0) 
and determine its value when 0 = 225°. 

11. Prove that 

sin (in + 0) cos (71 - 0) cot (§tj + 0) 

“ sin (Jti - 0) sin (%n - 0) cot (in + 0). 

12. Evaluate 

/.\ . 2 71 , .2 3 71 , , o & 71 t • 2 7 71 

( 1 ) sin £ + sm ^ +sin +sin - • 

(n) cot 2 - 6 cot 2Q cot 2Q cot 20 cot- 2Q - 

(iii) sin x + gin (n + x) + sin (2n + x) + to n terms. 

13. If tan 0 - tv and cos 0 is negative, find the value of 

sin Q * c os ( - 0) # 
seo (—0) + tan 0 

14 . An angle 0 lies between 180° and 270°, and cosec 0 
- h Find cot 0. 
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15. Express in terms of ratios of positive angles less 
than 45° ; 

(i) cot ( - 1054°) ; (ii) sin (1145°) ; 

(iii) sec (-1491°) ; (iv) cos 

16. Find the value of 0 when, 

(i) tan 0 = - v/3 and 0 lies between 270° and 360° ; 

(ii) cos 0- - i, and 450°< 0 < 540°. 

17. Solve for 0 , giving all the possible values, when 
0 0 <0 < 360° ; 

(i) cos 0 + JS sin 0- 2 ; ' C. U. 1930. ] 

(ii) 2 sin 2 0 + 3 cos 0=*O ; 

(iii) 3(sec 2 0 + tan 2 f/)- 5 ; 

(iv) cot 0 + tan 0 m 2 sec 0 ; 

(v) 1 - 2 sin 0 - 2 cos 0 + cot 6 — 0. 

18. If A, B t C be angles of a triangle, show that 

sin (A + B) - cos G *= cos (A + B) + sin C. 

19. If A f B, C bo angles of a triangle, show that 

tan (B + C) + tan (G+ A) + tan (A + B) 
tan U - A) + tan (in ~B) + tan (3 tx - 0) 

20. If A % B , C, D be the angles of a quadrilateral, 
show that 

cos iU + 0) + cos \{B + D) — 0. 

If the quadrilateral be cyclic, then 

cos A + cos B + cos C + cos D m 0. 



) CHAPTER V 

SIMPLE PRACTICAL APPLICATIONS OF 
TRIGONOMETRY 

31. One of the most important applications of Trigono- 
metry is in the determination of heights and distances 
of distant objects which are not directly measurable, by 
observations of angles subtended by those objects at the 
eye of the observer. These angles may be measured by 
instruments known as Sextants, or Theodolites or by other 
angle-measuring instruments. Thus Trigonometry plays 
a very important part in land survey . It is also extensively 
used by Astronomers in determining the distances of the 
heavenly bodies like the sun, moon and stars. 

Two angles are very often used in the practical applica- 
tions of Trigonometry, and they are defined as follows : — 



an observer, the angle which the line joining 0 to a point P 
above OX makes with OX is called the Angle of Elevation 
or altitude of P as seen from 0. 
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If Q be below the horizontal line OX, the angle XOQ 
measured below OX is called the Angle of Depression of 
Q as seen from 0. 

32. Illustrative Examples. 

Ex. 1. From a chsta?ur of 40 feet from the foot of a 
palm tree in a horizontal field, the angle of elevation of the 
top of the tree is observed to be 00°. Find the height of 
the tree . 

§ 

P ' 

/ 


. 00 * 

°‘ 40 ft. 

Let h ft. be the height of the tree PN, and Z.NOP, fcho 
angle of elevation of P as seen from O, where ON** 40 ft., 
is 60°. 

Then = tan PON = tan 60° - s/3 ; 

4U 

h~40 *J3 ft. — G9‘28 ft. 

Ex. 2. From one bank of a river , the top of a building 
just on the opposite hank is observed to have an elevation of 
45°. On receding 50 ft . from the bank , perpendicular to its 
edge , the angle of elevation Incomes 30°, Find the breadth 
of the river , and the height of the ljuilding . 
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AQ being the breadth of the river, PQ the height 
of the building, ZP-^Q* 45°. Also AB being 50 ft., 
ZPBQ- 30°. 


P 



AB 

Hence, subtracting, ^ — cot 30° - cot 45°, 

50 Jfy 

or, PQ ^ 1 » 

^0 50( s/3 + 1) . 

PQ ^/3 ~ 1 "" 9 3 ffc * nearly. 

Also ^j-cot 45° = l ; ^a“P<? = 6S’3 ft. 

Thus, the breadth of the river and the height of the 
building are both 68’3 ft. nearly. 


Ex. 3. The angles of depression and elevation of the top 
of a tower 50 ft high from the top and bottom of a second 
tower are GO 0 and 20° respectively . Find the height of the 
second tower to the nearest foot. [ Given cot 20° *=* 2*747. ] 

PQ is the second tower, and Z.XPA **60°, XBQ4 -90°. 
A 50 ft., A O is parallel to BQ or PX % so that Z PAG 
— the alternate angle XPA** 60°. 
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Now « cot 20° ; .. QB~ AB cot 20°. 

pr\ 

Also = tan PAG ** tan 60° ; 

PC - (L4 tan 60° - QB tan 60° 

*= AB cot 20° tan 60°. 



G B 


height rQ-PC + CQ-PC + AB 

- AB (cot 20° tan 60° + l) 

■* 50(2*717 x V3 + 1). 

«287'8..Jt.«288 ft. nearly 

Ex. 4. The elevation of a hill from a place P due East 
of it is 45°, and at a place Q due South of P, the elevation 
is 30°. If the distance PQ he 400 yds t% find the height of 
the hill . 

A is the top of the hill, B is the point vertically below it 
on the ground. BP is due East, PQ is due South, so that 
BPQ is a right angle. Also ABP and ABQ are both right 
angles. 

Now - cot AQB <■ cot 30° - J3, 

BP 
AB 


and 


cot ^iPJB«cot 45° -1. 
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Hence, BQ-AB J3, BP - AB, 


A 



and PQ 2 -BQ 2 - BP 2 = AB *( 3 - 1) - 2AB 2 . 

. ' . = J2- 200 J2 - 283 yds. nearly. 

Examples V 

1. From the top of a tower by the sea side, 100 feet 
high, it was observed that the angle of depression of the 
bottom of a ship at anchor was 30°. Find the distance of 
the ship from the bottom of the tower. 

2. Two straight roads, which cross one another, meet a 
river with a straight course at angles 60° and 30° respective- 
ly. If it be 5 miles by the longer of the two roads, from 
the crossing to the river, how far is it by the shorter ? If 
there be a foot-path, which goes the shortest way from the 
orossing to the river, what is the distance by it ? 

3. Two poles are of equal height ; a person standing 
midway between the line joining their bases observes the 
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elevations of the poles to be 30°, After walking 40 feet 
towards one of them, he observes that the same pole 
now subtends an angle of 00°. Find their height and 
the distance between them. 

4. A straight palm tree CO feet high, is broken by the 
wind but not completely separated, and its upper part meets 
the ground at an angle of 30°. Find the distance of tho 
point where the top of the tree meets the ground, from the 
root, and also the height at which the tree is broken. 

5. Two posts are 120 ft. apart, and the height of one 
is double that of the other. From the middle point of tho 
line joining their feet, an observer finds the angular eleva- 
tions of their tops to be complementary. Find the height 
of tho shorter post. 

6. The Bally bridge subtends an angle of 45° at a given 
point at the edge of the river ; 800 yds. higher up, it 
subtends an angle of 30°. The course of the river here is 
straight and perpendicular to the bridge. Find the length 
of the bridge. 

7. The height of a house subtends a right angle at an 
opposite window, the top being 60° above a horizontal 
straight line through the window ; find the height of the 
house, taking the breadth of the street to be 30 feet. 

8. From an aeroplane vertically over a straight road, 
the angles of depression of two consecutive milestones 
are observed to be 45° and 60° ; find the height of the 
aeroplane. 

9. From a ship sailing due South-East at the rate of 
6 miles an hour, a light-house is observed to be 30° North 
of East, and after 4 hours, it is seen due North ; find the 
distance of the light-house from the final position of the 
ship. 

10. The shadow of a tower standing on a level plane is 
found, to be 40 feet longer when the sun’s altitude is 45° 
than when it is 60°. Find the height of the tower* 
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11. From the lower window of a house the angular 
elevation of a church -steeple is found to be 45° and from a 
window 20 feet above, the elevation is 30 a . How far is the 
church from the house ? 

12. A light-house facing East sends out a fan-shaped 
beam of light extending from S. E. to N. E . An observer 
sailing duo North, after meeting the light continues to see 
it for 10 J2 minutes. When leaving the fan of light, the 
ship is 10 miles from the light-house. Find the speed of 
the ship. 

18. A pole 100 ft. high stands vertically at the centre 
of a horizontal equilateral triangle, each side of which 
subtends an angle of 60° at the top of the pole. Find the 
side of the triangle. 

14. Two chimneys are of equal height. A person stand- 
ing between them in the line joining their bases observes 
the elevation of the nearer one to be 60°. After walking 
80 feet in a direction at right angles to the line joining 
their bases, ho observes the elevations of the two to be 45° 
and 30° respectively. Find the height and the distance 
between them. 

15. At the foot of a mountain the elevation of its 
summit is 45° ; after ascending 1 mile towards the moun- 
tain up an incline of 30°, the elevation changes to 60°. 
Find tbo height of the mountain. 

16. From a station, two light-houses A and B are seen 
in directions North and 30° East of North respectively; 
if A were one- third as far off as it really is, it would appear 
due West of B . If the distance of B from the station be 
10 miles, find the distance of B from A, 

17. A person walking along a straight road observes a 
tall tree standing in front of a tower, both being on the 
road before him. The elevation of the top of the tower is 
45°, and of the top of the tree 30° ; on advancing 100 feet 
he finds the tower and the tree to have the same elevation 
60° ; supposing the height of the eye of the man to be 
5 feet, find the height of the tower and of the tree. 
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18* A man on the top of a rock rising on a seashore, 
observes a boat coming towards it at an angle of depression 
30° ; 10 minutes later the angle of depression is 60°. The 
height of the rock being 4000 feet, find the speed of the 
boat in miles per hour. 

19. A person walking along a straight level road 
observes the elevation of the top of a bill to bo 60° when he 
is nearest the hill, and after walking 200 yards in a direction 
perpendicular to the direction of the hill from this point, 
observes the elevation to be 30°. Find the approximate 
height of the hill. 

20. A square tower stands on a horizontal plane. From 
a point in this plane, only three of its upper corners aro 
visible, and their angles of elevation aro 45°, 60°, 45°, Find 
the ratio of tlio height of the tower to its breadth, 

21. Two wheels, the sum of whoso radii is 10 feet, aro 
placed flatly on a table with their centres at a distance of 
20 ft. An endless string, quite stretched, is paftly wrapped 
round the wheels and crosses itself between them. Show 

that the length of the string is nearly 7 G’5 feet. 

• 

22. On a still day, from a station A an airship is 
observed due north at an elevation of 60°, while from a 
station B it is observed due east at an elevation of 45°. At 
this instant of observation, a parachute message is dropped 
from the airship, and the observer at A has to walk a mile 
to reach the message. Find the distance between the two 
stations. 

23. From the foot of a column the angle of elevation 
of the top of a tower is 45° and from the top of the column 
the angle of depression of the bottom of the tower is 30°. 
A man walks 10 ft. from the bottom of the column towards 
the tower and notices the angle of elevation of its top to 
be 60°. Find the height of the column. 



CHAPTER VI 
COMPOUND ANGLES 


33. To prove that / 

sin (A+BJ^sin A cos B + cos A sin B 
cos(A + B) = cos A cos B- sin A sin B, 

when A and B are positive and acute and (A + B) < 90°. 



Let a revolving line starting from the position OX trace 
out an angle XOF—/1 and then revolving further, trace out 
an angle YOZ — B ; then jLXOZ * A \ B . 

In QZ % the hounding line of the compound angle A + B, 
take any point P and draw PQ and Pit perpendicular to OX . 
and OY respectively ; also draw US and RT perpendicular 
to OAT and PQ respectively. 


From the right-angled A POQ t 


sin ( A + B) 


PQ m QT 4- TP RS + PT RS PT 
OP " “OP OP OP OP 
RS OR PT PR 
OR OP PROP 


•■sin A cos B + cos TPR . sin B . 

Now, L TPR - 90° - A TRP « L TRO - LROS - A. 
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sin (A + B ) « 
Again, 

cos (A + B) “ 


sin A cos B + cos A sin £. 


OQ _ OS - OS _ OS - TR 

op " or “ op' 

OS 07? TR P7? 

07? OP ~ PR OP 


OS 

OP 


TR 

OP 


■■ cos 4 cos 7 j - sin T/’P. sin B 
= cos A cos B- sin A sin P. 


34. To prove that 

sin (A - B) - sin A cos B - cos A sin B 
cos (A - B) - cos A cos R + sin A sin B, 
when A and B are positive and acute , and A > 2?. 



Let a revolving lino start from iho position OX and 
trace out an angle XOY^A and therwrevolving back trace 
out an angle YOZ — B ; then Z_XOZ « A - B. 


In 0Z y the bounding line of the compound angle A~B, 
take any point P, and draw PQ and Pit perpendicular to 
OX and OY respectively ; and draw RS and RT perpendi- 
cular to OX and QP produced respectively. 


From the right-angled A POQ, 


sin (4 - £) 


PQ _ TQ - PT_ RS - PT n RS PT 

op" op ~ op’ “ <Jp~bp 
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_ RS OR PT PR 

on op~ pr op 

=° sin A cos B - cos TPR. sin B. 

But L TPR « 90° - Z TRP - Z YRT** Z FOX - A. 

.* . sin (A - B) — sin -4 cos £ - cos A sin B. 


Again, 

cos (A - B) = 


OQ _ ON + 80 ^ 08 + BT 
OP OP OP 

08 OR RT nr 
Oil OP RP OP 


08 PT 
OP OP 


“cos A cos P + sin TPB. sin B. 


" cos A cos B + sin A sin B. 


Obs. In tho above Goometrual proofs, it is assumed that the 
angles A, B, A + B are all less than a right angle and that A — B i<. 
positive. If the angles are not ho restricted, the same method of proof 
(there being some modifications in the figures) will apply, due atten- 
tion being paid to tho signs of tho quantities involved.* 

Thus the above four formulae are perfectly general. 

Note 1. The sum or diflerenco of two or more angles is called :* 
Compound angle ; such as, A-\ B, A — B, A + B + C etc. 

The expansions sin ( A±B ) and cos (A±B) are generally called the 
"Addition Formula or Addition and. Suhtroetim Theorems ”, 


Note 2. Assuming the truth of the above formula) for acute 
angles, they can be shown to be true for angles of any magnitude, 
as follows : 

Let us dbnsider sin (A + B). 

Let A and B bo acute and A + B < 90°. 

Let A x = 90° 4- A ; B X *»B. 

Now, sin (A, + B|)«*sin {(90°-f A)+B}«sin {90°-f-(A+BH 

® cos (.1 +B)«cos A cos B~sin A sin B, [6y Art. 33. ] 
«■ sin (90° + A) cos B+ cos (90° + A) sin B 
«sin A x cos B, + cos A x sin B,. 


•See Appendix, Art. 2-4. Also for alternative proofs of Arts. 33 
and 34, see Appendix, Art. 10. 
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Again, let - A, £,,«£. 

Then sin (. A a + B t ) « sin ( - A + 23) — - sin (A - 73) 

* — sin A cos B + cos A sin B, [ Art . 34. J 
- sin (-.4) cos 2? 4* cos (- A) sin B 

* sin *1, cos B a + cos sin Jf a . 

Thus, the above formula remains true if any of the two angles is 
either increased by 90°, or has its sign changed. 

In the same way it may bo shown that the other three form n Is* 
for cos (A + 72), sin (A — 73) and cos (A — 73) will continue to hold good 
unchanged in form, if any of the two angles be either increased by 90" 
or has its sign changed. 

Now starting from positivo acute-angled values of A and 72, com- 
bining the two processes of increasing one of the angles by 90°, and 
roversing the sign of any one, we can arrive at values of A and B of 
any magnitude, positive or negative, and the four formulie will still 
hold good. 

Thus the formulas for sin ( A ± B) and rob(A±B) are perfectly 
general. 


35. Ex. 1. Find the values of 

sin 75°, cos 75°, sin 15° and cos 15°. 


sin 75° 

^sin 

(45° ■ 

* 30°) - , 

sin 45° cos 30° + cos 45° 

sin 

30“ 


i Jn 
~ J 2 2 

+ 7 7 
+ V2 2 

„^+i. 

2 V 2 




cos 75° 

m cos 

(45° 

+ 30°) = 

cos 45° cos 30° 

- sin 45° 

* sin 

30° 


1 

n/3 

1 1 

Ji -1 





C'l 

> 

(1 

! 2 

“ ~J2 2 

2^2 




sin 15° 

“gin 

(45° ■ 

- 30°) - 

sin 45° cos 30° 

- cos 45° 

sin 

30° 

and cos 15° 

“COS 

(45° 

-30°) = 

cos 45° cob 30° • 

+ sin 45° 1 

sin 30° ; 


therefore substituting the values of sin 45°, cos 45 s etc. 
as before, vre get 
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• 4 po a/3-1 ^ M p.o \/3 + l 

sui 15 " % J 2 and cos 15 •= ~ 2 j ~ [" 

Note, Thr values of sin 10° and cos 1.0° can also be deduced from 
the fact that 

sin 16° -sin (00° -75°) -cos 75° 
and cos 15° « cos (G0° —75°) -sin 75°. 

Ex. 2. Show that 

(i) sin (A+ B) sin (A - B) * sin 2 A - sin 2 B 

«cos 2 B-cos 2 A. 

(ii) cos(A+B) cos (A - B) - cos 2 A- sin a B 

■» cos 2 B - sin 2 A. 

(i) Left side 

— (sin A cos B + cos A sin 77)(sin A cos B - cos A sin B) 
«-sin a il cos* B- cos* A sin*B 

-sin 2 /l (l-sin 2 Z?)-(l“BinM) sin 2 B 
" sin 2 -4 - sin 2 B 

— (1 - cos 3 i4) - (1 - cos 2 #) - cos a £ - cos 8 -4. 

(ii) Left side 

■* (cos A cos B - sin A sin B)(cos A cos B + sin A sin B) 
“cos a i eos a £-sin\4 sin 2 B 

— cos a *i (l“sin y j5)-(l-cos a i4) sin 2 J5 
“cos 9 ^ - sin 2 B 

— (1 - sin a *4) - (l - cos 2 />) aB cos 2 P- sinM. 

Note. The results of Ex. 1 and Ex. 2 are very useful and should 
be carefully remembered. 


36. To prove that 

(i) tan (A + B) 


tan A -Man B 
1 - tan A tan B 


tan A - tan B 


(ii) tan (A - B) 


1 + tan A tan B 
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we have 

. / A . sin ( A +2?) sin A cob # + cos A sin B 

tan (A + B) r m * ~b ~ a 

cos (A + B ) cos A cob 5“8in4 sin B 


Now dividing the numerator and denominator by 
cos A cos B % we have 


tan (A + B) 


sin A cos B C 09 A sin B 

cos A cos B cos A cos B 

cos A cos B __ sin A sin B 

cos *4 cos B cos A cos B 


Again, 

tan (A - B) 


tan A + tan B 
1 ~ tan A tan B 

sin (A - B) sin A cos B - cos A sin B 
cos ( A - B) cos A cos B + sin A sin B 


Now, dividing the numerator and denominator by 
cos A cos B, we have, as before, 


tan (A - B) — 


tan - tan B 
1 + tan A tan B 


87, 


To prove that 

(i) cot (A + B) 

(ii) cot (A-B) 


cot A cot B - 1 
cot B + cot A 
cot A cot B + 1 
cot B - cot A 


cot (A + B) 


cos ( A + B) ^ cos A cos B - sin A, sin B 
sin(A + B) sin A cos JB + cos A sin B 


Now, dividing the numerator and denominator by 

sin A sin B , we have, , 

cos A cos B _ sin A sin B 

, / j sin A sin B sin A sin B 

cot (A + B) ■ — t n 

sin A cos B ^ cos A sin B 

sin A sin B sin A sin B 

8 c °fc A cot g— 1 

cot B + cot A 
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cot (A - B) * 


cor (A - B) cor A cor B + sin A sin B 


sin l A - B) Bin A cos B - cos A sin B 
Now, dividing the numoiator and denominator by 
sin A sin B, we have, as before, 

, / A cot A cot B + 1 

cot U~B)« — “ tv r • 

cot B - cot A 

38. Ex. 1. Find the values of tan 75° and tan 15°. 

tan 45° + tan 30° 


tan 75° = tan (45° + 30°)* 


1 - tan 45 tan 30° 


1 + 


1 


1 - 


__ J 3 + 1 __ ( J 3 + 1)( s/3 + 1) 
1 s/3- 1 " 3-1 

n/3 


■ 4 + ^ 3 = 2+ J3. 


tan 15° ** tan (45° - 30°) ■ 


tan 45° - tan 30° 

‘ 1 + tan 45° tan 30° 


i _ 1 

; i/3 JS - 1 U/3 - i)U/3 - 1 ) 

1 v'3 + i“(V3 + 1Xn/3-1) 

<s/3 


4 - 2 
2 ‘ 


2 - v /3. 


Ex. 2. Show that 
(i) ton (45° + A) 


1 + tan J ' 
1 - tan A 


(ii) tan £45?- A) 


1 - tan A 
1 + tan A 


(i) Left side 


tan_45° + tan A_ 
1 - tan 45* tan A 


(ii) This result follows similarly. 


1 ■+ tan A 
1 - tan A 
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Ex^3^) Show that 

cot 2 A + tan A 


Left side 


cosec 24. I C. U. 19i?. 3 
b cos 2 A + sin A ^ cos 2 A cos A + *in 2 A sin A 
sin 2 A cos A Bin 2.4 cos A 

cos (24 - 4) ^ cos A 1 

sin 2 A cos A sin 2 A cos A sin 24 

cosec 24. 


39. To find the expansions of 

(0 sin (A+B + C) 

(ii) cos (A+B + C) 

(iii) tan (A+B + C) 

(i) sin (A + B 4- C) 

* sin {[A 4- B) + C} 

— sin (4 + B) cos 6’ + cos (4 + 70 sin C 
“(sin 4 cos B + coe 4 sin B) cos C 

+ (cos 4 cos B - sin 4 sin B) sin C 

— sin 4 cos B cos C + sin B cos C cos 4 

+ sin C cos A cos B - sin 4 sin B sin C. 

Note 1. The expansion, of sin (A + B + C) van be easily put in the 

form 


cos A cos B cos C (tan A 4- tan B + tan C- tan 4 tan B tan C). 

(ii) cos {A+B + C) 

“ cos {(4 + B) + C) 

■* cos (4 + B) cos G - sin (4 + B) sin G 
■» (cos 4 cos B - sin 4 sin Z?) cos G 

- (sin 4 cos B + cos 4 Bin £) sin C 
« cos 4 cos 7? cos C - cos 4 sin Z? sin C 

- cos B sin C sin A - cos C sin 4 sin J5. 

Note 2. The expansion of cos (A + B+C) can be easily put in the 
form 

cos 4 cos B cos C (1 - tan B tan C - tan C tan A - tan 4 tan B). 
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(Hi) tan (A + B+C) 

" tan {(,4 + B) + C\ 

„ tan (A +B) 1 tan C 
1 - tan (A +B) tan G 
tan A 4* tan B 


1 - tan A tan B 


+ tan C 


1 - 


tan A + tan B 


tan C 


Note 8. 
thug. 


1 - tan A tan B 

^ tan A-f tan B + tan C - tan A tan B tan C 
"" 1 - tan B tan C - tan C tan A - tan A tan B 

The expansion of tan (A + B + C) can also he obtained 


sin(/l+jB + C) 

Un U + B + C) = coBlA + - Ij+0) • 

Now, write down tlie expansions of sin (A + B + C) and cos (A + B+C) 
and divide the numerator and denominator by cos A cos B cos C or 
simply write down the expansions of sin {A + B + C) and cos (A+B + C) 
as given in Notes 1 and 2. 

Obs. Pormulte for the Trigonometrical functions of the sum of 
four, five or more angles can be similarly obtained. 


Examples VI 

Show that {Ex. 1 to 20 ) : — 

l^£i) sin (A - B ) - $ J and cos {A + B) — -gf , 

' if A and B are acute and if sin A - f , cos B - if. 
(ii) cos 68° 20' cos 8° 20' + cos 81° 40' cos 21° 40'“ l. 
ii) sec (x - y ) - §2, if sec z - V*» cosec y - f. 


/ ia) , 


2^(i) sin A sin (B - C) + sin B sin (C - A) 

^ + sin G sin (A -B)” 0. 

y (ii) cos A sin (B - G) + cos B sin (0 - A) 

+ cos C gin (j4- — 0. 

(Hi) sin (B + G) sin (B - 0) + sin {0 + A) sin (0-4) 

/ + sin {A + B) sin (A - B)- 0. 



COMPOUND ANGLES 


69 


*(iv) sin (a - 0) sin (ft - y) + sin (0 - 0) sin ( y - a) 

+ sin (y - 0) sin (a - 0) “ 0. 
, 3. cos (60° - 4 ) cos (30° - £) - sin (60° - 4) sin (30° - 5) 

- sin (4 + B ). 

4. /i) sin (n + l)a? cos (n - l)a? - cos (n + l)x sin (» - l)a? 

' “ sin 2a?. 

(ii) sin 20 cos 0 4 - cos 20 sin 0 

/ “sin 40 cos 0 - cos 40 sin 0. 


sin £ sin (2 A + B) 


- 2 oos (A + B). 


sin (B - C) + sin ( C - A) + jin (4 - £) b 
cos B cos C cos C cos 4 cos A cos £ 

sin(£-C) + sin (C~A) + sin (A-B) t 
sin B sin G sin C sin A sin A sin B 


•8.* tan(4+£) tan(4-£) a 


cos 2 A -sin 2 £ 


*9, tan A - tan £ * 

/.x tan (a + 0) - tan a 


sin (.4 + £) sin (A - £) 


cesM cos £ 


l4a wd t p i — a , a 

,1 ®^ l) l + taa(a + < J)ian«“ tftn ^ 

j<(ii) If 4 4 - £ 4 - C “» and cos .4“ cos B cos 0, show 
that tan A — tan £ + tan C. [ 0. (7. 1942 . ] 

11. 1 +tan 20 tan 0“sec 20. 

12. cot 0 - cot 20 “ cosec 20. 

18. tan 20° 4* tan 26° + tan 26° tan 20° “ 1. 


14. (i) tan (45° 4- 4)“ 


cos_4 + Bi n 
cos A - sin A 


y/ (ii) J2 sin (45° + A) “ sin A + cos A. 


c os 8° 4- sin 8 
oos 8° -sin 8* 


■tan 53°. z + 
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,16. tan (45 s + 4) tan (45° - 4)= 1. 


-tr^tan (A + B) + tan (A-B) '-H 

nna J — m 


cos *4 - sin a jB 




sin (x + y) __ tanjr + tan y 
sin (re- 1 /) tan a; — tan y 


.19. 


cot (45° + x) 


cot x - 1 
cot 1 


cos jr- sin x 
cos x + sin x 


, 20 . 


sec(a; + y) 


see x rpc y 
1 - tail x tan y 


21. Find the expansions of 

sin(4-J3+C) and tan {A - B - C). 

22. Express cot [A + B + C) in terms of 

cot Ay cot By cot C. 


23. (i) If a cos (x + a) *= b cos (x - a), prove that 
(a + b) tan x =* (a - b) cot a. 


(ii) If sin a sin P — cos a cos 0 + 1 « 0, show that 

1 + cot a tan P - 0. [ C. 17. 103, 9. ] 

/*^iii) Ifi-H-B+C^n and cos 4 * cos B cos C, 
then cot ii cot C ,B * 


0 j T # j * a am ® + h Rin y 

24. If tan 0 *• — - — * 

a cos x + b cos y 

then a sin (0 - x) + b sin (0 - y) « 0. 

25, An angle 0 is divided into two parts a, P such that 
tan a : tan P « x : y ; prove that 

sin (a — ^ * V sin 0. 
a? + y 

2A, If cos (0 - y) + cos (y ~ a) + cos (a - p) m - $, 
show that S cos a * 0 and X sin a — 0. 
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TRANSFORMATION OF PRODUCTS AND SUMS 

40. Transformation of products into sums or 
differences. 

Wo have from Arts. 33 and 34, 

sin A cos 7? + cos A sin i?=*sin (A + B) ... (1) 

sin A cos y i(H -r cbs A sin 7? — sin (*4-7?). ... (2) 

Adding (l)s&nd (2), wo got 

2 sin A cos J3**sin (*i + 5) + sin (A - B), ... (3) 

Subtracting (2) from (l), we got 

2 cos A sin B — sin (A + JB) — sin (A - B). ... (4) 

Again, from Arts. 33 and 34, wo have, 

cos A cos B - sin A sin B ■* cos (A + B) ... (5) 

cos A cos B + sin A sin 2?=* cos (A - B). ... (6) 

Adding (5) and (6), we get 

2 cos A cos I?** cos ( A + 2?) + cos (A —2?). ... (7) 

Subtracting (5) from (6), wo got 

2 sin A sin B — cos (A - #)“ cos (-4 + 2?). ... (8) 

Thus, we have the following formula for transforming 
a product of two sines and cosines into the stm or the 
difference of two sines or two cosines. 

2 sin A cos B-sin (A+B)+sin (A-B). ... (I) 

2 cos A sin B-sin (A-fB)-sin (A-B). ... (II) 

2 cos A cos B - cos (A-f B)+ cos (A - B). ... (Ill) 

2 sin A sin B-eos (A-B) - cos (A+B). ... (IV) 
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41. Transformation of sums or differences into 
products. 


Let A + B~C, and A—B^D 


then, 


A 


G + D _ 

T and 


B 


C-D 

2 


Making these substitutions for A and B in the results 
(3), (4), (7), (8) of Art. 40 and noting that the relation (8) 
can be written as 

cos (A + B) - cos {A - B) — - 2 sin A sin B 
™ 2 Bin A sin ( - B ) p 

we have the following four formulas for transforming tho 
sum or the difference of two sines only or two cosines only 
into a product of sines and cosines. 


sin C+sin D—2 sin £^~cos — ~ 

... a) 

sin C - sin D - 2 cos sin — 

... (id 

p + n P — n 

cosC + cosD — 2 cos — cos 'V ' 

... an) 

cos C - cos D — 2 sin sin 

... (IV) 


Note. flThe following concise verbal statement of the above four 
formulae is sometimes very convenient. 

(i) si?ie + sine « 2 sin (4 sum), cos (4 diff.), 

(ii) cos (4 sum), sin (4 diff.). 

(iii) cos + cos— 2 cos (4 sum), cos (4 diff.). 

(iv) cos — cos® 2 sin (4 sum), sin (4 diff. reversed). 

42. Ex. 1. Prove that 

(i) cos 20° cos 40 c cos 80° 

(ii) cos 80 °+ cos 40° -cos 20°**0. 
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(i) Left side 8858 i. cos 20°(2 cos 40° cos 80^) 

*■ i cos 20°(cos 120°*+ cos 40°) 

* i cos 20°( - £ + cos 40°) 

■■ ~ i cos 20° + i cos 20 c cos 40° 

" 1 cos 20° + l(cos G0° + <?os 20°) 

“ - i cos 20° + J(4 + cos 20°) 

_ i 

(ii) Left side — (cos 80° + cos 40°) - cos 20° 

- 2 cos 60° cos 20° - cos 20° 

- 2i.cos 20° - cos 20° 80 0. 

Ex. 2. Show that 

sin 0 + sin 20 + sin 40 + sin 50 . 

cos 0 + cos 20 + cos 40 + cos 50 


Numerator « (sin 50 + sin 0) + (sin 40 + sin 20) 
- 2 sin 30 cos 20 + 2 sin 30 cos 0 
** 2 sin 30 (cos 20 + cos 0) ; 
Denominator — (cos 50 + cos 0) + (cob 40 + cos 20) 
« 2 cos 30 cos 20 + 2 cos 30 cos 0 
«• 2 cos 30 (cos 20 + cos 0). 

2 sin 30 (cos 20 + cos 0) — sin 30 
2 cos 30 (cos 20 + cos 0) cos 30 


Left side 1 


tan 30. 


Ex. 3. Express 4 cos A cos B cos C as the sum of four 
cosines . 

4 cos A cos B cos C ■* 2 cos A. (2 cos B cos C ) 

- 2 cos A {cos (B + C) + cos (B - C)\ 
bb 2 cos A cos (B + C) + 2 cos A cos (B - C) 

■■ cos (A + B + C) + cos (A - B — C) 

+ cos (A + B - 0) + cos (A - B + C). 

Ex. 4. Express as the product of three sines 

sin (B + 0 - A) + sin (0+ 4 - B) + «t« U + B- C) 

-»» U + B+C). 
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Grouping together the first two terms and grouping 
together the last two terms, the given expression 

— 2 sin C eos (B - -4) + 2 cos (4 + B) sin ( - G) 

— 2 sin G {cos (B - 4) - cos ( A + B)1 

— 2 sin C (2 sin B sin A) 

— 4 sin A sin B sin C. 


Examples VII 

Provo that (Ex. 1 to 17) : 


4 sm/4+sinB , A + B .A—B 
/ 1. - A T » tan - cot n • 

/ sin A - sin 7/2 2 

A cos A + cos B ,4 + B .A — B 
/ cos^j-eos $2 2 

^ 3. cos 20 ° + cos 100° + cos 1 40° = 0 . 

v 4. sin 0 sin (60° - 0) sin (G0° + 0 ) » } sin 30 . 

5. cos O cos (G0° - 0) cos (60° + 0) - 1 cos 30. 

6 . (sin 3a + sin u) sin a + (cos 3a - cos a) cos a 0. 

7. cos (A - D) sin (B - C) + cos (B - D) sin (C — -4) 

+ cos (C - D) sin (4 - B) m 0. 

8 . cos 20° cos 40° cos 60° cos 80° * tV 

9. sin 20° sin 40° sin G 0 ° sin 80°«* 

sin 4 + sin B , A + B 
cos A + cos B 2 

n sin A -sin B . A + B 

/ ll. • — i . ■* cot — A - * 

cos m — cos A 2 

l s in 0 4- s in 30 + sin 5 0 + sin 7 0 , * 

cos 0 + cos 30 + cos 50 + cos 70 aD 

0 sin 24 + sin 54 - sin ,4 ^ 

/ cos 24 + cos 54 + cos A 


tan 24. 
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r £a) ^ a + m* 1 (<* ~ 0) f 

/ ^ cos (a + 0) - 2 cos a + cos (a - 0) aD a ‘ 

. . cos 7a + oos 3a - cos 5a - cos a , n 
s 15, .--- - . o . ■ r . . ' -cot 2a. 

/ sm 7a - sin oa - sm 5a + sin a 

A 16. sin 2 A + sin 2B + sin 2C - sin 2(A + B + C) 
f “ 4 sin (7i + C) sin (0 -f sin (/l + B). 

/ 17. cos A + cos B -r cos (7 + cos (A + B + C) 


If si 


, B+C C+4 A + P 

« 4 cos — cos 9 cos - - • 

sin x^k sin ]/, prove that 


fcan i(x - y) *■ * + J tan i(x + y). 


/ 19. If cos £ + cos y ■*£ and sin x 4- sin y « i, prove that 
tan i($ + y)- J. 

20, If x cos a + # sin a — Tc - x cos 0 + y sin 0, prove that 

* . „ . V m . . . & 

cos if a + 0) sin i(a + 0) cos %(a - 0) 

21« If sin 0 + sin <f> = a, cos 0 + cos «/> = fr, prove that 

i . A /4 -a*-//* 

22. Pro™ .a 35-. 

cos 10 + sin 10 

[ Note that sin 9m cos (£0° - 0) and cos 9 = sin (90° + 0). ] 

23. If cosee A + sec A - cosec B + sec B, then 

tan A tan B - cot i(4 + B). [ P. U. 103d. ] 

/24. Prove that 

/ cos * 4 + co s B \ n + /sin j 4 + sin B\* _ ^ A—B % 
\sin 4 - sin B/ \cos 4 - cos B/ 2 

or zero, according as n is even or odd. [ P, U, 1933 . ] 
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Obs. By a method' bimilar to that of the previous article the 
Trigonometrical ratios of any higher multiple of A can he expressed 
in terms of those of A, 

45. Ex. 1. Express sin 2 A and cos 2 A in terms of 
tan A. [ 0. U. 1931. ] 

sin 2A”>2 sin A cos A “2 B ' n ^'coa s A 
^ — cos A 


1 2 tan A 


1 = 2 tan A 

sec ~A l + tan 2 A 


cos 2 A -cos 2 A - sin 2 A 858 cos 8 A - cos 2 A 
coa A 

s=t cos 3 A(l- 8in 1 .^)-* \ (l-tan 2 A) 

V cos A] sec A 

1 - t»n a A 
” 1 + tan 2 A 

Ex. 2. Express cos 4 A in terms of cos A. 

Putting 0«2A t cos 4A ^cos 20-2 cos 2 0- 1 

— 2 (cos 2 A ) 8 - 1 

- 2(2 cos 2 A - l ) 2 - 1 

1 * 8 cos 4 A - 8 cos 2 A + 1 . 

w o ci * 1 - ton 2 (45°- A) . n . 

Ex. 8 . Show that 1 “ ~ 3/..0 ~ a\ s= * sin 2A. 

1 + tanr { 45 - A) 

Let 0 ™ 45° - A ; then 

. sin 2 0 


, 1 - tan *0 
1 + tan*0 


d 0 — cor 8 0 ^ cos g 0 - sin *0 
a*0 1 , sin * 0 coe a 0 sia*0 

JL T M st 

cos 0 


- 008*0 - sin*0 - coa 20 
m cos (90° - 2A) - sin 2A. 


Loft side 
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Examples VIII 

Prove the following identities (Ex. 1 to U5) 

. sin 2.4 
/ 1 + cos 2 A 


-tan A. 


2 . 

r 


sin 24 

-~ = C Ot 

1 - cos 2 A 


/ 


3. cot A - tan A — 2 cot 2 A. 

4. (i). (2 cos 0 + 1)(2 cos 0 - 1 ) — 2 cos 20 + 1 
(ii) tan 0( 1 + sec 20) =» tan 20. 

cot A - tan 4 ... 

; a\i! 4. 7“ cos 2*4. 

cot 4 4- tan 4. 

tan 4 + cot A ** 2 cosec 24 . 
cos 4 0 - sin 4 0 «■ cos 20. 
y8. cos 6 0 - sin°0 ** cos 20(1 - ± sin 2 20). 
cos 6 0 + eia 6 0 ■** 1(1 + 3 cos 2 20), 

Rin s a 7 sin 2 p 


5. 

6 . 

S'* 


9. 

^10. 


V X 

(ii) 


sin a cos a - sin j i cos (i 

tan 0 


1 — cos 20 + sin 20 
i + cos 20 4- siu 20 
sin a— Jl~+ sin 2a 


tan (a 4-/?). r 

c. u. itm . 


/. , . “cot a, La being positive and 

cos a- VI 4- sin 2a ^ 

cute, and the square root being taken with positive sign. ] 

cor 0 — Bin 0 

cos 0 4- am 0 

sin 4 4- sin 24 


cos 0 4- sin 0 
^ X cos 0 - sin 0 


, “ 2 tan 20. 


>13. 




^ miii . . 

ii . . « . ™ tan 4. 

1 + cos /I + cos 24 


/..x pin 40 1 - cor 20 , a 

>Vn) r‘- -v^tanO, 

cos 20 1 - cos 40 




<0 z 


cos 4 - sin 4 


(h) 


cos A + sin 4 
coa s 0 + sin* 0 
cos 0 + sin 0 


-sec 24 -tan 24. 
-1-i sin 20, 
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15. cob 8 j4 cob 34 + sin 8 4 sin 34*“cos a 2il. 

16. (i) 4(cob 8 10° + sin 8 20°) - 3(cos 10° + sin 20°). 

1 \/3 . 

(n) — * * e '- - --- o“4. 

am 10 cos 10 

<y*-17. tan 30 - tan 20 - tan 0 “ tan 30 tan 20 tan 0. 

IQ ® 2 .t A _ tan A _ 1 

cotk-cot3i tan 34- tan i 

tan 30 - tan 0 cot 30 - cot 0 C °^ 

20. sin 80« 8 sin 0 cos 0 cos 20 cos 40. 

*. 21. -(i) cos 50— 16 cos 5 0 - 20 cos 3 0 + 5 cob 0. 

(ii) sin 50-16 sin o 0 - 20 sin 3 0 + 5 sin 0. 


> 22. (i) cot 30 


b cot. s 0 -3 cot 0 
3 cot a 0 - 1 


/ ■ « \ . 4 tnn 0 - 4 tan 3 0 

% (n) tan 40 - - ~ - — Tin - ♦ * 

1-6 tan 0 + tan 0 

v 23.»(i) cos (120° - A) + cob A + cos(l20° + 4)“0. 

(ii) cos 2 (4 - 120°) + cos a 4 + cob 3 U + 120°)- 5. 

24. 2 ( r C09 2 "° J _ + 1 1 - (2 cos 0 - 1)(2 cos 20 - 1)(2 cos 2*0-1) 

2 COB 0 + 1 

(2 cos 2 n_1 0 - 1). 

[ Vst (2 cos » + l)(2 cos 6- 1)-2 cos 20 + 1. ] 

25. - 2 J- “(l + sec 20)(l + sec 2*0)(l + seo 2*0)... 
tan 0 

...(l + sec 2 n 0). 

[ Use tan 0(1 + sac 20) * tan 20. 3 

26. If 0“ 2 „— prove that 

2* OOS 0 COS 20 008 2*0”’OO8 2” _1 0 “ 1. 
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cj>*k27. % (i) If tan x-b/a, find the value of a cob 2 x + b sin 2x. 

(ii) If tan 8 # + 2 tan x tan 21 /“ tan 3 ?/ + 2 tan y tan 2®, 
prove that each side**!, or else, tan a** ±tan y. 

^j£28. If tan 8 0 — 1 + 2 tan 8 4>, show that cos 2<£ « 1 + 2 cos 20. 


29. (i) If 2 tan a «3 tan 0, prove that 


tan (a - 0) s 


sin 25 

i 

5 - cos 20 


[ C\ 17. 2040. ] 


/0\ , . tan (a + 0 - y) tan y . ... 

®K.n V-* + ,)-.„i’ sh<>w ‘ b “ 


(a - 0 + y) 

ettAer, sin (0 - y) = 0, or, sin 2a + sin 20 4- sin 2y ** 0. 

80. If a and 0 arc acute ancles and cos 2a - ^ 1 

-i - cob 20 

show that tan a - ^2 tan 0. 1 O’. (7. 7947. 1 

31. If cos 0 « -I- a* 1 ), show that 

(i) cos 20«i(a 8 + a~ 8 ) ; 

(ii) cos 3 0 c =^a 8 *fa" 3 ). 

Bhow that (77®. 32 Jo 3 / 5 ) : — 

82. sin 4 *?'*!* “4 cos 20 + i cos 40. 

83. cos K 0 + sin f *0 sa l^sin I! 20 4-4 sin i 20. 


34, tan + A ) + tan - A j * 2 sec 2 


35. cos 3 0 


3 sin 30^ -: _ 3 /iCOB 35 _ sin 40 


3 


+ sin 3 0 


36. cos 4x- cos 4y 

- 8(cob x - cob y ){ cos x + cos y)(eos x - sin y ) 

* (cob ® + sin y). 
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46. Prom the usual formul© for multiple angles, namely 
sin 24 — 2 sin A cos A 

cos 2 A — cos a 4 - sin a 4 - 2 cos a 4 - 1 * 1 - 2 sin a 4 
1 + cos 2A = 2 cos a 4 ; 1 - cos 2A “ 2 sin a 4 
. , 2 tan -4 

1 - tan A 


&in 34 
cos 34 * 


8 3 sin 4 - 4 sin 3 4 
: 4 cos 3 4 - 3 cos 4 


. 0 4 3 tan 4 - tan 4 

tan 34 — - 0 . 2 A " 

1 - 3 fcan 4 


putting 4 — iO and £0 respectively, we derive the follow- 
ing formul© for submultiplo angles. 


sin 6 - 2 sin £d cos £e 

cos e - cos 2 £0 - sin 2 £0 « 2cos 2 ^-1 = 1-2 sin 2 £a 
1 + cos cos 2 ^ ; I - cos a=-2 sin 2 £a 

2 tan £a 
l-tan^^a 
sin a - 8 sin £0 - 4 sin 3 £0 
cos0“4 cos 3 £0- 3 cos £0 
8 tan 46 -tan 3 £6 


tan 6 s 


tan 6 * 


1-8 tan a £a 


47. Values ot sin £e and cos £ 6 in terms of cos 6. 

From cos 0 — 2 cos 9 |0 - 1 = 1 - 2 sin 8 &0, we at once 
deduce 


sin £e - ± \/j(i - cos a) 
cos ia- ± ^(lHKcosa) 
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48. Ambiguity of signs expLaincd. 

When cos 0 is given and not 0 , 0 and consequently 40 
has a series of values as will he explained in Chapter XI. 
Thus 40 may lie in any quadrant and sin 40 and cos 40 will 
then have corresponding signs. 

If the quadrant in which |0 lies he known, for example, 
when 0 is given along witli cos 0 , there is no ambiguity in 
choosing the proper signs of cos 40 and sin 40, as shown in 
the following example. 

Ex. 1 . Find sin 224 ° and cos 224 °. 
sin 224 ° “ + n/ 4 U-cos 45 °J“ ~ 

cos 224 ° “ + s/iU + cos 45°) “ + ^9) \ >/2 + J2. 

49. Values of sin \6 and cos id in terms of sin 6 . 

Wo know that sin 0 — 2 sin 40 cos iO 
and 1 — cos 2 40 + sin S! l0. 

Therefore, 1 + sin 0«( cos 40 + sin 40) 2 
and 1 - sin 0 «* (cos 40 — sin J0) 2 . 

Hence, cos 40 + sin 40 “ ± Jl + sin 0 
cos 40 - sin 40 " ± Jl - sin 0. 

Thus, cos \e - ± 4 sTi+rine ± i Jl - sin 6 

and sin 4©* ±4 >/l + sin 6M ; 4*/l-Bin 0 

50. Ambigmty of signs explained . 

As before, when sin 0 is given, and not 0, 0 has a series 
of values for the given value of sin 0 as will be explained 
in Chapter XI ; 40 may therefore lie in any one of two 
possible quadrants. 
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cos %0 +sin iO — J 2 sin (1^ + 40) 
and cos id - sin J0 — J2 sin (in - |0) 
will have their signs determined accordingly. 

Thus, sin iO and cos J0 will be definitely known. 

Ex. 1. Find sin 15° and cos 15°. 

We have, cos 15° + sin 15° = + /s/l + sin 30° “ Jl + £ 
cos 15°- sin 15°“ + J\ - s j n 30°» Jl~i. 

[ cos 15° — sin 15° « s/2 sin (}r- 15°) and is clearly positive, j 

Thus, cos 15° = £(^4 + ^4)“ 

sin! 5°-l(VS- Jk)- ^ 3 J 2 1 - 


51. tan id in terms of tan 0. 

•ci , | , n 2 tan JO 

From the formula, tan 0= a i * 

1 - tan J0 

i.e. tan 0 tan 2 i 0 + 2 tan J 0 - tan 0 = 0, 


we easily deduce 

. i . — 1 + Jl + tan*0 

t an jo - ? « - 

- tan 0 

The reason of the ambiguity is similar to those of the 
previous cases. 


52. Ratios of £0 from those of 0. 

By resolving the cubic equation 

sin 0 « 3 sin £0 - 4 sin* $0 ••• (1) 

we get sin $0, if sin 0 be known. 

Similarly, by solving the cubic equations 

cos 0 4 coo 8 - 3 cos $0 • •• (2) 
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and 


tan 0 1 


(3) 


3 tan i0 — tan 3 J0 
1-3 tan a A0 

we derive values of cos $0 from those of cos 0, and of fcanir# 
from those of tan 0 respectively. 


53. Ratios of 18° and 


Let 0 - 18° ; then 50-90° ; 20 -90° -30. 

sin 20 “cos 30 or 2 sin 0 cos 0 *cos 0(4 cos 2 0 -3). 

As cos 0 (i.e. cos 18°) is not zero, wo have 
2 sin 0 — 4 cos 2 0 - 3 — 1 - 4 sin 2 0, 
or, 4 sin 2 0 + 2 sin 0 - 1 «■* 0. 

. -2± ^4 + 16 ( + n/5- 1) 

.. Bln ® “ « “ ,i * 


Now, as 0 bore is a positivo acuto anglo, therefore, 
rejecting the negative value, we got 

sin 18° --1(75-1). 

cos 18°= + 7l-8in“18°-i(7l0 + 275). 
cos 36° — 1-2 8in v lR° — i( 75 + l). 
sin 36°“ 71-008*36"- j( 710-275). 

Note. Since 54° and 3f»° tiro complementary arid 72° and 18° 
arc complementary, from the above values wo easily get the- trigono- 
metrical ratio? of 54° and 72*'. 


54. Ratios of 3° and multiples of 3°. 

sin 3° — Bin (18° - 16°) — sin 18* cos 15° — cob 18° sin 15° 

- iV( 75 - 1)( 76+ 72) -1(73- 1)( 75 + 75), 

on substituting the values of sin 18°, cos 15° etc. 

Similarly, 

cos 3°“i( <s/3 + 1)( ^5 + ^/5) + iV n/6- 1). 

From a knowledge of the ratios of 3°, 15*, 18*, 30°, 
36° and 45*, we can deduce the ratios for all angles which 
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are multiples of 3", (for, 6° -36° -30°; 9° -45° -36°; 
12° - 30° - 18° ; 21 c - 36° - 15° ; etc. ). For angles greater 
than 45°, the ratios may be deduced from those of their 
complements which are less than 45°. 

Ex. Show that 

n n X X X X . X 

Sin X « 2 COS 2 COS ^ COS - }ii COS sm 

X X 

We have, sin x - 2 sin c) cos ^ 

SC XX 

sin 2 = 2 sin cos ^ 

X X X 

sin 2 sin C)ii cos 2 »' 

X XX 

Similarly, sin £»- 1 = 2 sin 2 " 008 2 ” 

cc cr x x « x 

Hence, sin x mm 2 n cos ^ cos ^ cos ^ cos on sin 


Examples IX 

Prove that (Ex. 1 to 74) ; — 


• 1 . 

3. 

4. 

5. 


! tan , 


1 - c os A 
sin A 

( A A 
sin 2 ± c °b g 


A 1 + cos A , A 
2. — - — -- = cot ~ 

sin A 2 


: 1 ±sin A. 


sec 0 + tan 0 • tan (J« + 40 ). 


0 ) 

(ii) 


1 + sin 0 — cos 0 


1 + sin 0 + cos 0 
sin 4a - -s/r+sin a 


tan 


2 


! cot r 


[ C. U. 1939/} 


where 0 < a < n % and 


cos 4a- -v/l + sin a ^ uw 2 * 

the square root is taken with positive sign. 


A I + sin x . 3 


(M)- 


Oi) 


2 sin 0 - sin 20 ( 
2 sin 0 + sin 20 


tan 3 40. 
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7 4“ 4 +sjn A. 

* ^ 1 - tan 44 cos 4 
(ii) cot j3 * i(cot 4/3 - tan ip). 

0 f .x sin 20 cos 0 , 0 

1 1 + cos 26 *1 + cos 0 an 2 
(ii) 8 sin 4 40 ~ 8 sin 2 40 + 1 * cos 20. 


9. 

11 . 


sin 0 a 


10 . 


„ l-tan 3 40 

c °8 ® “ i + tan*io" 


& 

14. 


s 2_tan_40 
l + tan 2 40 

(cos x + cos y) z + (sin x + sin j/) a * 4 cos 2 4(# - ?/)■ 
tan 6* tan 42° tan 6G° tan 78° - 1. 
tan 74°“ J6- */3 + J2-2. 

2 cos i ;V*“ \/2+ ^2+ J2 


15. (i) If tan ^ tan * » show that 


2 

cos <t> 
(ii) If tan 0 


cos 0-6 


1 - e cos 0 

sin a sin p 

! — - » 

cos a + cos /J 
values of tan 40 is tan 4a tan ip. 


show that one of the 


16 . If sin a + sin p * a and cos a + cos p " b , find the 
value of cos (a + 13). 

•17. (i) Prove that 2 sin 44“ ± %/l + sm 4 ± ^l-sin 4, 
and determine which are the correct signs when 
270° > 4 > 180°. [ B. JET. U. L 1931 . ] 

(ii) If 0 - 240°, is the following statement correct ? 

2 Bin 40" ^1+sin 0- ^l-sin 0, 

If not, how must it be modified ? 


18. If 4*320°, prove that 

4 - 1 + Jl+ tan*4 

tan ^ * — ■ — 7 • 

2 tan 4 



CHAPTER X 


TRIGONOMETRICAL IDENTITIES 

55. Many interesting identities involving functions of 
three or more angles can be established when there exists 
a relation among the angles. The most important of these 
identities are those in which the three angles are connected 
by the relation that their sum is equal to two right angles. 
In establishing this latter kind of identities, it will be 
necessary to make frequont use of the properties of supple- 
mentary and complementary angles. 

Thus, since, A + B + G - n t 

B + G=n-A. 

sin (J5+ C) 8 * sin (?*-4)®sin A. 

Similarly, sin (0 + id) = sin B ; sin (A + B) ** sin G. 

Again, cos (#+ C)~cos (»- 4) 88 - cos A. 

Similarly, cos (C + A) ** - cos B ; cos (A + B) » - cos C. 
tan (7? + G) m tan (n - 4) “ - tan A. 

Similarly, tan (C + A) m - tan B ; tan (A + J3)- - tan C, 


. . . .I ,5,0 n 

Again, since, 2 + 2 + 2 " 'l * 




TRIGONOMETRICAL IDENTITIES 


89 


Similarly, cos 

IC,A\ . B. 

\2 + 2/ 9,n 2 ’ 

j 

|/i x m . c 

COS 1 

l 2 + 2 ) "* 910 2 

tan | 

[\ + 2 ) = ^ an ( 2 "^)”° 

Similarly, tan i 

( G,A\ ,B. 

( 2 + 2/ C0t 2’ 

tan | 

f a n\ n 

i2 + 2 =0Ot 2- 

Ex. 1. J/A+B + C^.t, prove that 


sin 2A + sin 2B + sin 2C “4 sin A sin B sin C. 

[ C. U. V.m % Vtf. j 
Loft side “(sin 24 + sin 22?) + sin 2 G 

*■ 2 sin (A + .0) cos (A - 7?)+ 2 sin C cos 6' 

* 2 sin C cos (4 - 2?) + 2 sin C cos 0 


\ V 4 + /? + (*■« r. ! 

“ 2 sin C [cos (A — B) + cos C] 

“ 2 sin C (cos (4 - B) - cos (.4 + B)] 

[ v 4 +/j fc-t. : 

“ 2 sin C.2 sin A sin B 
“4 sin A sin B sin C. 
ifex. 2. If A + B + C-x, prove that 

cos 2 A 4* cos 2B + cos 2C •» - 4 cos A cos B cos C - 1. 
Left side “(cos 24 + cos 22?) + cos 2 C 

“ 2 cos (A + B) cos (4 - B) + 2 cos 8 C — 1 
“ - 2 cos C cos (4 — 2?) + 2 cos B C — 1 

[ V4 + B+C-*. ] 

— - 2 cos C [cos (4 - B) - cos C] - 1 

“ - 2 cos C [cos (4 - B) + cos (4 + JB)| - 1 

[ V 4 + B+C-ir. ] 

“ - 2 cos C.2 cos 4 cos 2?- 1 

— - 4 cos A cos B cos C - 1. 
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Ex. 3. If A+B+C -*, prove that 


7 


A B C 
sin A + sin B + siu C«4 cos ^ cos ^ cos -■ 


[ C. U. 1910 , '29. ] 


Left side - (sin A + sin B) + sin G 


o . A+B A-B. a . C G 
1 2 sin - — cos g + 2 sin ^ cos ^ 


o 0 

A - B , 

2 cos q 

cos "g -- H 

n C 

f ,4 -B 

2 cos g 

(cob 2 


r a-b 

2 cos -q | 

[cob 2 - 


. C 
am 2 


G 
2 

r v 4+*+?.' /| 

L 2 2 2 2 J 


+ sin 


+ cos 


2J 


A+B 


] 

r . ABO * 1 

L* 2 + 5 + 5"Vj 


0 C n A B 
- 2 cos 2*2 cos 2 cos j 

a ABC 
=* 4 cos 2 cos ^ cos 

J5x. 4. (fA+B+C ^*, prove that 

ABC 

cos A + cos B + cos C» l + 4sin sin ^ sin ~ • 

Left side - (cos 4 + cos B) + cos C 

2' 

B 

2 


_ /4+B - B , - n . 2 ® 

— 2 cos — ^ — cos - rT ~ + 1 ~ 2 sm* - 


. G A-B 0 • 2 G , j 
- 2 am"; +1 


" 2 sin g cos 


H 


A . B C r 

- — + - a - i 

2 2 2 2 
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0 . or A-B . Cl., 

= 2 sin 2 [cos y- -sin ^J + l 

„ . or A-B yf+fll., 
-2 sin 2 L°os 2 -cos-y-J+l 


- . C a . A . B . 
■* 2 sin 2 * 2 sm 9 sin^ + i 

, . A . B . C 

- 1 + 4 sm 0 sin Q sm ^ 


v] 


Ex. 5. “Tf A+B+C=jr, prove that 
* tan A+tan B + tan C- tan A tan B tan C. 

Since, B + C “ n — A , 

tan (B + (7) - tan (n - A). 

. tan B + tan_0 
* ' 1 - tan B tan C “ ~ an ^ r 

i.c. tan 7? + tan C — - tan -4(1 ~ tan B tan G ) 

• - tan 4 + tan A tan B tan C. 
tan 4 + tan B+tan C“tan A tan B tan C. 
v Otherwise : 

tan {A + B + C) — tan 7i = 0. 

• t an A + tan B + ta n G — t an 4 tan B tan C ^ ^ 

1 - tan B tan 0 - tan 0 tan A - tan A tan B 

Since the fraction is zero, numerator must be zero. 

tan A +tan B + tan C- tan A tan B tan C» 0, 

i.e. tan A + tan B + tan C ~ tan A tan B tan C. 

Ear. $. If k+B+C-n, prove that 

tan— tan^j+tan ^ tan ^+tan ^tan ®-l. 

[ 0. 17. 1936, '39. ] 
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Since, A + B + C •= a, 


A ,B ,G n 

2 + a + - 2 -2 


tan ( 2 + 2 )“ tan (l ~i)’ 

. B.. C 

. tan ‘2 taD 2 ,A 1 

' ‘ . B C =C0t 2 “ /I 

1 — tan 0 tan 0 tan c 

A A A 


or, tan 


^(tan^+tan ^) = 1 - 


. B . C 
tan - tan • 
A A 


On simplification, the required result follows. 

Otherwise : 

1 / taD \2 + 2 + 2) = 00 M2 + 2 + 2)“ Cot 2 

, 0 . C, yl, A , R 

1 - tan " tan ^ - tan 9 tan - - tan ^ tan Q 

7 ITT F~ ~ 7 T FT c °- 

tan - +tan 0 + tan ^ ~ tan -tan ^ tan ^ 

Now the value of the fraction being zero, its numerator 
must be zero. 

14. R . C C , A , R A 

. . 1 - tan t> tan ^ Ian ^ tan ^ - tan tan ^ * 0, 

whence the required result follows. 

Ex. 7, //A+B+C-*, prow Ma* 

cos *2 + cos^«f cos^*«-4 cos — cos — — cos » 


Right side ■■2 cos 


• ^ r 0 j* - b n— c ] 

rl 2 008 ~r 009 1 J 


n ' a- A T 2 ji — (B + C), B—C] 

«2cos 4 [cos j +cos- 4 -J 

_ n-^r n+ A , B-Cl 
- 2 cos 4 ~ [oos - 4 - - + cob -y- j 


[ V 3»--(B+C)»ir+i , -(B+C)»» , +4, since, A + B+C=*r. ] 
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n — A A 7i — A B — C 

COB 4 COS ^ +2 COB ^ ' COB ^ 


/ ** . . 0 B + G 

" |COS 2 + COB 0 I + 2 COS — cos 


B-C 


A + B+C*=ir. ] 


4 . b . c 

! cos 9 + cos y + cos 2 * 


Note. Since cos }(»•- J)« sin — ^(r+ /4) 

and cos j(ir — A ) — cos + B + C— A) ~ cos $(/* + C) , 
we have also, cos $/l-f cos ^B-l-cos bC 

=*4 sin i(ir+A) sin }(r + B) sin \{v H L') 

- tl cos J(7? + C) cos i(C+ .1) cos Zfl. 


yEx. 8. // A 4 B + C = n, prove that 

cos 2 A + cos 2 B + cos 2 C 4* 2 cos A cos B cos C - 1. 

[ C . U. J9M t \17 t '17. ] 

cos® A + cos 3 /? + cos 2 C 

“4(2 cos® A + 2 cos 2 7?) + cos 2 C 
■ 4(1 + cos 2A + 1 + cos 2Z?) + cos 2 C 
— 1 + i(cos 2/1 + cos 27?) + cos 2 G 
** 1 + cos (A + B) cos {A- B) + cos C. cos C 
*1- cos C cos {A — B) — cos C cos ( A + B) 

t v .-I 1 

* 1 - cos C [cos (A - B) + cob (/I + B)] 

“ 1 “ cos C [2 cos 4 cos B] 

“1-2 cos -4 cos B cos C ' 

whence the required result follows. 

V^Ex. 9. Show that 

tan (P * y) + tan (y - ct) + tan (a - j3) 

« tan (p “ y) /an (y - a) /an (a - p). 
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Let A** P~ y, B^y- a, C ■* a - / 3 ; 

then A+J5+0“/3-y + y- a + a- /3“=0 
tan (A + B + C) — tan 0«0. 
tan A + tan B 4 tan C = tan A tan B tan C. 

Now, substituting the values for A t B t C, the required 
result follows. 


Ex. 10. If x 4- y + z » xyz % prove that 
x[l - ?/ 2 )(l - z*) + y{ 1 - 2 a )(l - x 2 ) + z( 1 - jr 2 )(I - p 9 )- 4®y«. 
Putting a; =* tan a,|/*= tan /5, 2 - tan y, in the given relation, 
we have 

tan a + tan p + tan y *= tan a tan (i tan y. 
by transposition, 

tan a(l - tan P tan y) == - (tan P + tan y), 

, tan p + tan y , 

t.e. tan a - - . - - - -- - - tan (p + y). 

1 - tan p tan y 

. a ■* ti — (/3 + y). . a + ^ + y*^, 2a + 2j3 + 2y = 2;n. 

tan (2a + 20 + 2y) = tan 2* * 0. 


Therefore, as in Ex. 5, above, 

tan 2a + tan 2 P + tan 2y *= tan 2a tan 2 P tan 2y. 

Now, expressing tan 2a, tan 2/?, tan 2 y in terms of tan a, 
tan P, tan y, and substituting x t y , 2 , for them, we get, 

2a; J2y 2f ^ 8 xys 

i-x* 1 i~s a (1 — ~ z 2 ) 

On simplification, the required result follows. 


Examples X 

If A + B + C*=x, prove that ( Ex . 2 to 2d) : — 

/ . . . _ . _ . . ,4 . B 0 

* i. sm i4 + sm J3-sm C»4 sm g- sin ^ cos ^ " 

w '*2. cot B cofc C + cot C cot A + cot A cot B-* 1. 
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g , A , B , , Q , A , B , 0 

o. cot ^ + cot ^ + cot g - cot g cot 2 cot ^ * 

4, tan 24 + tan 2# + tan 2C " tan 24 tan 2B tan 2C, 

5. (cot B + cot CXcot C + cot 4)(cob A + cot B) 

^ *■ cosec 4 cosqc B cosec C. 

cot B + cot C + cot C + cot 4 + cot 4 + cot 7? _ - 

tan B + tan C tan C + tan A tan A + tan B 

7 . 4^ . B x . 0 

7. sin ^ + sin £> + sin 

. . ?i ~~ A . rr - B . n — C 
— i + 4 sin . sin — - - am . 

4 4 4 

ij.4 • B + G . C + 4 . 4 + /> 

4 4 4 

8. cos 2 24 + cos 2 2B + cos 2 2G 

=*1 + 2 cos 24 cos 2B cos 2 C. 

^9. sin 2 4 + sin 2 /? + sin a (j =-2 + 2 cos A cos B cos C . 

10. sin 2 ^ + sin 2 ^ + sin 2 ^ = 1 - 2 sin f } sin ^ sin 

^ . cofl -4 + cos B + cos C ^ ^ 

sin B sin C sin 0 sin 4 sin 4 sin B 

l C. (7. 7040. ] 

io sin 24 + sin 2B + sin 20 Q . A . B . C 
™ sin <4 +sin B + sin C “ 8 6m 2 Sm 2 8m 2 * 

13. sin (B+ C - 4) + sin (C + A — B) + sin (A + B — C) 

— 4 sin 4 sin B sin C. 

14. sin (B + 2C) + sin (C + 24) + sin (4 + 2B) 

. . B- C . C- 4 . 4 -B 
« 4 sm — — sm ~ 2 ~ sin — — * • 

"15. cos*4 + cos 2 B + 2 cos 4 cos B cos C“sin a 0. 

41 B- C . B C-4 . 0 4 -B 

16. cos g cos ~ 2 ~~ + cos o cos 2 ^ + cos 2 cos - ^ 


■sin 4 + sin B + sin 0, 
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17. If a + p + y « J.-t. prove that 

^(i) sin 2 a + sin 2 /? + sin 2 y + 2 sin a sin /? sin y ■* 1. 

[C. E7. ] 

^ (ii) t;an /? tan y + tan y tan a + tan a tan P “ 1. 

18. If id, B t C , 1) are the angles of a quadrilateral, 
prove that 

/.\ tan A l_4 tan 7? + tan C + tan 7) 
cot A + cot B + cob C + cot D 

* tan A tan B tan C tan D . 

(ii) cos ^4 + cos B + cos C + cos TJ 

= 4 cos 'H«4 *t- 7?) cos i(7? + C) cos + -4). 

19. Show that 

(i) cos 2 (/? -y) + cos 2 (y - a) + cos 2 (a - /i) 

“1+2 cos (/? - y) cos (“/ a) cos (a - /?), 

(ii) sin s a + sin 2 /? + 2 sin a sin ft cos (a + P) — sin B (u + /?). 
(iii) cos 2 0 + cos 2 (u + 0) - 2 cos a cos 0 cob (a + 0) 

is independent of 0. 

20. (i) a + /?*y, show that 

cos 2 a + cos 2 /? + cos z y ** 1 + 2 cos a cos p cos y. 

[ <?. U \ 1940 . ] 

(ii) If a + p + y =» 2.-*, show that 

cos 2 a + cos 2 /? + cos s y *-“ 2 cos a cos p cos y *** 1 . 

21. If cos (A + B) sin (C + 7)) = cos (A ~ B) sin (C — D), 
show that 

cot A cot B cot C = cot I>. 

22. If id + £ + C 2S, prove that 

(i) sin (S - id) + sin (S - B) + sin (S — C) — sin S 

. . A . J3 . C 
“4 sin 2 sm 2 Bin^ 

(ii) cos 8 id + cos 2 J3 + cos 8 0 + 2 cos id cos B cos G — 1 

*“ 4 cos S cos (S - J) cos (S - B) cos (S - 0). 
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23* If A + B + G ■■ nn (» being zero or an integer), 

tan A + tan B + tan 0 * tan A tan B tan C. 

24. Show that, if a + fi + Y -* si, 

tan (0 + y - a) + tan (y + a - 0 ) + tan (o + - y) 
— tan (/J + y - a) tan (y + a - 0 ) tan (a + p - y). 

25. If A + £ + C - 7 i, prove that 

(i) Bin il cos B cos C + sin B cos C cos A 

+ sin C cos A cos B ■* sin /4 sin B sin C . 

(ii) cos .4 sin B sin C + cos B sin C sin A 

+ cos C sin A sin B - 1 + cos A cos B cos C. 

(iii) sin 5 A + sin 5B + sin 50 

. 5 A 5 B 50 

“4 cos ^ cos g cos ^ • 

(iv) (tan /4 + tan B + tan C)(cot A + cot B + cot 0) 

— 1 + sec A sec B sec C. 

We. if cos 4 + cosB + cos 0 — 0 , show that 

cos 3/1 + cos 3 B + cos 30-12 cos A cos B cos 0. 

[ Write cos 3 A m 4 coaM-3 cos A, etc . ] 

27. If # + 0 + 2 “ 4 ,- 1 , prove that 

cos (x - y - z) + cos (2/ - 2 " a?) + cos (z~ x- y) 

- 4 cos a cos y cos z » 0. 

28. Show that 

sin (y - z) + sin (z - a;) + sin (x - y) 


+ 4 sm - 2 am 


z- x . as-y ^ 
~2 Bm 2 “ 0< 


29. If x + y + z “ 0, show that 
cot (z + x - y) cot (a? + y - z) + cot (a; + y - z) cot (y + z - a?) 
+ cot (y + 3 - a?) cot (z + a: - y) - 1 . 


30. 


If x + y + z - a?yz, prove that 
3a? -y 3 ^ 3y~V + 8 *rV w 


3a? ~ g a 3y-y a 


3z — z 9 



CHAPTER XI 


TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 


57. It will be apparent from Chapter IV that there are 
infinitely many angles, the trigonometrical ratios of which 
have a given value. For example, if sin O^h, one value of 0 
(the smallest positive value) is known to be 30°. Now sines 
of supplementary angles are equal. Hence sin 150° being 
oqual to sin 30° is also £• Again angles differing from 30° 
or 150° by complete multiples of 360° will have their sines 
(in fact all ratios) the same. Thus sine of each of the 
angles 30°, 150°, 390°, 510°, -330°, -210°, etc. is equal 


to J. Similarly, if cos 0 bo given, equal to say, 0 may 

have^ any of the values +45°, +315°, +405°, -315°, 
-45°, etc. ; or else if tan 0 ** J 3, 0 may have any of the 
values 60*. 240°, 420°, - 300°, etc. 


It is very convenient for the solution of trigonometrical 
equations, as also for other purposes, to obtain a general 
expression in a compact form embracing all angles, the 
trigonometrical ratios of which have a given value. 

58. General expression of all angles, one of whose 
trigonometrical ratios is zero. 

If the sine of an angle be zero, from definition, the 
length of the perpendicular from any point of one of its 
arms upon another is zero, so that the two arms must be in 
the same straight line. Evidently, therefore, such angles 
must be some multiple of n, odd or even. 

Thus, i f sin then g-n*. 


is being zero, or any integer, positive or negative . 
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When the cosine of an angle is zero, the projection of 
any length along one arm upon another is zero, and so the 
two arms must he at right angles to one another. The 

.t Sn 

angles must therefore bo evidently either or- or differ 

£k 

from these by complete revolutions ; in other words, the 
angle may bo any odd multiple of 

A 

Thus, if cos 0 — then 0**(2n + 1)?- 
-- ■ .... — A— 

n being zero , or any integer , positive or negative . 

Again if tan 0 « O^t hen its numerator sin 0 is also zero ; 
and so g c na. 

Similarly if c ot 6> "» 0 n then cos O-^O 
and so 8 -» (2n + 1) 

Note. The ratios cosec B or «ec 6 can never be zero, for they can 
never be numerically less than unity. 

59. General expression of angles having the same 
sine (or cosecant). 

Let a be any angle positive or negative such that its sine 
is equal to a given quantity It (numerically not greater 
than 1) ; for fixing up the idea, and for the sake of 
convenience in practice, the smallest positive angle having 
its sine for the given quantity k is taken as a. Let 0 be 


any other angle whose sine is equal to k. 

Then 

sin 0 — sin a. 

or, 

sin 0-sin a-0, 

or, 

2 sin i(0 - a) cos b{0 + a) ■» 0. 


either sin b(0 - a) - 0, 


i,e. i(0- a) —any multiple of n —mn, ••• (l) 
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or, else cos 4(0 + a) - 0, 

».«. 4(# + a) - any odd multiple of (2»» + 1) ;? ... (2) 

Ji A 

From (l), 0 - a -» 2 mn t i.e , 0 » a + 2m:r. ... (3) 

From (2), 0 + a — (2m + 1):*, i.e. 0“ - a + (2m+ (4) 
Combining (3) and (4), 0 ■= ( - l) n a + w* ... (5) 

where n is zero, or any integer, positive or negative, odd or 
even. 

If cosec 0™ cosec a, then sin 0«sin a ; hence all angles 
having the same cosecant as that of a are also given by 
expression (5). 

Thus all angles having the same sine or cosecant as that 
of a are given by 2 nn + a and (2 n + l)^ - a, 

or, nx+(-l) n a f 

n being zero t or any integer , positive or negative . 

60. General expression of angles having the same 
cosine (or secant ). 

Let a be the smallest positive angle such that its cosine 
is equal to a given quantity k (numerically > 1) ; and let 0 
be any other angle whose cosine is equal to k . 

Then, cos 0 — cos a, 

or, cos a - cos 0 *“ 0. 

2 sin i(0 + a) sin 4(0 - a) - 0, 
either sin 4(0 + a) - 0, 

«.*. 4(0 + <0 “any multiple of n — nn ... (l) 

or else, sin 4(0 - a) - 0, 

t\«. 4(0 - a) » any multiple of n — nn . ... (2) 

From (l), 0 + a-2nrr, or 0®*2n*-a. ... (3) 

From (2), 0 ~ a - 2rn, or 0 - 2w* + a. ... (4) 
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From (3) and (4), we have 0 -* 2 nn ± a, ... (5) 

where n ig zero, or any integer, positive or negative. 

It is also evident as in the previous case that all angles 
having the same seeant as that of a are also included in the 
expression (5). 

Hence, all angles having the same cosine or secant as 
that of a are given by 

2nx±a 

n being zero, or any integer , positive or negative . 

Note. As in Art. 59, instead of taking the smallest positive angle, 
wo might take o to be any ono angle having for its cosine the given 
quantity k. The general value of 0 satisfying cos 6- cos a as obtained 
above, would not be affected at all. 

61. General expression of all angles having the 
same tangent (or cotangent ). 

Let a be the smallest positive angle such that its 


tangent is equal to a given quantity k ; and let 0 bo any 
other angle whose tangent is equal to k . 

Then 


tan 0 — tan a, 


or, 

sin 0 _ sin a ^ ^ 
cos 0 cos a 


or, 

Bin 0 cos a-cos 0 sin a .Q 
cos 0 cos a * 


or, 

sin _(0 -a) m q 
cos 0 cos a 



sin (0 - a) « 0, 


i.e. 0 - a - any multiple of n * nn. 

0-a + »*. (1) 
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The factor „ - — cannot be zero, for cosine of an 
cos 0 cos a 

angle cannot have an infinitely large value. 

It is also evident as in the previous case that all angles 
having the same cotangent as that of a are given by the 
expression (l). 

Hence, all angles having the same tangent or cotangent 
as that of a are given by 

n n + a 

n being zero , or any integer , positive or negative . 

Note. The remark below Art. GO is applicable hero ilso. 

62. Special cases. 

From Art. 59, considering both cases when n is odd or 
even, it may be easily seen that 

if 8in0-l-Bin|> © = 2njr+ | «*(4n+l) | 

and if sin 0— -l-sfn|- © = 2n,*r- 

or, *-(4k+8) ^ 

where n (or k^n-l) is zero , or any integer, positive or 
negative. 

Similarly from Art. 50, it may be seen that 
ifcos0»l, 0-2n* 

and ifcos0«-l, G-ten-f 1)* 

-being zero , or any integer , positive or negative. 

These are the usual forms in which the above special 
cases are used in practice. 
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63* Geometrical Treatment. 

(i) Geometrical construction of an angle whose sine (or 
cosecant) is given , and to obtain a general expression of all 
such angles . 


X' 


Let the sine of an anglo ho given equal to V. 

Taking the perpendicular lino 3 XOX' and YOY' for 
reference, draw a circle of unit radius with centre 0. 

Measure off 0N*=a along 0Y (or along OY* if a be 
negative). Through N draw a straight lino PNQ parallel to 
X0X f meeting the circle at P and Q. 

Then LPOX** a say, is one of tiro required angles, for 
sin a - sin OPN =* " 1 

Another angle with the same sine, as is apparent from 
the figure, is LQ0X~ % - a (or 3n - a it a m ON be negative, 
which is trigonometrically the same as n - a). 

V being given in magnitude and sign, the position of N 
on YOY* is fixed and thus in one revolution, i.e n from 0 to 
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2 7i there are, as is clear from the figure, only two angles a 
and n - a having the given sine.* 

Now the addition or subtraction of any multiple of 2* 
makes no difference in the values of the trigonometrical 
ratios of an angle (See Art . 28). 

Hence all the angles having the same sine as that of a 
are contained in the formulae 2m?i + a and 2 mn + n - a 
i.e.t (2w+ l)n-a, where m is zero, or any integer, positive 
or negative. Both the seta of angles are evidently included 
in the formula D5r + ( — l)"a, n being zero, or any integer, 
positive or negative. 

(«) Angles with given cosine ( or secant). 


P 


X 


Y' 

Let the given cosine be *a\ As before, measure off 
ON- a along OX (or along 0-2^ if V be negative), and 
through N draw PNQ parallel to YOY' to meet the circle 
with centre 0, and radius unity, at P and Q. 

*In the same quadrant there cannot be two distinct angles (with- 
out being coterminals), having the same sine, for the corresponding 
triangles will then be congruent 
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Let Then a is a required angle. Also from 

the figure, the only angles in the first four quadrants which 
have the given cosine are a and 2.^ - a. 

Adding or subtracting multiples of 2** to these, all the 
angles having the same cosine as that of a are given by 
2 mn + a or 2 mn + 2ji - a, both of which are included in the 
formula 2n* ± a, n being zero, or any integer, positive or 
negative. 

(tit) Angles with given tangent (or cotangent). 



Let V be the given tangent. Along OX or OX f measure 
off ON of unit length, and then measure off NP perpendi- 
cular to it of length whose numerical value is V. If V be 
positive, both ON and NP will be positive, or both will be 
negative, and so the LXOP will be either in the first or in 
the third quadrant. If ‘ a be negative, the angle will be 
either in the second or in the fourth quadrant. In any case, 
there are only two angles, within one revolution, i.e„ from 0 
to 2 n as is apparent from the figure, with the given tangent.* 

*The ratio PN : ON being given, and the included angle PNO being 

right, the triangle PNO constructed remains always similar to itself 
and so in the same quadrant the L.PON of the triangle Is unique. 
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One of the angles being a, the other is evidently (from 
the figure) n + a. Adding or subtracting multiples of 2 k, all 
the anglos having the same tangout as that of a are given by 
+ a or 2mn + n + a both of which are included in the 
formula n x+a where n is zero, or any integer, positive or 
negative, odd or oven. 

Ex. 1. Solve 2 (cos 2 0 - sin 9 0 ) - 1. 

The given equation can bo written as 

2 cos 20 — 1. cos 20 - I — cos 

20 — 2nn ± Jn. 0 — nn±%n. 


Note. It may bo observed that a trigonometrical equation can be 
flolvrd in several ways ; and the results though different in forms will 
give the sumo series of angles. To illustrulo this we work out the above 
examplo in another way. 

Tho equation can also be written in the form 

54(003*0 — l + cos*0) = l, or, 4 cos* 0 = 3. 

. . , tj% t 5tr 

cos 0«* + =cos .. » or, cos -• 

— 54 (j b 

IT 

0«=2mT+ .» or, 2mT± ■ 
u " o 

Now 2 wt 4; + or, (2m— 

All the four sots of solutions, m being any integer, can be included 
in the expression nv± in which form tho result has already been 
obtained by tho previous proccuj. 

Ex. 2, Solve 4 cos 9 x + G sin 9 x — 5. 

The equation can be written as 

4 cos 8 ® + 6 sin 2 # - 5(sin 2 ® + cos 8 ®). 

.\ sin*® — cos 2 ®, or, tan 8 ®— L 
tan®— ±1. ® — nn±l?i. 


Note. Equations of the form a coa*x + b sin*x=c can be easily 
solved by the above method, or by expressing sine in terms of cosine 
or cosine in terms of sine. ' 


Ex. 8. Solve 2 $in*x + sin 9 2 ® - 2 . [0. U. 1040. 3 

The given equation can be written as 
. 2(l~sm*®)-sia*2®“0 ( or, 2 cos*®-4 sin*® ciy&*x m 0. 
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or. 2 cos 2 #(l- 2 sin B ;r)“0 t or* cos 9 # cos 2a? “0. 

either cos #-0, t.«\, x nn + \n t ev (£* W ) % ^L~ 
or, cos2#**0 f i.e. t 2#“ 2n:i± §;*. .'. x um nn±\x. 

Ex. 4. Solve cos 0 - sin 0 - ^ • 

Dividing both sides of tho equation by J l a + 1“ *\e., s/2, 
we have 

n 1 • « 1 1 
coa 0-^-sm 0 ^-2 

cos 0 cos i.i -sin 0 sin 
cos (0 + cos in. 0 + 2n»± jw. 

9* 2n?i + igr-"** or, 2n* - 


Note. Extraneous solutions. 


In general, as pointed out in Kx. 1 above, the same trigonometri- 
cal equation may be solved by different methods, and tho forms of 
the result wo arrive at, though apparently different in some cases, are 
ultimately equivalent. In some eases, however, we may bo tempted 
to solve a trigonometrical equation by methods which have flaws in 
them, leading to solutions which inelnde in addition to the correct 
solutions, some oxtraneous solutions which do not satisfy tho given 
equation. The given equation which is of the type a cos 0 + b sin 0 »c 
is an example. We proceed to demonstrate it as follows : 


Hero cos 6- ^ » sin 0. 

cos’d— tj'2 coa d + £-sin’d® 1 -cos’d, 
whence 2 cos’d - J2 cos fl — j = 0. 


cos d* 


n/2± ^2 + 4^1 + ^3 

4 


‘2 Ji ~ COi i-2 


or 


cos 


7t 

11 


. \ d » 2u v + t \ r, or 2?f r ± \\ r. 

But it can be easily seen on substitution that 
2»*'-^«“ and 2nT+v ; r do not satisfy the given equation. The 
error in the method lies in squaring the equation as wo have done ; 
for the squared equation includes the equation cos d - * — sin d 


coa d + ain B 


V* 


of which the solutions are 2 and 


2nir+i 7 i»', 

Equations of this type are therefore best solved as in the next 
example, and not by squaring*. 
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Thus while solving any trigonometrical equation it is 
always advisable to verify the roots obtained ; for thereby 
extraneous roots, if any, can be easily detected. 

Ex. 5. Solve a cos 0 + b sin 0 — c. ( c ^a 2 + h 2 . ) 

Put a — r cos a, sin a , choosing the smallest posi- 
tive value of a, keeping r positive. 

Then r- Ja* + b* and sin a - 


and oosa=^. 

The signs of a and b will determine the quadrant in 
which a lies, and a and b being given, r and a are definitely 
known. 

The equation now becomes, 
r cos (0 - a) — c, 


or, cos (0 - a) - = 008 

where P is the smallest positive angle whose cosine is 
Ja* + b* an< ^ C known, P is also known. 

Hence 0- a**%nn±p t or, 0 — 2 nn + a±p. 


Note. An angle which is introduced in a trigonometrical work to 
facilitate calculations is called a mbsiduir y angle. Thus a and p are 
hore subsidiary angles. 


Ex. 6. Solve 4 cos x+ 5 sin x - 5, given tan 51° 21 / - 
Dividing both Bides of the given equation by 5 2 
t.c. by n/41, we get 

^cosa+ JjBin*- j 41 * - (1) 

Since, tan 51° 21' ” f , 




V cos 51° 21' - 


4 

^4i‘ 


sin 51” 21' 
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(l) reduces to 

cos x cos 51° 21' + sin x sin 51° 2l'«sin 51° 2l\ 
or, cos Or -51° 21') “sin 51® 21 ' -cos 3B° 39'. 
x — 51° 2l'-2n»±38* 39'. 
x -» 2nn 4* 90°, or, 2nx + 12° 42'. 

Ex. 7. (i) Solve 2 sin 2 x + sin* 2x *2 for- n < x < 
From Ex. 3 above, we see that x ms nn + in ••• (l) 

or, x**nn±$n. ••• ( 2 ) 

Putting n — 0, - 1 in (l), we get rr—i-i, -J.-i, which lie 
in the given interval. Putting n*=0, 1, - 1 in (2), we get 
x ■» ijn, |.-r, - 4 * which also lie in the given interval. 

HeDce the required values of x are ±in, ±\n, ± in. 

(ii) Solve cos 0 + J 3 sin 0 ■» 2 

/or - 2n < 0 < 2t* and 3:t < 0 < 5?i. 
Dividing both sides of the equation by Jl + 3 i.e., 2, 

we have 

cos 0 * * +gin 0 * 1 , 

i.e., cos O.cos $.-i + sin G.sin §ji* 1 , 
i.e., cos (0 — ihO" 1 . 

0 — in *» 2nn t i.e., 0~2nn + in. 

Putting n«0, *-1, we get 0~in, - in which lie in the 
1 st interval. 

Again putting n-1,2, we get 0 - Jn, -V*, which lie 
in the 2 nd interval* 

Ex. 8. Solve tan ax™ cot bx. 

Here, tan osc ■* cot bx ™ tan (in - bx ). 

/. ax^na* In- bx, 

. 2 n + 1 n 

ns ■ — . - • 

*• a+b 2 
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Examples XI 

Solve the following equations (Ex. 1 to 23) : — 

1. oot a x + cosec 2 # “3, 

2 . (i) 2 cos 2 0 + 4 sin a 0 — 3. 

(ii) tan 8 0-3 cosec®0-l. [ C. U 1939 . ] 

3. tan x - cot x — coseo a\ 

4. cot a? - cot 2a? - 2. 

6. 2 sin 0 tan 0 4 - 1 « tan 0 + 2 sin 0. 

6. sin 60 + sin 0 « sin 30. 

7 . sin mO 4 - sin nO *= 0. 

8. cos x 4 - cos 3a? + cos 5x + cos 7 x — 0. 

9. cot 2a: — cos a: + sin a*. 

10 . sin a? 4* cos a?- J 2, for - :x < a? < ji. 

11 . sin 2a; tan x 4 - 1 «* sin 2a: 4 - tan x . 

<12. cot a: - tan x * 2. T C. f7. J034, *.57. 1 

^13. sin x 4- ^3 cos a: - >/2. [ C. U. 1938 t *47. ] 

14 . 2 sin x sin 3a: — 1. 

15 . sin 0 4 - 2 cos 0-1. [ C. U. 1933 . ] 

16 . tan x 4- tan 2a? 4- tan 3a? — tan x tan 2x tan 3a\ 

17 . tan (}n 4 - 0 ) 4 * tan (in - 0) ■= 4 . [0. 17 . 1949 . ] 

18 . tan x 4 - tan 2a: 4- tan x tan 2x - 1. [ C. U. 1941 , *45. ] 

19 . cos 0 + JS sin 0- */ 2. [0. U. 1944. } 

20 . *J 3 cos a?4* sin x=* 1, for - 2* < a? < 2n. 

21 . cos 2a: — cos x Bin x. 

22 . 2 cot x 4- sin x - 2 cosec x . 

23 . cob ar 4- sin « - cos 2a? + sin 2x. [ C. U . 1P43. ] 

24. 8olve 2 sin “x 4* sin a: -3 ; and find all the angles 
between 0° and lOOO^which satisfy it. 

25. Find the solution of the equations (general solution 
is not required) 

tan a + tan y "2 

2 cob x cos y - 1. 
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ly If tan ax - tan bx - 0, show that 
form a aeries in A. P. 


the values of x 


27, Solve 

(i) cos 3x + cos 2x + cos x - 0, [ C. U. 1942 % *46. ] 

(ii) cos 9x cos lx *** cos 5x cos 3®, - l/t < x < in. 

(iii) tan x + tan 2# + tan 3a; «0. [ A. I. 1941 . ] 

(iv) cos x — sin x — cos a + sin a. [ B. H . 17. 2 MW. ] 

(v) cos 8 x - cos x sia x - sin 34 # - 1 . 

(vi) cos 6x + cos 4x = sin 3x + sin x. 


isin a 


cos a 


sin 2x cos 2x 


* o 


28. Solve 5 cos 6 + 2 sin 0 - 2, given tan 63° 12 / ■* 23r* 

29. Find those pairs of solutions of the following 
equations which correspond to positive solutions leas than 
2 7t of each individual equation : — 

(i) sin (a — fl) m 0 ; sin (a + (5) - 1. 

(ii) sin (a - p) « cos (a + 0) « £. 

80. If sin -sin B, cos A - cos B , prove that either 4 
and B are equal or they differ by some multiple of four 
right angles. [ C . £7. 1936 ] 

31. Show that the three equations 

sin 2 0 » 8in 2 a, cos a 0 - cos*«, tan 2 0 “ tan 9 ci 
are all identical and the solution is always nn ± a , 

82. Show that the same two series of angles are given 
by the equations 

x + -»* + (- l) n g and 
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INVERSE CIRCULAR FUNCTIONS 

64. The equation sin 0 *= x means that 0 is an angle 
whose sine is x. It is often convenient to express this 
statement inversely by writing 0—sin" 1 ®. Thus the symbol 
sin" 1 ® denotes an angle whose sine is ®. Hence sin” 1 ® is 
an angle, whereas sin 0 is a number. The two relations 
sin 0“® and 0 n sin' 1 ® are identical ; if one is given the 
other follows. The symbol sin -1 ® is usually read as “sine 
inverse ®". Sometimes it is also denoted by arc sin x. 

Note. Bin" 2 ® must not be confused with (sin x)” 2 i.e . -- — • 

1 am x 

65. We know that if 0 be any one angle whose sine is 
equal to x % then sines of all the angles given by nn + (- l) n 0 
are equal to ®. Hence, sin -1 ® has got an infinite number 
of values, and as such, Bin -1 ® is a multiple-valued function. 

Hence the general value of sin~ 1 x=*nn + (— l) w sm -1 ® 
whereon the right-hand side sin" 1 ® stands for any parti- 
cular angle whose sine is ®. 

Similarly, the general value of 

cos~ 1 x mB 2?in±cos~*x 
and of tan~ x ® - nn + tan " 1 

The smallest numerical value, either positive or negative, 
of 0 is oalled the principal value of sin" 1 ®. Thus, the 
principal value of sin" 1 £ is 30°. If corresponding to the 
same ratio, there are two numerically equal angles, one 
positive and the other negative, it is customary to take 
the positive angle aB the principal value ; thus the 
principal value of oos'H is 60*, and not (-60°) although 
cos (-60°)-*. 
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In all numerical examples, the principal value is 
generally taken. 

cos* 1 #, tan* 1 #, cosec" 1 #, sec’ 1 #, cot" 1 # have similar 
significance and all properties as those of sin" 1 #. These 
expressions are called Inverse Circular Functions. 


66 . If sin 0j“#, then 0 — sin" 1 #, i.c. sin* 1 sin 6 , 

Similarly, G-cos" 1 cos fl^tanf 1 tan 6 ; etc. 

Again, if ©“sin" 1 #, sin 0“#, ix. sin sin* 1 * — x. 
Similarly, cos cos^x^x ; tan tan" 1 x a «x ; etc . 

Also, wo have 

cosec^x® sin' 1 ~ ; cot" 1 x« tan"* 1 sec" 1 x» cos" 1 - 

Let cosec” 1 # — 0 ; then cosec 0 *■ #. 

- ■ n 1 1 

. . sin 0“ - • 

cosec 0 x 

Hence 0«sin~ l * • and therefore cosec" 1 #« sin’ 1 1 • 


In the same way we have, cosec’ 1 ^ 
The other relations follow similarly. 


: sin #. 


J XL. As all the trigonometrical ratios can be expressed 
in terms of any one, similarly, all the inverse trigonometrical 
ratios can be expressed in terms of any one inverse ratio. 

Thus, let sin" 1 #-*# ; then sin 0 -#. 

.\ cos 0 - «/l-# a ; tan 0 « -7 * — ; cot 0 - ; 

vt~® x 

sec 0 — and cosec 0 - * • 

V1-® '# 

/. 0 “ sin" 1 # 3 * cos" 1 ^W-tan* 1 

V 1-#* 

Jl "”# 2 .1 1 *4 1 

-cot ---- — -sec "Tf^Il^coseo 1 -• 

# Vl~® ® 
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To prove that 

(i) sin" 1 x + coa“ 1 X“ ^ * 

(II) tan“ 1 x + cot’ 1 x— ~ • 

(iii) cosec^x + sec^x — j| ■ 

(i) Let Bin“ 1 ®—0 ; then sin 0=*®. 

Now, sin 0 — cos (in - 0 ). 

cos (in - 0)*»® and hence cos' 1 ® “in 
Therefore, sin " 3 x + cos ' 1 ® ■■ 0 + in - 0 — in. 

(ii) Let tan" 1 ®**© ; then tan 0~®. 

Now, tan 0 — cot (in - 0). 

cot (in — 0) — cob' 1 x* BS in — 0. 

tan' 1 ® + cot' 1 ® “ 0 + in - 0 * in. 


(iii) Let cosec' 1 ® *=0 ; then cosoc 0 s - a:. 
Now, cosec 0 « soc (in - 0). 

. sec (in ~ 0) *® ®. sec" 1 ®** in - 0. 

oosec" l x + sec' 1 ® « 0 + in - 0 **in. 


vX" : 


Let 


2 T o prove that 

(I) tan* 1 s + tan‘ i y 

l xy 

(|i) tan' 1 x- tan* 1 y ■» tan' 1 


tan' 1 * “a ; and tan' 1 ^-*/* ; 


then tan a-* ; and tan /J-y. 
Now, tan (« + «) - ^ «±*S» JL - B±JL 

' v w 1 - tan a tan l l-*y 
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o + /J - tan" 


*!* 4* M 


- ■ I 

1 -xy 


i.e. 


tan* 1 a? + tan ~ x y 


tan* 1 


,r + , 

1 -xy 


Again, tan (<i - ft) 


tan a — tan ft 
1 + tan a tan ft 


x-V . 
1 + xy 


u-p-tan'' *~ v ' 
1 “t* xy 


i.e. tan" 1 # - tan -1 # *= tan" 


*xy 

-i X ~ V . 

1 + xy 

Note. It can be easily proved as above that 
cot *x + cot 

y±x 

v> To prove that 

tan^x + tan^y ^-tan" 1 ?,^ tan" 1 z — 525,. 

1-yz-zi-xy 

Let tan‘ l #*=u ; tan" 1 ;/*// ; tan~ l 2 "y. 

tan u^a;, tan /!=*!/, tany- 2 . 

Now, tan (a + /5 + y) 

tan « + tan tan r “* tan tan ft tan y 
I - tan ft tan 7 - tan X tan a - tan a tan ft 
m x + y + z — aiys # 

1 ~ yz - s# - xy 

Hence, a + 0 + y *■ tan* 1 ® + ^ + 7 ^ • 

1 l-yz- zx-xy 

Since, a + ft + y » tan" 1 x + tan" 1 i/ + tan" ^ the required 
result follows. 


Note, This relation can also be deduced by applying twice the 
formula of Art. 69. Thus, 

Left aide- (tan" l x+ tan” l y) + tan" 1 ;? 

** tan" 1 * + tan~ 1 z ; now again apply Art. 69- 
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71. In fact; for most of the formulae involving ordinary 
circular functions, corresponding relations connecting 
the inverse circular functions can be easily deduced. In 
addition to those given above, some are illustrated in the 
following exam pies. 

Ex. 1. Show that 

(i) tin" 1 x ± sin ~ 3 j/ =* $in~ 1 {x jl -y 1 ±yj 1 - sc 2 }. 

(ii) cos~ :i x±co8~ t y s =cos~' l \xy+ */(l-a? a )(l -?/*)}. 

(i) Let sin" 1 x ~ a. sin a — x and cos a = Jl-x* ; 

also let sin” 1 //* p. sin P=*y and cos P - Jl-y*. 

Now, sin (a ± ft) *» 3 in a cos P ± cos a sin p 
*=x Jl -y* ±y Jl -x*. 
a±p = Bin’ 1 \x Jl-y*±y Jl-x z \. 

Since, a ± p = sin" 1 ^ ± sin" 1 ^, the required result follows, 

(ii) These relations follow similarly from the value of 
cos (a ± p). 

Ex. 2. Show that 

(i) 2 sin~'x wm sin~ 1 (2® s/l- a 54 ), 

(ii) 2 cos" 1 x-oos" 1 (2x 2 - l). 

(iii ) 2 tan~ 1 x t =*tan~ 1 - ' 

X x 

(i) Let sin* 1 ^ ■* «. /. sin a m: x i cos a — »Ji-z 2 . 

Now, Bin 2a — 2 sin a cos a«2 xjl-x*. 

2a «* sin“ 1 (2a? Jl-z*). 

Since, a “skT 3 #, the required result follows. 

(ii) & (iii). These relations follow similarly from the 
corresponding values of cos 2a in terms of cos a and tan 2a 
in terms of tan a. [ See Art . 43 ] 
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Note. The above threo relations can also be deduced by putting 
x for y in the values of sin~‘r fr sin" cos" , x + cos - “ , y and 
tau“ l x+tau~ , t/. 

Ex. 3. Show that 

(i) 3 siti' 1 x* a sin~'{ 3x-4,r 8 ). 

(ii) 3 cos ’ 1 x *• cos’ 1 (4z 3 - 3a;). 

(iii) 3 tan~ l x — tawT' 1 ^* T .y [ G\ U. 1038. ] 

1 oX 

(i) Let sin" 1 x ■* 0 ; then sin O^x. 

Now, sin 30 — 3 sin 0-4 sin 3 0 — 3x — 4a: 3 . 

30, i.e. 3 sin~ l a:"sin~ 1 (3«- 4a: 3 ). 

(ii) & (iii). Those relations follow similaily from the 

corresponding values of cos 30 in tonus of cos 0 and of tan 30 
in terms of tan 0. [ See Art. 11. j 

Note. The result of Uiij may .tko be deduced by putting ?/«$ — x 
in the formula of Art. 70. 


Ex. 4. 

Show that 


fl . . . , 2v _ 5 1 - x z . - 2x 

itan *x = sln ’f^p-Urn ‘yrp- 

Let 

tan’ 1 a? ,B, 0, /. tan0«*x. 

Since, 

sin 20 ”i +W#'i+/ [ ArL J5 > Ex - L 3 


Or 

20 t.e. 2 tan "Visin' 3 j a - 

Since, 

l-tan 2 0 1-a: 2 
cos 20 - — jj n . a » 

1 + tan 0 1+® 


and tan 20 


2 tan 0 
i - tan*0 


2x 

T-x*' 


the remaining relations follow similarly. 
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Ex. 5. Show that 

. -i a-h t A - 1 b — c t . -±c- a ~ 
tan i j. i+tan ", +/<x» --- — *=0. 

1 + ob 1 + he 1 + ca 

1st term of left side = tan“ 1 a- tan -1 /? [By Art . 09 (ii)] 

2nd -tan' 3 /;- tan' ^ 

3rd — tan' 3 c - tan' 1 *!. 

Hence, adding up the throe terms, the required result 
follows. 

Ex. 6. Show that 

2 tan" 1 J + tan~ 1 i*= tan~ x l 

Since, 2 tan' 3 #- tan" 1 a » [ See Ex. 4. ] 

• J — x 


Left side- tan' V* + tan“ 'J-tan' 1 ^**^ -tan" 1 !!*. 

1 “ ~4TS 

Ex. 7. Solve N 


. -i 2a t 2/i n 


2 tan' x. 


[ c. cr. 2,9*/?. ] 


2# 

Since, sin'\ ' 2 - 2 tan' 1 #. [ See 22#. 4. ] 

1 + x 

/. Left side — 2 tan’ T a + 2 tan'*&. 
the equation reduces to 
2 tan" 1 #"^ fcan"*a + 2 tan" x 6. 

tan" 3 #- tan' x a + tan" I fe-tan* 1 ^~^* 


1 ~ab 
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Ex. 8. Solve 

s - 1 ~ 1 I , -1*+1 * 

tan + /an . n ■* . 

x - 2 a: + 2 4 


Left side — tan 


x - 1 + # + I 
. t a? ~ 2 x + 2 

1 j ; 4 - 4 


.-i **.“4 


the equation reduces to 


■ tan" 1 1. 


2 x ‘ 2 - 4 


I or, 2x 2 ** 1 or, X 1 


Examples XII 

Prove {Ex. 1 to 17) that : — 

1/(0 tan" 1 * 4- tan ‘ 1 In. 

•» i 2x i3®* 

y/{\\) tan #4- tan" 1 ^^“tan ^ 

- (iii) tan" 1 4 4- tan" 1 1 4- tan" 1 xV"cot“ l 3. 

2. tan* 1 -/r + cot" 1 -V “tan" 1 4. 

3. tan" 1 1 + tan" 1 2 + tan" 1 3 — a 

— SUan" 1 1 4- tan" 1 4 + tan” 1 J). r 
^(i) tan’ 1 cc + cot" 1 (x + 1)« tan" l (x a +cc+ 1). 

(ii) tan " 1 — ^ +tan’ 1 a - ^ ■ “tan" 1 1 • 
p + <? P + M + 1 p 

5. tan* 1 #- tan" 1 ©-* tan" 1 ,~r A + tan^r-rf ' 

1 + afe 1 4- fee 

8* tan" 1 ? 4- sin" 1 5 — tan" 1 !?, 

7. tan" 1 J 4- tan" 1 1 4- tan" 1 4 4- tan" H*!*. 

[ c. u. m 2 . 3 

8. 3 tan" 1 i + tan" 1 4-1** [ C. V. 293t 1 
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9/{i) sin (2 sin' 1 ®) -2a; Jl-® 8 . 

^ (ii) {cos (sin' 1 ®)} 58 - {sin (cos' 1 ®)} 2 . 

10. cos^-2 sin" 1 ^ «■ 2 cos’ 1 + Xm 

11. tan' 1 sjx*= \ cos’" 1 J- - X ' [ 0. U. 1943 . ] 

|t> .-i Jx-b _i /a-® . -i /x-b 

L2. sm */ “cos W “tan w • 

V a - b V a-b V a - ® 

| A . - I fl " fc , . - l ft f*. . , 

13. tan + tan 1 , , + tan .. . 

1 + a/; 1 + fcc 1 + ca 

• -i"*-** j.* -t fcS - ca 4.f -ic z -a* 

“ tan 1 + ,v +ta r+Vc* + tan 1T7V 4 

L4. sec 2 (tan" 1 2) + cosec 2 (cot" 1 3) “ 15. 

15. cot' 1 (tan 2®) + cot' x ( - tan 3®) “ x. 

16. sjp“ l J + sin" 1 isr + sin’ 1 [ C. U. 1041. ] 

L7. ^oot' 1 3 + cosec' 1 \/5)“ [ C. *7. 1039. ] 

L8. If tan' 1 ® + tan' 1 // + tan~ 1 2 aB ^, show that 
x + y + z**xyz. 

19. If tan' 1 ® + tan' 1 2 / + ta,n~ 1 z= i \n t show that * 
yz + zx + xy “ 1. 

JO. If cos' 1 ® + cos" 1 2 / + cos' 1 21 “^, show that v 
® 8 + y 8 + s 2 + 2®2/r “ 1. 

51. If sin' 1 ® + sin' 1 y + sin' 1 3“ show that 

® Jl-x* + y Jl-y* + 2 ; “ Qxyz. ' 

22. Find the values of 
>Ki) sin (sin* 1 4 + cos' 1 1). 
fAi\) tan (tan" 1 a + cot" 1 a). 

Miii) tan (i sin’ 1 ff~5 + i 00B ' l fH-')' 


t O, U. 1935. ] 
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23. If tan" 1 !/ -4 tan -1 ®, find y as an algebraic function 
of x . 

24. If tan" 1 * ®, tan" 1 !/, tan" 1 *? are in A.P., find out the 

algebraic relation between x y ?/, z. If in addition, x % y, z 
are also in A.P., prove that x m y m z. [ 0, 1, or - 1 ] 

25. Solve the following equations : 

f( i) tan" 1 (® + l) + tan“ 1 (®“* !)«* tan’Vf. 

2® . 2a _il-6 8 

■ a “Sin : - « “ cos . y , i*' 

1 + a 1 + 6 

(iii) tan (cob" 1 ®)** sin (tan" 1 2). 


/ 


(ii) tan" 1 


(iv) tan" 1 ? * T ■* £ tan" 1 ®, 

1 + x 

/ \ , . x® " 1 , , - 1 2 ® “"1 , _ i 23 

/')•“ , + i +, “ to+i - • 


! tan' 


36 


(vi) 9 in‘ 1 a: + Bm' 1 2a;“ *• 



(x) cot" l (® - 1) + cot" l (a: - 2) + cot _1 (a; - 3) * 0. 
26. Show that 


(i) oot* 1 * w + * + oot* lV2 + * + cot" 1 **-* * “ 0. 

x-y y- z z-x 

(ii) tan (tan' l * + tan” 1 y + tan' 1 ^) 

-cot (cot -1 * + cot" 1 y + cot‘ l 2 ), 

(iii) tan -1 (cot x) + cot" 1 (tan x) m x- 2x. 



Miscellaneous Examples 1 


1. If 3 sin 0 + 4 cos 0 - 5, show that tan 0 - 

2. If a 2 aec 2 x — b 2 tan a iC Ba c a l find cosec if. 

3. If # — r cos 0 cos d> t y=*r cos 0 sin 4>, z * r sin 0, show 
that £c a + 2 a -r a . 

4. If«in show that tan(” - ± 

5. If a; — r sin (0 + 45°) and y * r sin (0 - 45°), then 

x 2 + y 2 = r 2 . 

6. If cos (a + p) sin (y + p) ■* cos (a - /?) sin (y - 0), then 

tan 0 ■= tan a tan P tan y. 


Show that (Ex. 7 to 9) : — 

7. (cos x - cos i/) 3 + (sin a - sin ?/) 2 * 4 sin 2 ® 0 Vm 

8. sin A + sin B + sin C - sin (<4 + B + C) 

. . A+B . B+C . C + A 
- 4 sin — g sin 2 sin — • 

0 , . i4+7? + 0 . JJ+C-.4 . C + A-B . A + B-C 

9. 4 sin 2 " 9in o sm q sm — 2 

■* 1 - cos 2 il - cos a I? - cos 2 CM- 2 cos .4 cos B cos C. 

10. If tan p - 2 then tan a, tan P, tan Y are 

si n Vo t y y 

in harmonical progression. 


11. If a + p + y « (2n + l)g, then 

(i) tan 0 tan y + tan Y tan a + tan a tan p — 1. 

(ii) sin 2a 4- sin 2/5 + sin 2y — ±4 cos a cos P cos y. 

12. If the angles A t B, G be in A. P. ( then 

sin A ~ si n C cos B 
cos CM cos A sin JB 
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13. If cosec 24 + cosec 2B + cosec 2C“0, show that 
tan 4 + tan B + tan C + cot A + cot B + cot C ** 0. 


14. 


If tan a 


a sin ft 
1 - a cos p 


and tan p 


b sin a 

- — . . » 

1 -b cob a 


15. 


then 


sin a _ a t 
sin p b 


Show that 

tan 0 + 2 tan 20 + 4 tan 40 + 8 cot 80 * cot 0. 


16. If cos ( 0 - if) cos 4> “ cos (0 — </» + v>), then tan 0, tan 4 >, 
tan V are in harmonical progression. 


17. If 1 + cos ( y - z) cos {z - x) cos U - y) * 0, show that 
either (y - z) t or (z ~ x ), or [x - y ) is an odd multiple of n* 

18. If sin 0 + sin <f>= J 3 (cos 4*~ cos 0), show that 

sin 30 + sin 39 = 0. 


19. Eliminate a and p from * 

sin a + sin ft « a, cos a + cos P - cos (a - /3) ~ c. 

20. If 4 + C + C - n, prove that 

(i) tan B tan C + tan C tan A + tan A tan B 

= 1 + sec A sec B sec C. 

(ii) cot A + cot B + cot C ” cot A cot B cot C 

+ cosec A cosec B cosec C. 

21. If A + B + C « n, and if 

fiin 8 4 + sin a B + sin*C - sin B sin C + sin C sin A 

+ sin A sin B, then A ■* B * C. 

22. If 4, B, C be the angles of a triangle, and if 

cot 4 + cot B + cofc C** s/3, show that the triangle 
is equilateral. 

23^. If sec ax + sec bx m 0, show that the values of x 
form two series in A. P. 



CHAPTER XIII 


LOGARITHMS 

72. Definition of Logarithm. 

Logarithm of a number with respect to a given base is 
the index of the power to which the base is to be raised in 
order to give the number. 

Mathematically if a x = N, then V is the power to which 
V (which is called the base) is raised to give ‘A 7 *. Hence 
by definition! V is the logarithm of *N' with respect to the 
base V, and it is usually written as x^lorjaN. 

As a numerical example, log^ 8 = i }, for 2 5 *=8 i.e. 3 is 
the power to which 2 is to bo raised to give 8, Again, since 
3 4 — 81, 4 33 logs 81. 

Any result involving indices can be expressed as a result 
in logarithm, and vice versa. 

For example, 

if = then, q = \og 1 ) r t 
If m n =" z l£ t thon n ~ log m (z h ) 
or 7c — logs Gw”). 

Similarly, if logy x*=z % 
then y z m 

It should be noted that the logarithm of the same 
number with respect to different bases will be different ; for 
example, to get the same number 01, we must raise 2 to the 
power 6, whereas we are to raise 4 to the power 3 and 8 to 
the power 2 only ; hence log a 64«6, log 4 64*3, log 8 64*2. 

Thus so long as the base is not stated, logarithm of a 
number has no meaning. 
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73. Special Cases* 

We know from Algebra that if a be any real finite 
quantity, other than zero, then a° ■* 1. 

Hence, log a l^O ; in other words* 

(i) logarithm of 1 with respect to any finite quantity 
(other than zero) as hase t is zero. 

Again, a being any quantity, a 1 a. 

Hence, 1 = log a a. In other words, 

(ii) logarithm of any number with respect to itself as 
base is unity. 

Note 1. If a x ~ 0, then — °o if a > 1, and I- oo if a < 1. 

Thus, wo have log a 0 = +oo according as a > or < 1. Honoe, 

logarithm of zero to a base greater than unity is minus infinity , and 
to a base less than unity is plus infinity. 

Note 2. Since the equation a r =* — n (a and n being real positive 
quantities), cannot be satisfied by any real value of x , whether positive 
or negative, provided we consider the principal value* only of a x , 

therefore, logarithm of a negative quantity (in a system of logar- 
ithms whose base is a real positive quantity) must be uiuginary. 

74. Fundamental formula; in logarithms. 

From the definition it is clear that logarithms are but 
indices in another form. Hence corresponding to the three 
fundamental results in the theory of indices in Algebra, 
namely that if a, x t y be any real quantities, 

(i) a'xa'" a x+y , 

(ii) a I +a’“a*‘ v and 

(iii) (a*) w “ a“ u , 

we get three fundamental laws of logarithms which are 
given below. 

•See a treatise on Higher Trigonometry. 
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(i) log* (m x n) - log. m + log, n 

in other words, logarithm of the product of two quantities 
is equal to the sum of their logarithms taken separately, base 
remaining the same always . 


Proof. Put logo m^x, logo n *= y 
and log 

then from definition, 

a x «= w, a v « n and a* — m x n = a® x a y « a* +v , 
so that, 2 — ic + y. 

Keplacing values, 

logo (mu) = logo m + logo n. 

Cor. logo (m.n.p ) — log a m + log a n + logo V + 


(ii) log. ( ^ ) * log. m - log. n 


in other words, logarithm of the quotient of two numbers 
is equal to the difference of their logarithms (logarithm of 
the numerator minus logarithm of the denominator). 

Proof. Put logo m — x, logo n - y 

and log. 

Then from definition, 

a^-ra, a v “n 


and a*' 


m 

s ■ 

n 


so that 


z**x-y, 

or replacing values, 


logo ( ■ logo m ~ logo n. 
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(lii) log a (m) n - n log* m. 

Or, logarithm of a power of a number is the product of 
the power and the logarithm of the number . 

Proof. Put logo m — a?, and logo 0w) w — z. 

Then by definition, 

a Xas m and 
a x ~(m) n -(a*) n ~a nx . 

z^nXt 

or replacing values, 

logo (m) n = n logo m. 

% P..*J 

Ex. 1. Reduce to a simple form log a 

logo X » - loga (xV) ~ loga (z*) 

£ 

« loga x v + logo y a - loga Z* 

** p log a X + q logo V “ $ logo Z . 

Ex. 2. Simplify log lo VI 2- 



"* logl ° 2 fl .ii 

-i[log,o 10 s - log! „ (2 5 .11)] 

”-J[2 logxo 10- (log! „ 2 s +log, 0 11)3 
“H2-5 logxo 2 -logm llj. 

75. Change of base. 

There is a fourth standard formula whereby logarithms 
of numbers with respect to one base being given, those with 
respect to a different base may be obtained. The formula is 

log* m - logs m x log* b 
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Proof. Put loga m**®, logb m^y and log a 

Then from definition, 

a x *= m, b v *=m t a ***b. 

Hence, a x — m - 6 V — (a i! ) v “ a v *, 
or, a; ■* ?/ 2 . 

Replacing values, 

loga m - logz, m * loga &. 

Cor. 1, In the above result, put m^a. Then remem- 
bering that loga a* 1, we get 

log*, a x loga b-1. 

Since the above relation is very important, we add here 
an independent proof of it. 

Let logb and log a b^y. 

Then b Xmt -a and a v ~b. 

a = b*-(a v ) x -a xv . ay-1, 

i.e. logz, a x loga 6“ 1. 

or * logba "i^b- 

Cor. 2. The result of the above article may be written 
with the help of Cor. 1, in the form 

loga m-logb m/logb a. 

Thus if logarithms of both m and a with respect to b be 
known, logarithm of m with respect to a is obtained. 

76. Common system of logarithms. 

J?or all practical purposes, wherever logarithms are used 
for numerical calculations, the base is invariably taken as 10. 
Logarithms of numbers with respect to the base 10 are 
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referred to as the Common system of logarithms. The 
advantage of the common system of logarithms for practical 
applications will be clear presently, from the article 77, 
Theorems 1 & II. 

Note. In higher mathematics, for theoretical investigations, another 
quantity V (defined in books of Algebra), whose value is nearly ‘2*718..., 
is usod as the base of logarithms, and logarithms to this base c are 
called Napierian logarithms. 

With the help of the logarithmic series established in books 
on Algebra, Napierian logarithms of numbers are tabulated. The 

factor | 0 g^Q which is known as the modulus of the common system , 

applied to tlio Napierian logarithms will convert them to common 
logarithms {See Art. 7o). Thus a table of common logarithms is 
prepared. 

Henceforth we shall proceed with the consideration of 
the common system of logarithms, and the base being 
understood to be 10, will not be written. 

77. Characteristic and Mantissa of common logarithms . 

It is only in very few cases that the logarithm of a 
number is integral. In most cases, however, the logarithm 
of a number is partly integral and partly fractional (or 
decimal). 

Def, The integral portion of the logarithm of a number 
is called the characteristic , and the decimal portion is called 
the mantissa . 

In case the logarithm of a number is negative, and 
partly integral and partly decimal, the decimal portion, ie t 
the mantissa is always kept positive by altering the integral 
part i e., the characteristic suitably. Thus the mantissa 
part of the logarithm of a number is always positive . For 
instance, if the logarithm of a number is - 2 3, we write it 
as — 3 + 7 and call — 3 as the characteristic and ’7 (and 
not - ’3) as the mantissa, - 3 + *7 is often abbreviated in 
the form 87. 

9 
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Theorem I. The characteristic of the common logarithm 
of (i) any number greater than 1 is positive, and numerically 
one less than the number of digits in the integral part of the 
quantity whose logarithm is sought ; and (ii) of any positive* 
number less than 1, is negative , and numerically one greater 
than the number of zeroes immediately after the decimal 
point in the quantity whose logarithm is wanted . 

(i) Let the number be greater than unity. 

Any number, say 7*209, which consists of 1 digit only in 
its integral part, lies between 1 and 10. 

Now 10° -1 and lO^lO. 

Hence if 10® -7*209, clearly x must be greater than 0 
and less than 1. 

Thus log 7*209, must lie between 0 and 1, i.e., of the 
form 0’..., having its characteristic 0. 

Similarly, numbers of the type 53 0528, which consists of 
2 digits in their integral parts, must lie between 10 and 100, 
i.e., between 10 1 and 10 2 . 

Hence the index to which 10 should be raised to give 
53'0528 must be greater than 1 and less than 2, i.e., 
log 53*0528 muBt be of the form 1\.. having the character- 
istic 1. 

log 10 is 1, and 10 also falls in this category of two 
digits. 

In the samo way, a number which has n digits in its 
integral part lies between 10 n " 1 (which also has n digits) 
and 10 n (which has n + 1 digits). Thus the logarithm of 
such numbers must lie between n-1 and n , i.e. (»-l) 
+ some positive proper fraction. Hence the characteristic 
in such cases is n - 1. 

Hence the result. 

’Logarithms of negative numbers are easily seen to be imaginary, 
for there is no real power, positive, or negative, to which 10 may be 
raised to give a negative result. [ See Note 3, Art . 73. ] 
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(ii) Let the number be positive, and less than 1 {i.e. 
between 0 and 1). 

We notice that 


10 ° 

« 1 

►-» 

O 

i 

H 

B 

o 1-1 

-*1 

10' 2 — * 

100 

* *01 

10 ’ 3 = ^ 

1U 1000 

-'001 

10 " 1 = - --- 
1 10000 

-*0001 


etc. otc. etc. 

Now a numberless than 1, with no zero immediately 
after the decimal point, like *3015, must be greater than *1 
and less than 1 ; hence the power to which 10 must bo 
raised to give such a number must lie between - 1 and 0, 
i.e. % — — 1 + a positive proper fraction. Hence such numbers 
have the characteristic of their logarithms* - 1. 

A decimal number with one zero immediately after the 
decimal point, like '078005, lies between *01 and *1 which 
are respectively equal to 10“ 2 and 10“ x . 

Hence if 10 x * *078005, x must lie between - 1 and -2 

i.e., x is of the form - 1* Writing the decimal part of 

a? positively, in the form -2 + * , we notice that the 

integral part of x i.e. t the characteristic of the logarithm of 
*078005 is - 2. 

Similarly the logarithms of numbers between '01 and 
*001 (Le , 10“ 2 and 10“ 3 ) which must have two zeroes after 
the decimal point, lie betwwen - 2 and -3 i.e. t are of the 

form -2* — -3 + * , and so the characteristic in 

such cases is ~ 3, 

and so on. 

Hence the result* 
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Theorem II. All numbers, formed of the same digits in 
the same order , differing only in the positions of their 
decimal points , have the mantissas of their logarithms same. 

This will bo clear from an example. Let us take the 
numbers 8115107, 835101000, 83*5107, '835107, '000835107 
and 835107. 


Now 


Again, 


log 835107000 


log 83'5107 


log (835107 x 1000) 
log 835107 + log 1000 
log 835107 + 3. 

. 835107 

08 10000 

log 835107 -log 10000 
log 835107-4. 


log 

log 

log 


'835107 


■log 


'000335107 " log - „ 


8351*07 


■log' 


835107 
lOOOuOO 
835107 _ 
10 “ 
835107 


100 


™ log 835107-6. 
B log 835107-9. 

■ log 835107-2. 


Thus the logarithms of all the numbers here differ from 
the logarithm of 835107 by a whole number in each case 
and so must have their decimal parts i.e., their mantissiB 
the same as that of log 835107. 

In fact, numbers formed of the same digits in the B&me 
order differing only in tho position of their decimal points, 
must have their ratios equal to an integral power of 10 and 
so must have their logarithms differing only by a whole 
number, 

Hence the result. 

The two theorems above given show that (i) the charac- 
teristic of the logarithm of a number can be found by a 
simple glance at the number and (ii) that for the mantissa 
part of the logarithm of a number, we need' only take into 
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account; tho digits of which the number is formed, without 
taking any notice of the position of the decimal point in it. 

In logarithmic tables, only the mantissa* of the logari- 
thms of numbers ai*e therefore given. 

These constitute the special advantages of tho common 
system of logarithms. 


78. Examples worked out. 

Ex. 1. Simplify 

t /r>. x< ;/? 


log \ * and find its value , given 

vl to. •JlL) 

log 2 "'301 03 and log 3 “*4771213. 

i i 

Tho given exp. — log ' , , 

0h.2*) ¥ 

. 10V2 1 ' 1 10* 3™ 

“ log , - , , - log , „ „ , 

2*.(2 3*.2 5 ) a 2*. 2' , .3 !f .2* 

1 

-log , 1°*, - log 10* - log (2 1S x 3*) 
2 aC .3 ft 

-1 log 10- (log 2*" + log 3*) 

“ i log 10 - -Jo log 2 - I log 3 

and its value is 

1.1 - 15( 30103)- ® ("47712 13) 

-•25 -*1956605 -‘3180800 
- -1 + 7362496 
“17362406. 

Note, log 5 -log log 10 -log 2* 1 -log 2 and henco log 5 is 
deducible from log 2. 

Ex. 2. Prove that 

7 log “V' — 2 log •§* ^ 3 log * log 2. 
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The left-hand expression 

— log ( V) 7 - log (It) 8 + log (f-c) 8 

,(W*(W 

f 3 x 2* x 2 8 '** 


‘log 




“ log X 
“log 2. 


3 1 2 

10 s x 2" 


3 8 x 2 70 
; ' 10 * ' 


) 


Alternative method : 

Left side 

- 7(log 10 - log 9) - 2(log 25 - log 24) + 3(log 81 - log 80) 
“7 {log (5 x 2) - log 3 8 } - 2{!og 5 8 - log (3 x 2 3 )} 

+ 3jlog 3* —log (5 x 2*)} 

- 7{log 5 + log 2 - 2 log 3} - 2{2 log 5 - log 3 - 3 log 2} 

+ 3{4 log 3 - log 5 - 4 log 2} 

- log 2. 

Ex. 3. Find the number of digits in 4 1S , having given 
log 2 -'30103. 

We have 

log 4 1B “log 2 , ° “30 log 2 
- 30 x ’30103 - 9'0309. 

Hence since the characteristic of log 4 1 5 is 9, 4 1C mugfc 
consist of 10 digits. 

Ex. 4. Find approximately the 1 th root of 35’28, having 
given log 2 — '30103, log 3 — ‘4771213, log 7 - '8450980 and 
log 1197'342-3'0782184. 

Let * - (35'287 - ( L -^r^) 7 

then log x - y[2 log 7 + 2 log 3 + 3 log 2 - 2 log 10] 

- *[2 x '8450980 + 2 x ’4771213 + 3 x ’30103 - 2] 

— ‘0782184 nearly. 
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Now log 1197*342 - 30782184. 

log 1*197342“ ‘0782184, having character- 
istic 0, but mantissa same as that of log 1197*342. 

Hence x “ 1*197342 approximately. 

Ex, 5. Obtain an approximate mimerical solution of 
32 ** 100 , having given log 2 “‘30103, log 3 = *47712. 

We have 

2*.3 2a: =10 2 . 
log (2*.3 2<r ) - log 10 2 , 

i.e. t x log 2 + 2x log 3-2 log 10=2. 

2 2 

• • * “ log 2 + 2 log 3 “ ‘30103 + 2* 47712 
*= 1 5933 nearly. 

Note. Equations of this typo are called Exponential equations. 

Examples XIII (a) 

[ Use the values : log 2 *=‘30 103, log 3 ■* ‘4771213, 
log 7 *= '8150980 when required ] 

1. Find the logarithm of (i) 1728 to the baso 2 a/ 3 
(ii) cos 3 a to the base sec a. 

2. Find log. 01 10000. 

3. Show that Iog 10 2 lies between $ and i 

[ C. U. 1. 1926. ] 

4 . Prove that 

(i) loga m x log& n “ logt> m x log a n. 

(ii) loga logs loga 16“ 1. 

@ If log. m + loge »• log« (m + n), find m as a simple 
function of n. 

6. Prove that if a series of numbers be in G.P., their 
logarithms are in A.P. 
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7. Prove that 

2 log a + 2 log a 2 + 2 log a 3 + •••••• + 2 log a n 

- n(n + 1) log a. 

8. If # is positive and less than unity, show that 
log (l + a;) + log (l+a; 2 ) + log (l + sc 4 ) + log (l + ® 8 )+ ••• to °° 

*= - log (1 - ®). 

9. Simplify 

(0 log 2 J G + logs Js- 

,..x loCv/27 + lng R-log JlOOO 
} Jog 12 

10. Find log ( 00225) and log (A)"* 

11. Prove that 

(i) logo b x logf, c x logo a = 1. 

(ii) logo x - log?, x x logc b x log,i c... x log 7l m x logo «. 

12. Show that 

0) 7 log IS + 5 log U + 3 log - log 2. 

(ii) 7 log U + G log * + 5 log f + log If - log 3. 

13. Extract the fifth root of 84 having given 

log 2425805 - G 38*18559. 

i 

14. Calculate u^u/dor. naving given 

log 41369 -4*G1G6750. 

15. Simplify 

(i) log a / 

V . *Jli X */60 

* /7 2 x , . 

(n) \f i j2 5 ' having given 

log 898665 - 5 9535977. 
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16. Find the value of 6l{l — (1'06)'*°K having given 

log 21121 -4382394. 

17. Find the number of digits in (i) 2 40 , (ii) 3 11 , 
(iii) (540) 9 . 

18. Find the number of zcroos after the decimal point 
before the first significant digit in the expressions 

(i) C024) 1S , tii) ( i 1 0fl ) S - (iii) (025y) S<> - 

19. Solve the equations 

(i) 3**2. (ii) 3— 4 *7. 

(iii) + 

(iv) 2* * 3 V 1 (v) l x+v x - 0 \ 

2 v+i«3*-i / 3*-w H . ii *-2v S3 3* j 

20. (i) If log log ( X ) =*b % find log x and log y. 

y w / 

(ii) If a 2 + b 2 * lab , show that 

log \i(a + b)\ * i (log a + log 6). 

Tf log # lot! y \oa z . . . , - „ - t 

21. If •* « ' show that x*y v z «■ I. 

y - z z- x x- y 

22. Why is log (l + 2 + 3) « log 1 4- log 2 + log 3 ? 

23. If a, b t be in G.P., show that 

loga x* logi> x y logc x are in H.P. 

24. If xy l ~ x - a. xy m ’ x - b t xy n ~ x - c , prove that 

(m-n) log a + (n-l) log b + {l-m) log c-0. 

- Tf ?[?/ + £ ~. x ) ** ?/? ±? “ v} „ + V - £> t 

log x log y log z 

y*z y '~z*z s ”X v y*. 


show that 
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79. Tables of Logarithms and Trigonometrical 
ratios. 

Several mathematical tables correct up to five places of 
decimals are given at the end of the book. An explanation 
of the tables is given below. 

Table I gives the common logarithm of all numbers 
from 1 to 10000, t.e., those which consist of 4 digits or Iobs. 
The tabulated quantities are the mantissa) only, correct to 
five places, with the decimal point dropped. The characteris- 
tic is to be supplied according to the rule given in Art. 77. 
The main body of the table gives logarithms (mantissa part) 
of numbers of 3 digits, and the mean difference table at the 
side supplies the increment in the mantissa due to the 
fourth digit. This increment is written, in order to save 
space, giving the significant digits only, which are to be 
supplied with the necessary number of zeroes to make up 
5 places (here the table being a five figure table). Thus 
*00024 will be written as 24 only in the difference table. 
As an example, to find log 2*697, we notice from the table 
that the mantissa for log 269 is *42975, and along the same 
row, the difference table gives 115 under the heading 7. 
This means that for 7 in the fourth place of the number 
( i.e for the number 2697) the increment in the mantissa 
will be *00115. Hence log 2697 will have its mantissa 
*42975+ 00115 “*43090. Again log 2 697 has the same 
mantissa, but its characteristic is 0. Thus log 2*697 
= 0*43090. 

Table II gives ordinary sines and cosines (usually 
referred to as natural sines aud cosines) of all angles from 
0° to 90° at intervals of l', sines being given from the left 
side of the top towards the right and downwards, and 
cosines being given from the right side of the bottom to- 
wards the left and upwards. The table is arranged in such 
a way that the sine of any angle given is the same as the 
cosine of exactly the complementary angle, and it is on 
this arrangement that a single table serves as a sine as well 
as a cosine table. The main portion of the table gives sines 
or cosines of angles at interval of 10', and the difference 
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table at the side gives changes in the value of the sine or 
cosine for changes in minutes in the angles. It should be 
remembered that as an angle increases from 0° to 90*, its 
sine increases from 0 to 1 whereas its cosine decreases from 
1 to 0. Hence the changes given in the difference table are 
to be added in case of sines and subtracted in case of cosines 
for the increased number of minutes in the angle. More- 
over, as in Table I, the numbers in the difference table are 
to be made up to five places of decimals by supplying the 
requisite number of zeroes before it.. For example, using the 
table, sin 53° 23' - *80212 + *00052 - *80264 and cos 29° 42' 
- *86892 - *00029 - ‘86863. 

Table III similarly gives natural tangents and cotangents 
of angles from 0° to 90°, obtained at intervals of l' with the 
help of the difference table. The quantities in the difference 
table, being made up into five figures, are to he added in 
case of tangents and subtracted in case of cotangents for 
increased number of minutes in the angle. 

Table IV gives logarithmic sines and logarithmic cosines 
of all angles from 0° to 90° at intervals of 1' (with the aid of 
the difference table). Logarithmic sine of angle 0, written 
as L sin 6 means 10 + log sin 6, and similarly logarithmic 
cosine of 0, written as L cos 6 means 10 + log cos 0. In 
taking logarithms of trigonometrical ratios of angles, it may 
be noted that sines and cosines of angles are numericallv 
less than unity, and tangents of angles between 0° and 45° 
as also cotangents of angles between 45* and 90° are less 
than unity. Hence logarithms of these quantities are 
negative. To avoid using negative values in the tables, 
logarithms of trigonometrical ratios are always tabulated 
after adding 10 to them . Thus the table gives L sin 0 and 
L cos 0 (and not log sin 0 and log cos 0). 

Table V gives logarithmic tangents (ue, L tan 0 «■ 10 + 
log tan 0) and logarithmic cotangents ( i.e . L cot 0-10 + 
log oot 0) of all angles from 0° to 90° v obtained at intervals 
of 1* with the aid of the difference table. 
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80. Principle of Proportional Parts. 

Suppose we find from table I the logarithms of the two 
numbers 0257 and 6258, and we want to find the logarithm 
of 6257 0 ; or that we find from table ITT, tan 53° 23 ; 
and tan 53° 2l\ but we want to find tan 53° 23' 20* ; or 
similarly, from table IV, we get L cos 37° 42' and L cos 37°43‘ 
but we want to find L cos 37° 42' 48* ; how are we to 
proceed ? 

In order to meet such cases, the ‘Principle of Propor- 
tional Parts' may be used. The principle may be stated as 
follows : 

If the value of a quantity depending on a variable quan- 
tity x be tabulated for different values of x at regular small 
intervals, then in most cases, for a very small change in x 
(which is called the argument) the corresponding small 
change in the tabulated quantity, (called the f unction of the 
argument) is proportional to the change in x. 

We shall assume the truth of this principle ; for a strict 
proof of it, with the proper restrictions under whjch it is 
true, depends on the use of Calculus. For the tables with 
which we are concerned, it is true for all practical purposes. 

The application of the principle is illustrated in the 
following examples : 

Ex. 1. Given log 63374 - 4 8019111 and log 63375 - 
4*8019180, find log 63*3743 and find the number whose 
logarithm is 5*8019136. 

Here log 63375 -4*801 9180 

and log 63374 -4*8019111 
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Hence for an increase of 1 in the number, the increment 
in the logarithm is 0000069. (This is usually spoken as 
'diff. for 1 is 69’) 

Therefore by the Principle of Proportional Parts, increase 
in the logarithm for an increase of *3 in the number is 

*3 x 0000069 — ’00000207 

— 0000021, up to Beven places. 

Hence log 63374*3 — 4 801911 1 + *0000021 
-4*8019132. 

.\ log 63*3743- 1*8019132. 

Again, 4*8019136 lies between 4*8019111 nnd 4*8019180, 
the difference from the former being 0000025. Hence 
4*8019136 is the logarithm of a number lying between 63374 
and 63375, say logarithm of 63374 + or. 

Then diff. for 1 being 69 ( i.e. t *0000069 ) and diff. for x 
being 25, ( i.e , *0000025 ), by the Principle of Proportional 
Parts, we have 

69 : 25 : : 1 : x 
or, x *25“ ‘36 

Hence log 63374*30-~ - 4*8019136. 

The required number whose logarithm is 2*8019136, 
having the same mantissa, must be formed of the same 
digits arranged in the same order, and its characteristic 
being - 2, the number must be 0633743G"* 

Ex. 2. (i) Given L sin 37° 43' 50'' * 9*7807 1 52 
7, am 37’ 44' -9*7867424, 

find L sin 37* 43' 56*. 

(ii) Given L tan 79° 51' 40"- 10*7475657 
L tan 79° 51' 50"- 10*7476872, 
find the angle whose L tan is 10 7476532. 

[C. U. 2921.1 
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In (i) diff. ( in the value of L sin ) for 10” (diff. in angle) 
— 272 (i.e., *0000272) 
hcnco diff. for 6" “in * 272-163*2 i.e., *00001632 
and so L sin 37° 43' 56" -9*7867152 + *0000163 
-9*7867315. 

In (ii) the angle whose L tan is 19*7476532 evidently 
lies between 79° 5l' 40" and 79° 51' 50". 

Ijot the angle be 79° 51/ 40* + x 1 '. 

Now diff. (in the value of L tan) for 10" (diff. in angle ) 
- 1215 (i.e., *0001215 ) 

and diff. for *"=875 

(i.e., *0000875. being 10*7476532 - 10*7475657 ) 

. x 875 

** 10 = 1215 Or !E==72nearly * 

Thus the required angle is 79° 51 ' 47"*2. 

Ex. 3. Given cos 58° 17' - *5257191 and diff. for l'- 2474, 
find cos 5S° 17' 20". 

Here diff. for 1' i.e., 60" - 2174. 

.* . diff. for 20"— «2 * 2474 — 825 ( nearly ). 

As for increasing angle, cosine diminishes, 

.*. cos 58° 17' 20* -*5257191 ->’0000825 
- *5256366. 

Examples XIU(b) 

1. Given log 18*906 - 1*2765997 

and log 18*907-1*2766226, 
find log 1890*635, 

2 , Given log 69714 — 4*8433200 

log 69715 - 4*8433262, 

find log (*000697145)*. 
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3 . Given log 37G02 - 4*5752109 

log 37601- 4*5751994, 

find the number whose logarithm is 1*5752086. 

4 . Given log 3 *='4771213 

log 74008 — 4*8692787 
diff. for 1' - 59, 

find (’09) 4 . 

5 . Given cos 32° 1G ; - '8455726 
and cos 32° 17'“ *8451172, 

find the value of cos 32° 16* 24" 

and find the angle whose cosine is *8455176. 

6. Find tan 38° 24' 37 5" having given 

tan 38° 24' -'7985902 and tan 38° 25'- *7930640. 

7. Given L sin 44° 17' -9*8439842 
anrl L sin 44° IS'- 9 8141137, 

find L sin 44° 17' 33". Deduce the value of 
L cosec 41° 17' 33". 

8. Given I sin 36° 24' - 9*7733614 

L sin 3G° 25'* 9*7735327, 
find the angle whoso L sin is 9*7734042. 

9 . If L cot 53° 13' - 9*8736937 

L cot 53° 14' -9*8734302, 

find 0 where L cot 0 ■*9*8734523. 

10 . Given L tan 22° 37' - 9*61 97205 
diff. for 1' « 3557, 

find the value of 

L tan 22° 37' 22" 

and the angle whose L tan is 9*6195283. 
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11 . Provo that- 0 being any acute angle, 

L sin 0 + L cosec 0 « L cos 0 + L sec 0 

*= L tan 0 + Ij cot 0 — 20. 

12 . Given L cos 36° 40'“9*9012411, find L sec 36° 40'. 

13 . Given L cos 34° 4 4'- 9*9147729 

L cos 34° 45' = 9 9146852, 
find the value of L cos 34° 44' 27*. 

14 . Given I sin 36° 40' - 97 760897 

L cos 36° 40' ■= 9*9042411, 
find I tan 36° 40'. 

15. Prove that the difference of tabular logarithms of 
any two ratios is equal to the difference of the logarithms 
of those two ratios. 

16 . If sin 0-’S f find 0 
given log 2-^*3010*300 

L sin 53° 7' “9 9030 136 
L sec 36*52' - 10 0968916. 

17 . Find the value of 

sin 34° 17'x oos 77° 23' 
tan 27* 12' 

given L sin 12° 37 “ 9*3393 
L cos 55° 43'“ 9*7507 
* L tan 62° 48'“ 10*2891 
and log 23*94 =1*3791, 
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PROPERTIES OF TRIANGLES 

81. Id a triangle ABC , tbero are six parts, the three 
sides and the threo angles. It is usual to denote the angles 
of the triangle by A, J5, C and the corresponding opposite 
sides by a, b , c. The six parts are not independent of one 
another. The various relations existing among them are 
deduced in the following articles. 

82. In any triangle, prove that 

a ^ b c 

sin A sin B sin C 



Let ABC bo any triangle. From A draw AD perpendi* 
cular to BC or BC produced if necessary [ Fig . («). ] 

[ In Fig. (i), C is an acute angle, in Fig. (ii) f C is an obtuse 
angle in Fig. (iii), C is a right angle. ] 

From A ABD % AD** AB sin ABD^c sin B . 

From A ACD % AD** AC sin ACD" b sin C [ Fig, (t). ] 

or, - b sin (* - C) {JKgJbtfl 
i t e„ — b sin 0, 

10 
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h sin C®c sin B t i.e. t . “ . v 

sin B sin G 

Similarly, by drawing a perpendicular from B upon OA t 
a c 


wo have 


bin A win C 
In Pig. (iii), C is a right angle ; 

• g a , /j , 

.. sm.4^ ;sini?« ;sinC«l. 

c c 


a 


bin A sin P> 


r, 

sin C 


Ilonce, in all cases, 

rt - h ° .. ... (1 \ 
sin A sin B sin 0 

Thus, in any triangle, 

the sides are proportional to the sines of the oppcsite 
angles. 


An alternative method of proof : 



Let 0 be the centre and B be the radius of the circle 
circumscribing the triangle ABC . 

Join BO and produce it to meet the circumference in D . 
Join CD . The fLBCD is then a right angle. 

From A BOD, sin BPC - - g " f - 
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But Z.BDC- LA % being in the same segment. 

* -sin A, or, . a .-2 B. 

!Ui sin A 

Similarly, by joining AO and producing it to meet the 
circumference in E t and joining CE, HE, it can bo shown 
that 

^ f -2 R and c =*21i. 
sin B w in 0 

^ 2 -r=-^- T ;--r i - 7 ,-2R. ••• (2) 

sin A sin B sin C 


Note 1. If angle A bo obtuse, A and D fall on opposite ;*ide« of JiC 
and AJSCD being cyclic, sin /#7>f T - sm (W)° - .!)« sin .1, and the sanv* 
result fellows. Iri im-h ,1 i-i a right angle, evidently 2ll »a«"a/sin J, 
and wo got tho same result. 

Note 2. It follows from tho relation (2) that 
a~ '111 sin A, 1>=2JI hin 11. r - 211 >in C t 


h 

211 


Mil C 


21 1 


83, In any triangle , to prove that 

K2 J. »2 w «2 

a 2 *b 2 + c 2 - 2bc cos A, or cos A — 

2bc 

b 2 « c « -4- a 2 - 2ca cos B, or cos B - C - h 

2ca 

c a «= a 2 + b 2 -2ab cos C, or cos C - 2-Jtl LT c 

2ab 

Take the figures of Art. 82. 

First, let G bo an acute anglo [ Fig. (i) j ; then from 
Geometry, 

AB 3 - BC 2 + CA 9 - 2 BC.CD. 

Now, from A AGD t CD™ AC cos G**b cos C. 

. c 2 — a* + b* - 2afr cos C. 

Next, let the angle C be an obtuse angle [ Fig . (ti) ] ; 
then from Geometry, 

AB * - BC 2 + CA 8 + 2 BC.CD. 
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Now, from A A CD, CD^AC cos A CD 

*= b cos (* - C) *■ — b cos C. 

. c 2 ” a 8 + 6 a - 2a6 cob C. 

Lastly, let C bo a right angle [ Fig . (Hi) ] ; then from 
Geometry, 

AB 2 ~BC 2 + CA 2 , 


i.e., c 2 a 51 + fr 9 *= a 2 + fc* - 2 ab cos C. 

[ V cos C’^cos 90° “0. ] 
Hence, for all values of C, we have 

c 2 **a 2 + b 2 - 2 ab cos C, 

-< 5 *. 

2a/> 


/. cosC* 


Similarly, the other two relations can be established. 


Obfl. This theorem exj^resses the cosines of the angles of a triangle 
in terms of the Bides. 


84. In any triangle , to prove that 
a-b cos C + c cos B. 
b«c cos A + a cos C. 
c**a cos B + b cos A. 

Take the figures of Art. 82. 

In Fig. (i), where C is an acute angle, 
BC~BD+CD 

~AB cos ABD + AC cos ACD . 
a** c cos B + b cos G* 

In Fig. (ii), where C is an obtuse angle , 
BC-BD-CD 

* AB cos ABD - AC cos' ACD 

* c cob B - b cos (180° - C) 

— c cos B + 6 cos C. 

In Fig. (iii), where C is a right angle, 

BC- AB cos B, 
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a - c cos B “ c cos B + h cos C. 

[ V cos C — cos 90° " 0. ] 

Thus in all cases, 

a 9 *!) cos C + c cos />. 

Similarly, the other two relations can be established. 


85. 


From Art. 83 and note of Art. 82, it follows that 
a 


tan A 


sin A 
cos A 


HR 

b'+c'-a* 


aha I 
H 6 2 4 c a -a* 


26c 


Similarly, tan B 
tan C 


nbc 1 

Ji 'c* + a*~b'~' 
aha 1 

H 'a' + lr-c*' 


86. Trigonometrical ratios of half angles of a 

triangle in terms of the sides. 

w , n . 2 A - . f h 2 + r*-a 2 

Wo have, 2 sm - 1 - cos A m 1 - tll 

2 Hoc 

^ 2 hr - 6 2 - r a + a 2 ^ a 9 - (6 2 - 26c + r 2 ) 

26c 2 be 

& o 2 - (6 - c) 2 ^ (a - 6 + c)(a + 6 - c) # 

26c 26c 

Let s denote the semi- perimeter of the triangle ; 
then 2s — a + b + c. 

Now, a - b + c - a + b + c - 2b - 2s - 26 - 2'f - 6), 

a + b - c * a + b + c - 2c • 2s - 2c - 2(s - c). 

„ « . - b) 2(« -c) 

Henoe. 2 sm 2 = 2&fl 

a /t (* - bM$ - c) 




sm 


6c 


* sin - — /(t-b)(s-c)' 

•' 81 2 V foe 
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The positive value of the square root must be taken ; 
for A , boing an angle of a triangle, is less than 180° ; and 
hence \A < 90° and consequently, sin \A must always be 
positive. 


Again, 2 cos 2 ^ = 1 + cos A 

,J> 2 +c*-a* 26c + 6 2 + c 2 - a 2 

» 1 4* = 

26c ‘Abe 

^ (l> 4- c I 2 — a 2 ^ (h + c + a)(h + c — o)^ 

26c 26c 


Now, 6 + c- a*= a + b + c - 2a *= 2s- 2a- 2(s - a). 


2 cos 


a''! _ 2*.2f* - a) 
26c 


2.C., COS 


>4 s(.s - a) 


2 


6c 


cos 


>1 

2 




- a). 
be 


Here also the positive value of the square root must be 
taken, for \A being less than 90°, cos \A is always positive. 

a • i A . A 

Again, tan ^ “ sin <; -*-eos ^ 


„ /is ~ 6)i$ - c) . / ms - a) 

V 6c \ be ' 

m /(s — 6)(.<} - r) # 

V“ "«u-a) 

7? C 

Similarly, the trigonometrical ratios of 2 ' 2 can ^ 
obtained in terms of the sides. 


Note* Without assuming the values of sin $.4, cos £A, the value of 
tan JA can bo obtained by substituting the values of cos A in terms of 

the sides from Art. 83 in the relation tan HA 08 “y and then 

1 + cos A 

extracting the square root after simplification. 
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Thus, we have 


. B 
sm;; 


sin 


cos 


cos 


cos 


. A / (s- b)(s-( ) \ 

,n 2 “ V be 

/ ( s"C|(s-«) 

V ca 

. C /(s-aMs-b) 

,n -r V 

A / s(s - 
2 ~ V b 

B / s(s • 

2 \ c 

w 
w ; 


tan 


ab 

a) 
be 

i-b) 
ca 

/s (3-C) 
ab 

(s-b)(s-c) \ 


- 


s(s - a) 

* B /(8-e)(s-a) 

tan 2“ V-RT--b7~ 

. C /<8-a)(«-b)l 

tan 2 Vi i^zr) 


(1) 


( 2 ) 


( 3 ) 


87. Sine of an angle of a triangle in terma of the 
sides. 

\ A 
sin A® 2 sin ~ cos 0 

-V'-rVV- 

2 . ... 

sin A - jjj - a)(s - b)(s - c). 

2 

Similarly, sinB-— «/s(8-a)(s-b)(8-c). 
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J 8(s-a)(s-b){s-c) t being the expression for the area of the 
triangle [ See Art . 88 ], is usually denoted by the Greek letter 
A. Hence, the above formula) may be written as 

sinA»~^, sinB«^^, sin C=*^" 
be ca 9 ab 

88. Area of a triangle. 


A 



Let ABC be a triangle and lob A denote its area. Draw 
AD perpendicular to BG ; then from A ACD t 
AD — AC sin C*=b sin C. 

Now, A - kBC.AD. “ iab sin C. 

Similarly, by drawing perpendicular from B and C to 
the opposite sides, it can be shown that 

A ihc sin A - lac sin B . 

Otherwise , A ** iab sin C 

“'Jac sin B [ V b sin sin B ] 

— i^csinA [ V a sin b sin A ] 

Thus, A« Jbc sin A«^ca sin B**£ab sin C (i) 

“if product of two sides) x sine of included angle. 

A a 

Again, A sin A *■* be sin ^ c °s % 

“ M»-bK» - b)(s - c). ••• 


(ii) 
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Substituting in the expression s=*l[a + b + c), 
we get 

+ & + c)(b + c - a)(c + a - + /> - c) 

“J{2b 2 c 2 + 2c 2 a 2 + 2a 2 b 2 - a 4 - b 4 - c 4 }^ — (iii) 

Again, 

A " sin A - t i ” jfr" (iv) 

Note, In somo text books, S is used to denote the area of a trianglo ; 
hut to avoid confusion between S and s iu writing, the symbol A 
is preferable, 

triangle , fo prove that 

. B-C b - c t A 
tan — " c~r~ cot -- ' 

2 b + c 2 

We have, in any triangle, 

h sin 7? 

c sin G 

0 B + C . 7 7-0 

• 7?-Pin C 2 2 

6 + c sin 1? + sin 0 r . B + G /> - 6’ 

2 sin 0 -cos ^ 

,B+C. B-C 
“=* cot 4> tan ^ 

“tan y tan a [ • a + a 00 J 


tan 


B-C 5-e 1 


h-c , A 

b + c , -4 6 + c°° 2 

tan M 


Similarly, 


4 C-A c-a^ - B # i.-A-B a-b .C 
tan 2 c+"a Cot 2 ’ lan 2 nnt ~ 


a+b C0 *2 


90, The three sets of formulae in Arts. 82,83, 84 have 
been established directly from the figures* These three sets, 



154 


INTERMEDIATE TRIGONOMETRY 


however, are not independent, for, from any one set, the 
other two sets can be deduced. 

For example, let us deduce the formulae of Art. 83 from 
thuse of Art. 84. 

By Art. 8 4 , a ** h cos C + c cos B 
h=*c cos A 4- a cos C 
c~a cos B+ b cos A. 

Multiplying these in succession by a, b and c, and 
subtracting the first result from the sum of the other 
two, wo have, 

h 54 + c a - a £ * b{c cos A + a cos C) + c(a cos B + h cos -4) 
- a[b co3 C + c cos B) *= 2 be cos A. 

• 4 b a + r° — a 2 . 

. . cos A ** ; similarly for cos cos C. 

Note. For other cases, sec Appendix. 

91. Iu working out identities which involve both the 
sides and angles of a triangle, it is sometimes convenient 
to express the sides in terms of the angles, or the angles in 
terms of the sides. 


Also, it is sometimes found convenient to express the 
A /> C 

values of tan * tan * tan J in a form in which the 

AAA 

denominator is constant and numerator is free from radical. 
Thus, multiplying the numerator and the denominator of 

the value of tan' by - b){s - c ) and noting that 

A 


. A 
tan 2 

. C 

tan 2 


•J s(s - a)(» - b){s - c) — A, we have 

(* ~ b)(x - c 1 ' . .. . B (s-cXs-a). 
& ' • similarly, tan 2 - ^ 

(s - n)(s - b) 

A 
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Again, multiplying the numerator and the denominator 
of the value of cot ^ by J si* - a), we have 


cot 


A s(s - a) 

2 " A 


Similarly, cot y « ; cot t) - ^ • 


Ex. 1. Show that in any triangle 

a{sin B — sin C) + }/sin C - sin A ) + c(sin A - sin B) ** 0. 


Loft side = (a sin B - ft sin A) + (h pin C - c sin B) 

+ (r, sin il“ a sin 0) 


- 0 + 0+0 

- 0 . 


[v by 


Aft. 82 , 


a 


b 


hu A Mil Ji sin 


* 1 
nn CJ 


Ex. 2. Show that in any triangle 

a sin (B - C) + h sin (C - A) + c sin (A - B) “ 0. 
a m 2ll sin *4 [by Art. H2]** 2 R sin (/> + C), f *•’ A+B+C»r I 

1st term of left side - 2 It sin (B + C) sin (B - C) 

- 2 A' (sin*// - sin *6’). 

t by Ex. X, Art. 55 3 

Similarly, 2nd term -27? (sin 2 #- sin 2 ^) 

3rd term - 2 11 (sin* A - sin *22). 

Now, adding together the three terms, the required 
result follows. 

Ex. 3. In any triangle, prove that 

(h - c) cot y +(c-a)cot ^ + (a - b) cot ^ — 0 . 
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Substituting tho values of cot ^ * cot ^ » cot ^ » as 
.given in Art. 91 wo have, the loft side 

— + (c - a) • - ^ + (a-6> ^ 

“ ~ c){s - a) + (c - a)(s - fc) + (a - 6)(s - c)J 


Ex. 4. 7/ Me cosines of two of the angles of a triangle 

are inversely proportional to the opposite sides , show that the 
triangle is either isosceles or right-angled . 


We have, by tho question, 
chs A h sin 7? 

cos B a Bin A 


[ by Art. 62. ] 


sin A cos A*= sin B cos B or sin 2A = sin 2 B. 


£in 2.4 -sin 2P-0. 

2 cos {A + B) sin [A - 7?) - 0. 
either cos {A + 7?)= : 0, i.e, t (-4 + 7?)** 90°. V 
the triangle is right-angled ; 
or, sin {A — Z?) 0 # i.c. t A-B^Q, i,c. t A^B. r 
the triangle is isosceles. 

Ex. 5. If the sides of a triangle are in A.P. t show that 
ABC 

cot ^ • cot g • cot q are also in A. P. 

A , B . 0 . AT > 

cot ^ * cot 2 9 c °fc ^ are m *•» 

.. , B A 

it cot - cot 0 “ 

2* A 


„0 .B 
cot g — cot. 2 - 
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, e s(s - ft) s(s — a) sis - c) sis - b) 

“■ 11 A ‘ A " A ~ A ’ 

i.e if (s - b) — (s - a) — (s - c) - (5 - ft) 

*.c., if a-b — b-c % 

i.e., if a, 6, r are in A.P. 

Ex. 6. S/i07t> that 

b 2 sm 2C + c 2 sm 2Z?«4A* 

Left side = 6® .2 sin C cos C + c®.2 sin B cos B 
= 26 sin C.6 cos C + 2c sin B.c cos B 

i “ 26 sin C(6 cos C + c cos B) 

( r sin B«ft sin C ] 

— 2a6 sin C [ by Art . ] 

“ 4.$aft sin C — 4 A. f tr/ a* ] 


Examples XIV(a) 

li| any triangle, prove that (Ex. 1 to 21) : — 

i . B-G b-c A 
^ 8in 2 “ a 008 2 ' 

* , B-C b+c . A 

2. ; cos 0 ■■ „ sm 0 • 

• f 2 a 2 

3 . (6 + c) cos .4 + (c + a) cos B + (a + 6) cos C * a + b + c. 

. a + ft . ^4 + B A- B 

4. 77 - tan 0 cot -7. - 

a + b 2 2 

5. a® + ft 2 + c 2 " 2(ftc cos 4 + ca cos B + db cos C). 

A B 

8. (6 + c-a)tan ^ -(c + a-fc) tan ^ ”(o + 6-c)tan 
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7. 

8 . 

9. 

10 . 

11 . 

12. 

IS. 

14. 


15. 

16. 
17. 


18. 


10. 


20 . 


21 . 

22 . 


a sin (73 - b sin (C — .4) _ c sin (A - B) 
b*-c* “ c 2 - a' J a* - b* 

a *( sinVi - sin 2 C) + (> 2 (sin 2 C - sin 2 A) 

+ c“(sin 2 .4 -sin 2 Z3) = 0. 
a°(cos *Ji - cos 2 C) + 5 2 (cos 2 C - cos* .4) 

+ c 2 (cos*A - cos 2 I3) ” 0. 
rt 2 sin (73 — O) , b 2 sin (C — A) ,c* sin (A — B) 

i i" 88 f) 

sin B + sin C sin 0 + sin A sin A +* sin B 

. A . B-C,. . B . C-A 
a sin sin +b sin sm 0 

. . C . 4-7>' A 

+ c sin am () =0. 


i 2 *2 “ _ 2 2 ^ i 2 

7 sin 2,1 + f . a" 7 ' sin2B + ^ * * sin 2C“0. 
a 6 c 

a 9 sin (B - C) + 6 3 sin (C - yJ) + c 3 sin ( A - 2?) « 0. 
a 3 cos (Z? - C) + 6 3 cos (C - -4) + c 3 cos (A - B) — 3a6c. 
a 2 sin (/?— 0) + 6 2 sin (C - ^4) + r 2 sin (/J - Z?)^ ^ 

ci n I L'ln oin / 1 


(6 s - c 2 ) cot A + (c 2 “ a “) cot J5 + (a 2 - Z> 2 ) cot 0. 

^ r 2 -a 2 j a* - 6 2 ' 

cos B + cos C cos C + cos .4 cos .1 + 009 2? 

(.*? - a tan ^ ■= (s - b) tan ^ - (s - c) tan ^ • 

« <j 2a 

6 - o s A ,c- a 3 R . a- b 2 O 

COB Q + , cos 2 .. + - COS- „ -0. 


be cos* ^ + <-« cos* ^ + a/> cos 2 ^ *= s 2 . 

1 2 A , 1 a 25 , 1 j C 8 S 

a 2 6 2 c 2 abc 

If A be 60*, show that b + c - 2a cos ^ 
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23. Show that a triangle having its sides equal to 3, 5, 7 
is an obtuse-angled triangle and dotermine the obtuse angle. 

24^ Given (a + h + c)(o + c - a) *= 3hc, find A . 

25. If c * - 2 (a 2 + 7> 2 )c 2 + a 4 + a 2 // + b A - 0, prove that 

C ■= 60°, or, 120°. 

26. If a 4 + + c 4, « 2r 2 (a 2 + i> 9 ), provo that 

C = 15°, or, 135°. 

27. The sides of a triangle aro 2x + 3, x 2 + 3x + 3, x 2 + 2a: ; 
show that the greatest auglo*is 120°. 


28, If 


1 


3 


show that C -G0°. 


S X l a + c b + c a + /,» + r 
29. If a c 2b and A « 3 7i, find tlie angles of the triangle. 


80. If the cosines of two of the angles of a trianglo are 
proportional to tho opposite sides, show that the triangle is 
isosceles. 

31. If cos A * .^ n ^ • show that the triangle is isosceles. 
2 sin O 


32. If (a 2 + b 2 ) sin (A- 13) = (a 2 - o s ) sin (A + 77), prove 
that the triangle is either isosceles or right-angled. .'j 

33. If cos .4 + 2 cos C : cos A + 2 cos B - sin B : sin C, 
prove that the triangle is either isosceles or right-angled. 


34. If a *, 5 3 , c 2 bo in A.P., prove that cot A, cot B , 
cot C are also in A P. 

If a cos 2 ^ + c cos 2 ^ show that the sides of 
the triangle are in A.P. 

If sin A : sin C - sin (A - B) : sin (B - C), show that 
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37. If a, b t c are in A.P., show that 

cos A cot 4A, cos B cot \B , cos C cot \C are in A.P. 

[ cos A cot JA ■> (l — 2 cot J A « cot ^A — sin A,] 

38. Assuming A ^bbc sin A and using the value of 
cos A in terms of sides, show that 

A* 8 J&{s-a)(s-b)(s-c)' 

39. Find the area of the triangle whose sides are 

* + -*, * + *. * + *. 
z XX y y z 

40. In a triangle, if a =13, 5 “14, 0 = 15, find its area. 


Frovo that in any triangle : 

*1 a 3 - /> 2 sin A sin 7? * 

ii sin [A - B) 

42. 4 A (cot A + cot B + cot C) *■ a s + b 2 + c 2 . 

43. a cos A + h cos B + c cos C £R sin A sin B sin C. 

3 A 

44. a sin B sin C + b sin G sin A + c sin A sin B “ ^ • 

4^ (a sin A + 5 sin B + c sin C) 2 

" (a 2 + b 2 + c 2 )(ein a A + sin 2 B + sin 2 C). 

Aa cos B cos C , cos C cos A , cos A cob B 1 

40, ■ " + + - 

6>c ca ab 4 it 

[ Use 2 co$ J5 co£ C «= 1 ; ex. 2, Ex. X ] 

7 « _ _2 ___ _ 2 _ 1,3 

mam O C i . fi Oi , (t O rt n 

47. cos A + - , ' cos B + cos C “ 0. 

a b c 


AO cos A , a cos B , b cos G , c 

45. T . m . + “ T , • 

a be ' b ca c ab 

49, 4 A - a 9 cot A + b 9 cot B + c 8 cot 0. 



"A. 
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92. Circum-radius of a triangle. 

From Art. 82, we have 

__*L _ b _ _ « no 
sin A sin B sin C 

. „ a abc abc 

aga,n ’ R = 2 sin A ~ 2bc sin A “ 4A" 


- (0 
- 00 


93. In-radius of a triangle. 


Let I be the centre and r the 
radius of the circle inscribed in 
the triangle ABC ; let 7), E % F 
be the points of contact of the 
in-circle with the sides BC , CA, 

AB respectively. 

Then. ID = IE = IF= r. 

Join IA , IB . IQ . 

A ABC- AIBC + AJCA + A IAB 

- \BC.ID + \CA.IE + iAB.IF 

— i.ar + Ibr + irr 
" ir(a + b + c) * rs. 

Thus, A — rs. 


A 




(0 


Again, a ** BC — 237) + Z)C 

*=r cot iB + r cot 40, from A* IBD t ICD , 

[ cos 4/3 + cos 401 
sin 473 sin iCJ 

[ cos 47? sin 4C + sm cos 4 01 
sin iZJ sin 4C J 

m «inJ4J5 + 40) tmr cos 44 

sin 47? sin 40 sin 423 sin 40 


[V J^ + JB+JC-OO 0 , .% sin (JB + JC)-sin (90° -44) -cos 44. ] 
U 
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r«a sin sin iC sec \A s * a--- 

cos iA 

Since by Art. 92 (i), a - 2R sin A - 4 B sin iA cos iA, 
m r«4R sin £A sin £B sin £C. — (ii) 

Since, from the figure, AF^AE, BD"*BF % CD^CE 
and since the sum of these six quantities is equal to the 
perimoter, 

A F + BD + CD * semi- perimeter * s, 
i.e. t AF+BC, or, AF + a^s. 

AF=s-a = AE. 


Similarly, BF~ s — b m Bl) ; CE «■ s - c • CD. 

From A AIF, IF*= AF tan IAF. 

•\ r *=/s - a) tan ^ A. 

Similarly, r**(s-b)tan £B» ... (jjj) 

and r = (&- c) tan -JC. 

Note. Distances of the ln-centrr from the vertices . 


From A. 4 IF, I A ■= IF coscc UF. lA — r cosec J.A 
Similarly, IB = r cosec JB and JC-r cosec JC. 

94. Ex-radii of a triangle. 


Let Jj be the centre and r x 
the radius of the escribed circle 
(opposite to the angle i4) of the 
A ABC ; let Z>, E, F be the points 
of contact of the circle with 
the sides BO, and AC and AB 
produced. 

Let r s , r 8 denote the radii of 
the escribed circles opposite to the 
angles B and C respectively. 
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Now, IyD** IiE** IiF™ r x ; join -41*!, Bln Gif 

A ABG~ A/i AB + A/nlC- A/iBC 

“4^1 + - iar x 

“ 4r x (6 + c - a) « Jr a (6 + c + a - 2a) 

“iri(2s-2a) 

= a r 1 (s - a). 


Thus 

Similarly, 

and 


A “Ms -a), 


r 2 

1*3 ! 


,A\ 

s- a 

A 

s-b 
, _A_ 
s - c 


(i) 


Again, a™ BC BD + CD, 

“ r x cot 1 X BD + r t cot I X CD> 

from A* IJM , JjOD 
cot (90° - iJ5) + r a cot (90°“4C) ( 
because, L I X BD - 4(180° - B) - 90° - JP, 


and A J, CD - 4(180° - 0) - 90° - 40. 

a“/j(tan 4D + tan 4C) 

[ sin 4# , sin 401 
cos 4# cos 4CJ 
» [sin 47? cos 40 + si n jCcos 4 
fl L cos 4# cos \C J 


— sin (48 + 40) 
ri cos 4D cos 40 

COS • A i. no 

- *1 — i r, TB' a-s Art. 93. 

cos 4# cos 40 

ri “a cos IB cos 40 sec \A. 
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Putting a** 211 sin A - ill sin \A cos \A , 

Ti ® 4R sin cos £B cos 

Similarly, r 2 « 4R cos £A sin cos 00 

and r 3 = 4R cos £A cos £B sin £C. 

Again, AE = AC + CE = b + CD [ v CE=CD) 
and AF=AB + BF=c + BD [ v BF-ltDl 
But AE- AF ; therefore, by addition, we get 
2AE = b + c + 7*D + CD « /? + c + a « 2s. 

AE = 

Again, from A /1 7i 2£, I , £7 * -4 74 tan I^AE. 
r n ■* s tan £A. ] 

Similarly, ra^stan^B, f (iii) 

and r 3 - s tan £C. J 

Note. Distances of Ex-centres from the vertices. 

From 7 , A = 7, F cosec 7, A F. 

l l A^=r l c osec AA 

— 4R cos %B cos JC. [ by foimula (li/ ] 

From A BT X F, I x B - J A 7 * cosec I t BF 

/ x B*=r x sec JB Z.J»BF-tO° - ] 

Similarly, tiC**r x sec JC. 

In tho same way, / a B=r a cosec JR, / 3 C=r* cosec iC. 

Ex. 1. Prow /7iai 1 + 1 + A = 1 . 

Tj. r* r 8 r 

By formula (i). Art. 94, 

s-q s-h s-c 
AAA 

3s-( a + fr + c) 3*-2s i= s ^ 1 
A ~ = A'""A“ r ' 


left side 
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Ex. 2. Prove that 4 cos l A cos \B cos $C*= * j' 

Left side - 4. J*'f a) J^~ b) . 

V be V ca v ah 

- a ^V ^ ,s> “ a ^ s “ " c) 

*= 4 f- A ~ 5r * 4 f i “ * by formula (ii), Art. 92. 
a, 6c abc B 

Ex. 3. Show that 

b2- r :£ r :i ^ ca - r^r, a6 - r^r^ 
r 2 r* 

A 2 / , 

r * ra “(.-5X."-c)“ j( ‘- a) - 

bc-r^r^ - {[46c - 2s(2$ - 2a) ] 

“ { [4 be — (a + b + c)(6 + c — a) 1 
- i[46c + a 3 - (/; + c) 2 ] - iia 2 - (b - c) a ] 
= ii(a+ b - c)fa — 6 + c)] ■» ($ — 6)(s — c). 

. be - r, 2 r 3 m (s - b)(s - r) _ (.s' - a)(s - b)(s - c) 

A 

A _ 
s 


Similarly the other ratios are equal to the same quantity. 

Ex. 4. Prove that tn any triangle 

r x + r 2 + r 3 -r«47?. 


Left side - + A , ) + (- A - A ) 

\s-a s-bl \s — c si 
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Now, Numerator — 2s 2 - s[a + b + c) + ab 
• 2s* - + ab *■ ab. 

Denominator** A 9 . 

Left side 

Ex. 5. If ri a “r 2 + r 3 + r f prove that the triangle is 
right-angled . 

From the given relation, we have 
r, -r“r 2 + r 8 

or, ^ ^ ^ ^ -• 

5 - a s 5 ” b s- c 

A.a ^ _ A. a 
0r * s(s-a) (s-W(s-c) 

. 5(5 - a) “ (3 - />)(s - c). 


fcan 2< M 


(s - M(* - c ) 


s(s - a) 

IA- 45°. 


tan§A «= 1, 


4-90°. 


Note. Although we got tan £A - + 1, w° reject the negative value 
because JA is an acute angle. 

Examples XlV(b) 

Prove that in any triangle (Ex, 1 to 14) : — 

S ' 

1 , sin 4 + sin 2? + sin C“ L* 


2. cos 4 + cos £’+ cos C ** 1 + ^ • 

[ Use cos .4 + cos B^cos C«l + 4 sin JA sin JR sin i(7. ] 

3 . b-c + c-a + azb^ 

r x r % r 3 


0 . 
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+ +r 1 r 2 * SB s a . 

5. r-R (cos A + cos B + cos G - l). 

6. ri—7? (cos B + cos G - cos A + l). 

, r (7se cos 73 + cos O-cos A «= -1 + 4 sin J.4 cos J 13 cos JO ] 

7. a cos B cos C + b cos C cos A + c cos 4 cos 7? — 



8. a cofc .4 + b cot B + c cot C - 2(7? + r). 

[ a ou/ /I ~ . a , 'cos A - 2R cos A. The •/ Fx. 5. I 

stn *4 J 


9 . n- 


1 ( r„ + r.,Kr, +r 1 )(r 1 +r 2 ) 


4 r 2 r., + r !1 r ) + t x r 3 

10. A- Jrrirvr-.i — r 2 cot 1A cot cot $C. 

47? _ 16/i 

V a s 


ii. o-m-m.i) 

\r rj/\r r 2 /\r r s * 


*“* r a (» + i> + c)* 


12. f + uu 'Y-V + i + 1 l 

V »-! r 2 rj r\r, r a r„/ 

13. r x (r, + r 3 ) co3cc i4 — r 2 (r :i + r t ) cosoc J9 

— r ;i (ri + r 2 ) cosec C. 


I A . J. 7.<m\ 1 


14. hc + ca + nh = 2R 
ri r 2 r 9 


P 

l a 


+ «+•+•+«+* 
o h 


-+ 


a b h c c 

16. In a triangle a=» 13, 14, c- 15 ; find r and I?. 

16. If a, fe, c are in A.P., show that r lt r a , r 3 are in H.P. 

17. If in a triangle 37? -4r, show that " 

4(cos A + cos B + cos G ) — 7. 

18. If the diameter of an ex-circle be equal to the peri- 
meter of the triangle, show that the triangle is right-angled. 

[ Use r t — s tan \A, ] 


ta’O 
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19. If |l - j|l - j/ j “ 2, show that the triangle must 
be right-angled. 

20. If 8R a ■* a B +6® + c 2 , show that the triangle is 
right-angled. 


21. If S bo the area of the in-circle and Si, S 2 , S 3 the 
areas of the escribed circles, then 

1 _ !_ + JL 
JS 7s, ^/S, VSs 


22. In any triangle, prove that the area of the in-circle 
is to the area of the triangle as n : cot \A cot \B cot §C. 


23. If p u p 2l p z are the perpendiculars from the angular 
points of a triangle to the opposite sides, show that 

1 + 1 + 1 1 + !. 

Pi V 2 Ps r i r 2 r 3 

24. If r, ?/, jsr bo the lengths of the perpendiculars from 
the circum-centre on the sides BC , CM, .1# of the triangle 
ABC , prove that 

a + c m a/>c t 
x y z 4xyz 

25. If a:, $/, s are respectively equal to I A, IB, IC , and 
a, P, y are respectively equal to I X A % I 2 R, 7*C, show that 


»r 


-i- 


/...\ be , ca ,ab 
(ui) a a + jJ 2 + yk -1. 


(n) j * ;■ 

(iv) ax 8 + + C2 s **a&c. 


[ L T *« tfotes o/ Art*. 93 94. J 



CHAPTER XV 


SOLUTION OF TRIANGLES 

95. In a triangle, there are six parts, the three sides 
and the three angles. These are not independent, but are 
connected by the relations between the sides and angles of 
the triangle, which have been established in Chapter XIV. 
In fact, if three of the parts are given, the romaining three 
can, in general, be determined, and the corresponding 
triangle completely known. The cases that can arise are 
the following : 

(1) three sides may bo given 

(2) three angles may be given 

(3) two sides and the includod angle may be given 

(4) two angles and one side may bo given 

(5) two sides and an opposite angle may be given. 

We shall discuss these cases one by one. 

96. Three sides given. 

Let the three sides a, 6, c of a triangle ABC be given. 
Now, provided the sum of any two of these given sides is 
greater than the third, the triangle ABC with the three 
given sides can be geometrically constructed and the triangle 
is unique ; in other words, its angles are definite. To deter- 
mine any angle A say, we may use the rigorous formula, 

b 8 +c*-a 9 
26c ’ 


cos A 
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and thereby determine eos A, and then from the cosine-table 
find out the angle with this cosine. It is clear that the 
angle, being an angle of a triangle, lies between 0 and n and 
within this range an angle with a given cosine has got only 
one value. Thus the angle is definitely known. 

Here we want to make one point clear. Though the 
formula used is rigorous, the cosine-table, by means of 
which we determine the angle with a given cosine, gives 
only approximate values. Now it is a principle proved 
in books on higher mathematics (with the aid of calculus), 
that when an angle is determined by using an approximate 
table , the best result is obtained by using the Logarithmic 
tangent- table t and an angle determined from its L tan, using 
a four-figure table is more accurate than that determined 
by using even a seven-figure sine-table or cosine-table. If 
a suitable tangent formula is avaiable therefore, we should 
mako use of it. 

Hence, for practical purposes, in this case, to determine 
Ay we use the formula 

where s “ i(a + b + c), which is known. 

Taking logarithm, and adding 10, we get the value of 
L tan £A. and therefore A is known. 

Similarly B and C are determined. 

In case tan iA happens to be equal to the tangent of 
a standard angle, £.4 is at once known and the use of 
logarithm is not wanted. 



SOLUTION OP TRIANGLES 


171 


Ex. The sides of a triangle are 2, 3, 4. Find the greatest 
angle, having given 


log 2 ■- ‘30103, log 3»'4771213 
L tan 55' 14'- 101108395, L tan 52° 15'- 101111004. 
2+3+4 9 

2 “ i 


Hare 


The greatest side 4 being denoted by ‘o’, the greatest 
angle A (which is opposito to the greatest side) is given by 

. „ i , /(? -2)(Jf -3) = /M . /10. 

4 “ A V 1{(S-4I V o.l V 2.3 


Zr tan i — 10 + Klog 10 - log 2 - log 3) 
- 10 + ^(1 - '30103 - ’4771213) 
-10’1 109244. 


Now L tnni/1 lies between L tan 52*14' and L tan 52*15'. 

Hence, iA lies between 52° 14' and 52° 15'. 

Let \A = 52* 1 4' x'. 

Then diff. for x is 0000849. 

and diff. for l' i.e. 60" is 0002609. 

__ x 849 60 x 849 in . K , 

Hence, 6 0 = 2609' ° r ' 2609 “ ] 9 5 noarly ’ 

Hence, H - 52° 14' 19"'5, 

or, A « 104° 28' 39" nearly. 


97. Three angles given. 

In this case the triangle cannot be solved, for there are 
innumerable triangles with the same three angles. All 
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these triangles, being equiangular, are similar, and the ratio 
of their sides can be determined from the formula, 

a h c # 
sin A sin B sin C 

or, a : b : c — sin A : sin B : sin C. 

Ex. The angles of a triangle are in the ratio 2:3:7. 
Prove that the sides are in the ratio of J2 : 2 : ( »J3 + 1). 

The angles being in the ratio of 2 : 3 : 7, and their sum 
being 180°, the angles are evidently 30°, 45° and 105° 
respectively. Henco the ratio of the sides will be 
sin 30° : sin -15° : sin 105° 

1 1 Ja + 1 

l ' e " 2 : J 2 : 2 J2 

or, J2 : 2 : ( J3 + 1). 

Examples XV(a) 

1. Tho sides of a triangle are 24, 22, 14 ; find the least 
angle, given L tan 17° 33' = 9*500042, difT. for 1 <ES 439. 

2. The sides of a triangle are 50, 36 and 28 ; find the 
greatest angle, having given 

log 19 - 1 *2787536, log 29 - 1*4623980 

LtanSro'- 10*0916308, L tan 51° l'- 10*0918891. 

3. The sides of a triangle are 9, 10 and 11 ; find the 
angle opposite to the side 10, given 

L tan 29° 30' - 9 7526420, L tan 29° 29' - 97523472 
log 2 -*30103. [ 0. U. 1943.] 

4. The sides of a triangle are 2, 3, 4. Find all the 
angles correctly to degrees and minutes by the help oi 
mathematical tables* 
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5. (i) The sides of a triangle are 15, 19, 24 ; find the 
greatest angle of the triangle. 

Given log 5 7 - *75587, L cos 88° 59' - 8*24903 

diff. for l'-71S. [ C. U . 1986. ] 

(ii) Find the greatest angle in degrees, minutes and 
seconds in a triangle whoso sides are 5, 0, 7, having given 
log 6*= *7781513 

L cos 39° 14' »9*NS90644 t diff. for GO'- ‘0001032. 

6. (i) The sides of a triangle are 7, 8, 9 ; solve the 

triangle. [ C. U> 1038. ] 

(ii) If a— 32, /;-40, c*=G6, determine the greatest 
angle, [ C. U . 1045. ) 

[ Use Mathematical Tables ] 

7. Given a — J6 t b — 2, c — J 3 - 1 ; solve the triangle. 

8. Given fl ss 2, J2 t x/3 + 1 ; solve the triangle. 

9. If a - 7, 5 - 5. c « 8, solve the triangle. 

Given cos 38° 11'— tJ. 

10. If a- 3+ -/3, 5 = 2 n /3, s/ 3, solve the triangle. 

11. The angles of a triangle are 105°, 60° and 15° ; find 
the ratio of the sides. 

12. If A - 45°, B - 60°, show that c : a - N /3 + 1 : 2. 

18. The angles of a triangle are as 1 : 2 : 7 ; find the 

ratio of the greatest side to the least side. 

14. If cos A - £, cos B - £ , find a : b : c. 

15. If the angles adjacent to the base of a triangle are 
22i° and 112i°, show that the altitude is half the base. 

16. If the sides of a triangle are 4, 5, 6, show that the 
greatest angle is double the least. 
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98. 


Two sides and the included angle given. 


Let the two sides b, c and the included angle A of a 
triangle ABC be given. It is easy to construct the triangle 
geometrically, and there will be only one definite triangle 
with the given parts. To find the other angles B and 0, we 
notice that 


i e.. 


71 + 0 » 180 °- A, 

B+C =g 0 “_ A . 

2 2 


Again, 


tan 


B-C 


h— c 
b + c 



L tan 


B~ G 
2 


“ 10 + log (6 + c COt ^) 

" log C + c) + icot 2 


6, c and A being given, the right-hand side is known and 

B — C B-C 

thus L tan 0 is known, whence *- 0 - is known. 

A A 

B + C B — G 

Now g and ^ being both known, by addition 
and subtraction, we get B and C respectively. 


The reason of using tangent lormula to determine 
B — C 

2 is already explained in Art. 96. 

When B and C are known, the third side a is easily 
obtained from 

a b c 

S3 t Qf BS 

sin A sin B ' sin 0 

Ex. In a triangle , b - 2'25, c - 175, A ■* 54°, find B and 
6, having given 

log 2 - '301030, L tan 63® - 10 292^34 
L tan 13® 47' - 9 389724, L tan 13® 48' - 9*390270 

t C. U. 1931. ] 
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Here, 

“ C -90°- ^-90” -27° = 63°. ••• (i) 

Again, 

C h~ c A *5 0 

tan n - “ , , cot n - ; cot 27 

2 /j + c 2 4 

“ S tan 63°. 

/. itan B ^- - L tan 63° - 3 log 2 


-10 292834- 903090 
— 9389744. 

Now L tan 1 3° 47' - 9‘389724 
and L tan 13° 48' = 9‘390270. 


Hence, B 0 ° being 13° 47' x 

we get, diff. for a;" **000020 
and diff. for l' i ,e., 60" * ’00054G. 

. x _ 20 _ 20 x GO 

• * 60 “ 546’ ° r ’ X ~ 546 

Hence, B ',--13° 47' 2" 2 nearly. 


2*2 nearly. 


Combining with (i), B ■= 76° 47' 2"'2 and O “ 49° 12' 57"'8. 

99. Two angles and a side given. 

Let any side a of a triangle ABG , and any two of its 
angles be given. The sum of the three angles being 180”, 
the third angle is also known. To find the other two sides 
6 and c, we use the formula 

a — h a _ 

siu A sin B sin C 


Ex. In at riangle A BG t A » 38* 20*, B - 45° and b » 64/$. 
Find c, having given log 2-* 30103, L sin 83* 20 / - 9*99705 
and log *089896-2-95374. 
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Here, 

0= 180° -U + B) 


-180° -83° 20'. 

Now, 

c ^ b 


sin G sin B 


c 64 64 __ R . t- 

0T ' sun (180° - 83° 20') “ sin 4' 5° 1/ J2 b V ' 

c-Q^'sin R3° 20'. 

. log c = -’s* log 2 + L sin 83° 20' - 1 0 

- VC30103) + 0-99705 - 10 = 1 95374. 

Thua log c has the sumo mantissa a9 log '089896, but 
has its characteristic 1. Hence, c = 89'896 feet. 

Examples XV(b) 

1. Two sides of a triangle are 3 and 5 feet and the 
included angle iB 120° ; find the other angles, having given 

log 4'8 = '6812412 

L tan 8° 12'«9'158670G, diff. for GO" = 8940. 

[ C. U. 7 040. ] 

2. If b “ 1300, c = 1400 and A - 60°, find B and C. 

Given log 3 = '4771213, 

L tan 3° 40' = 8'8067422, diff. for 10" = 3306. 

3. If a - 21, b = 11, 0 - 34° 42' 30*. find A and B. 

Given log 2 — '30103, 
and L tan 72° 38' 45"» 10'50515. 

4. If the sides a and b are in the ratio 7 : 3 and the 
included angle G is 60°, find A and B, given 

log 2 = '3010300 log 3 = '4771213 

L tan 34° 42'-9'8403776, diff. for l' = 2699. 
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5. Two sides of a plane triangle are 14 and 11 and the 
included angle is 60°. Find the remaining angles, having 
given L tan 11° 44'« 93174299, L tan 11° 45' « 9*8 180640, 

[ 0. V . 1932. ] 

6. (i) Two sides of a triangle are 80 and 100 ft. and the 
included angle is 60°. Find the other angles. 

[ C. U . 1916. ] 

(ii) If a “5, b « 3, C — 70° 30', find the remaining angles. 

(iii) If a **39 9, 5 — 43*2, (7 *=38° 14', solve the triangle. 

[ Use Mathematical Tables j 

7. (i) In a plane triangle, b — 540. c — 420 and A — 52” 6' ; 
find B and C, having given 

L tan 26° 3' = y6891430. 

L tan 14° 20' = 9 4074189, L tan 14” 21' - 9 4079453. 

[ C. U. 3934. ] 

(ii) Given a =70. 5-35. C. = 30° 52' 12", log3- 
0 4771213, L cot 18” 26' 6"- 10‘4771213. Calculate the 
other two angles A and B. i C. U. 1935, ’37. ] 

8. If a - 2 JQ, c - 6 - 2 J3, B= 75”, solve the triangle. 

9. Two sides of a triangle are «/3+land */3 — land 
the included angle is 60° ; solve the triangle. 

10. (i) If a - 2, b - 1 + J3, C = 60”, solve the triangle. 

(ii) If a— 2, 6 — 4, C — 60”, find A and B. 

11. If a - 19, B - 62” 28' and C - 93’ 40', find b, having 
given log 27038 - 4 4319746 ; log 19 - 1’2787536 ; 

log 27037 - 4-4319585; 

L sin 52*28' - 9 8992727, L sin 33* 62' - 9‘7460595. 

13 
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12. If£-45 0 , 0-10° and a -200 ft., find 5, having 
given log 2 - *30103, L sin 55° - 9 9133645 

log 1726*4 - 32371414, log 1726*5 - 32371666. 

[ C. U. 1947. ] 

18. If 41 # 13' 22", B-71° 19' 5", and a -55, find h t 
given log 55 - 1*7403627, log 79063 - 4 8979775 
L sin 41° 13' 22"- 9*8188779 
L sin 71° 19' 5" - 9*9764927. 

14. (i) If B -70° 20', C-78° 10', 102, solve the 

triangle. 

(ii) If a - 39, A - 81° 35', B - 27° 55', solve the triangle. 
(Hi) If A -37° 15', J9-72* 5', a - 75*2, find h and c. 

[ Mathematical tables should be used ] 

15. If A - 75°, B - 30°, b - JQ, solve the triangle. 

16. If A — 30°, B - 45°, 5*2, solve the triangle. 

17. In a triangle in which each base angle is doable of 
the third angle, the base is 2 ; solve the triangle. 

18. Given a - J 57, A - 60°, A * 2 J3, find b and e. 

100. Two sides and an opposite angle given. 

Let the two sides b and c in a triangle ABC, and the 
angle B opposite to the side b be given. 

In this ease, we get the angle C from the formula, 

sin C sin B . ~ c sin B 

" v, — or, am O- — • 
c b b 

Now three oases may arise, namely, 

(i) c sin B > b . In this case sin C is greater than 1, 
and so 0 oannot be obtained. In fact in this 
oase no triangle is possible. 
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(ii) c sin 2? -ft. Here sin 0 becomes 1 and therefore 

0 *■ 90°. Thus A * 90° - J3. We thus get a right- 
angled triangle with right angle at C, and the 
side a will be obtained from 

c 2 -a 9 + ft a , or, a** \/c a -ft*. 

(iii) e sin B < ft. In this case sin C is less than 1, 

and hence C can bo determined. Now sines of 
supplementary angles aro known to be equal, and 
an angle of a triangle may be acuto or obtuse. 
We therefore get two supplementary values of 
C having the same value for sin 0. Three sub- 
cases now arise : 

Sub-case A, If of the two given sides, ft > c , then 
B > 0. and therefore the obtuse value of C becomes in- 
admissible, for otherwise B is also obtuse and two angles B 
and Oof the triangle become both obtuse. Thus the only 
admissible solution is the acute value of 0 Now B and 0 
being both known, A is obtained from A + B + 0 — 180°. 
The side a will be known from 

a ft c 

sm A sin B sm U 

Thus the triangle is uniquely solved. 

Sub-case B . If ft-c, then B~0 % and here also the 
obtuse value of 0 is inadmissible ; with the acute value of O 
the triangle is uniquely solved exactly as in the above case. 

Sub-case 0. If ft < c, then B < 0, so that 0 may be 
either acute or obtuse. Both the supplementary values of 
0 being admissible now, there will be two possible triangles 
with the three given parts ft, c, B. Corresponding to each 
value of 0, the value of A is determined from A + B + 0 — 
180°, and then a is obtained from the formula, 

a_ ft _c 

sin A ™ sin B 01 ' sin 0 

As there are two solutions of the triangle in this case, 
each equally admissible, this sub-case in the solution of a 
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triangle in which b, c, B are given and b > c sin B but < c, 
18 referred to as the Ambiguous Case in the solution of 
triangles. 

We may sum up the result as follows : 

When in a triangle, b t c, B are given, 

(i) if 6 < c sin B, no triangle is possible ; 

(ii) if b**c sin J5, we get a definite right-angled triangle 

as solution ; 

(iii) if b > c and therefore necessarily > c sin B , we get 

one definite solution having C acute ; 

(ivjif&^c and therefore necessarily > c Bin B t we 
get one definite solution having C acute, 

(v) if b > c sin B but < c, there arc two solutions, 
and this case is the ambiguous case. 

101. Geometrical treatment of the Ambiguous Case. 

To make the ideas clear, we proceed to construct geo- 
metrically the triangle in which two sides and an opposite 
angle, viz., b t c and B are given. 



Pig. (iii) 


Pig. (iv) 



SOLUTION OP TRIANGLES 


181 


Let ABX be the given angle B , and along one arm of it. 
take BA**c. Let AN be the perpendicular from A on BX. 

Then ^^—sin B, bo that AN — AB sin B^c sin B. 

With centre A and radius b draw a circle. 

Case (*). If h < c sin B, i.e., < AN, the circle does not 
meet the side BX at all and no triangle is therefore 
obtained. See fig. (i). 

Case ( ii ). If c sin B, i.e. t *= AN, the circle touches the 
side BX at C coincident with N, as in fig (ii). Hence a 
right-angled triangle is formed, in which the sides AB, AC 
and the angle B have the given values c, b , B. Thus ABC 
is the required triangle. 

Case (in). If b > c, i.e., > A B, the circle cuts BX at 
two points C and C* on opposite sides of B as in fig. (iii). 
The triangle ABC\ though it has the sides AB % AC equal 
to the given quantities c and b , has the angle B not equal 
to the given angle, but equal to its supplement. Hence it 
is not the solution required. In this case the triangle ABC 
is the only solution. 

Case (tv). If b^c, i.e.^AB, the point 0 / of the above 
case coincides with B, and only one triangle ABC is 
obtained as the required solution. 

Case (t?). If b > c sin B , i.e. % > AN but less than c 
(or AB), the circle cuts BX at two points C t and C 2 on the 
same side of B as in fig. (iv). Both the triangles ABCi and 
ABC* have the same three given parts and both are 
possible solutions. This is therefore the Ambiguous case. 

Note. By considering the equation 
6* ■» c* - 2 lea oos B 
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in which b, c, B are given, we may first of all determine a, instead of 
trying to determine C. 

Considering the equation as a quadratic in a , viz. , 
a® — 2c cos B. a+c®-fc®« 0, 

and by solving it, we get 

a*»c cos B± jjb' — c' 1 sin*B. 

(i) If b < c sin B , &* — c® sin®B is negative and thus the two 
values of a are imaginary. ( No solution ) 

(ii) If &«csinB, 6® -c® sin®B = 0 and thus the two values of a 
are real and coincident. 

( one solution ; one triangle right-angled at C, since 5 — c sin B ) 

(ii ) If b > c sin 75, b®-c® sin®B is positive, so two values of a 
are real and distinct, but they are not always admissible. 

(a) When b > c, { i.e., 5® > c* (sin®B+cos®B) }, h % -c* sin®Z? > 
c® cos® 25, i.e., J6 v -~c* sin® 25 > c cos B and hence one value of a is 
positive and the other negative. ( one solution ) 

(b) When 6*=c, fc®-c® sin®B=c®-c® sin*B«c® cos®B and hence one 
value of a is zero. { one solution ) 

(c) When 6 < c, b® < c® (sin®B + cos®B), b®-c® sin®B < 

c® cor*B, i.c., */6® — «® sin ® R < c cos E. 

So both the values of a are real and positive. ( two solutions ) 

This is known as the algebraical discussion of the ambiguous case. 

An example illustrating the algebraic method is added below. 

Ex. 1. In a trianght b *=■ 15 ft., c « 10 ft., B “ 60 . Find 
a and A having given sin 84° 44' ■* *99578. 

Wo have 5? - c 2 + a 2 - 2 ca cos B, giving hero 
225 - 100 + a 2 - 20 a cos 60° ; 
or, a* - 10a - 125 * 0 whence 
a* 5 ±5 a/6. 
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Rejecting the negative value for a as inadmissible, the 
only possible value of a**5(x/6 + l) ft. There is thus one 
solution and there is no ambiguity. In fact this is case (iii) 
of the previous article. 


Again, 


sin A «■ 


fsinB 


5U/6 + 1) J3 3 J2+J_3 
15 ' " 2 “ 6~ 


6 

so -4-84° 44'. 

Ex. 2. In a triangle, a — 73‘4, b — 64'9 and B — 48*13'25" ; 
,/i«d 4 having given 

log 734 - 2 8656961, log 649 - 2*8122447 
L sin 48‘ 13' 25' - 9 8725936 
L sin 57° 30' - 9*9260292 ( diff. for l'- 804 ) 

Is the ease ambiguous ? 


Here 


. , a sin B 734 . 

Bin A- - am 48 13 25. 

0 649 

L sin A — log 734 - log 649 + L sin 48* 13' 25" 


- 2*8656961 - 2*8122447 + 98725936 
-9*9260450. 


Now diff. of this from L sin 57* 30'- 168 U.e., *0000158) 
and diff. for l' (or 60*) — 804 (i.e„ *0000804). 
Hence, A — 57° 30' x where 

" lot w ^ eDCe * “ H’8 nearly. 

Thus A- 67° 30' 11*8" or its supplement 122* 29' 48*2* 
which has also the same sine, and so the same 
L sine. 


Now in this case a > b and so A > B and thns both 
values of A are admissible. The case, is therefore, the 
ambiguous case and will have two solutions. 
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Examples XV(c) 

1. Given (i) 4-30°, a«6, b “4. 

(ii) A - 60°, a- 7, 6-8. 

(iii) -4-45°, a “2, 6-8. 

(iv) 4 = 30°, a “3, 6«=6. 

Find in which case the solution is ambiguous ( in which 
case there is one solution, and in which case there is no 
solution. 

2. (i) If 6“ 2, c — x/3 + 1 and I? -45°, solve the triangle, 
(ii) If a - 3, b - 3 ^3, 4 * 30°, find 5. 

3. If a -2, 6= V6, solve the triangle. 

4. If 2, 5, -4 « 30°, solve the triangle. 

5. If 6, c, J5 are given and if b < c, show that 

(a x - a 2 ) 2 + (ai + a 2 ) 2 tan 2 JB — 46 s 
ai and a 2 being the two possible values of 7T. 

6. In the ambiguous case, given a, b and A t prove that 
the difference between the two values of c is 

2 Ja*-b* sfn M. 

7. If a, 6, 41 are given and if Ci, c 2 are the values of the 
third side in the ambiguous case, prove that if c x > Cg 

(i) Ci - c 8 — 2 a cos B. [ B. IT. U. J. 1928 . ] 

(ii) Ci 2 + c 3 a - 2cic a cos 2.4* 4a 8 cos 2 .4, 

[ B. H. U. L 1935 ; Pat. 1. 1936. ] 

(iii) cos ~^~~ s - ----- [ A. 1. 1941. ] 

2 a 

8. If ft- 16, c-25 and jB- 33°15', find the other 
angles ; given 

. L sin 33° 15'- 9 7390129, log 2 -'30103, 

L sin 58’ 57' - 9 9328376 L sin 58’ 56' - 9'9327616. 
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9. If a = 5, b = 4, A - 45°, find B and C ; given 
log 2- -30103, L sin 34° 27' -9 75257. 

10. If a - 30, b - 300, find A in order that B may be a 
right angle, having given that 

L sin 5* 44' -8-9995595, diff. for l'- 12565. 

11. If a - 16, c - 25 and C - 60°, find the othor angles. 
Given 

log 2 = '30103, log 3- '4771213 
L sin 33° 39' = 9 7436024, diff. for l'-1897. 

12. If 5 = 165, c- 258, and .B = 35°]0\ find the angles 
A and G. 

Given log T65 = -21749, log 2*58 — ’41162 

L sin 35° 10' “9 76039, L sin 64° 14'= 9 95452. 

, 13. If26 = 3o and tan 2 /l “ ”, prove that there are two 
values of the third side, one of which is double the other. 


14. If Ai, B i and A 2 , B e are the angles of the two 
triangles in the ambiguous case, then 


sin A y sin A 3 
sin Bj sin B 2 


2 cos G. 


15. Show that in the case that admits of two solutions 


the two values of C satisfy the equation 
(a + h) 8 + (b-aY _ 2o* 

I + cos C 1-oos C sin“il 


[B E. U. 1.1942.] 


16. If log b + 10 - log o + B sin B, can the triangle be 
ambiguous ? 



Miscellaneous Examples II 

In any triangle ABC, prove that {Ex. 1 to 8 ) : — 

. 1 ..1 D , 1 n a 2 + b* + c* 

a b c 2abc 

2. (6 8 + c 8 - a 2 ) tan A - (c 2 + a* - 6 2 ) tan B 

= (a 2 + 6 2 - c 2 ) tan C. 

3. ft 2 + c 8 - 26c cos (A + 60°) ■» c 2 + a 2 - 2ca cos (B + 60°) 

“ a 2 + 6 2 - 2a6 cos(C + 60°). 

4. (cot 44 - tan 4B - tan 40)^ 

+ (cot 4B - tan 4 C - tan 4 4)^ + (cot 4 0 - tan 44 - tan 4B)^ 

** (cot 44 + cot 4B + cot 40)^. 

5. a sin (B - C) cos (B + C - 4) + 6 sin (C - 4) 

x cos (C + 4 - B) + c sin (4 - B) cos (4 + B - 0)®* 0» 

a «jn 4 + 6 sin B+^sin C ^ R , a,,*, a\ 
a cos 4 + 6 cos B + c cos G abc a C 

7. (6 + c -2a) sin 44 sin 4(B - C) 

+ (c + a - 26) sin 4B sin .4(0 - 4) 

+ (a + 6 - 2c) sin 4 0 sin 4(4 - B) ■» 0. 

8. a cos 4 cos 24 + b cos B cos 2B + c cos 0 cos 20 

+ 4 cos 4 cos B cos C (a cob 4 + 6 cos B + c cos 0) • 0. 

9. If in a triangle, a 8 , 6 8 f c 2 are in A.P., show that * 

tan 4, tan B, tan 0 are in H. P. 

10. If in a triangle, sin 4, sin B, sin 0 are in H, P., 
show that 1 - cos 4, 1 - cos B,l- cos 0 are in H.P. 

11* Determine the triangle whose sides are three conse- 
cutive terms in the series of natural numbers and whose 
largest angle is double the least. 
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12 . If in a triangle, cos 3-4 + cos 3J3 + cos 30 — 1, show 
that one angle must be 120°. 

13. If in a triangle, sin -4, sin B, sin,0 he in A. P., 
show that tan ?A tan JO - 4. 

14 . If a — 5, 6 — 7 and -4 — 30°, find B in degrees and 
minutes, having given 

sin 44° -0*6947, sin 45° -0*7071. 

15. In the ambiguous case t the area of one of the triangles 

is n times that of the other ; show that if b be the greater 

b ft + 1 

of the given sides and c the less, is less than - v 

c n — l 

16. In the ambiguous case , show that the citfcum- circles 
of the two triangles are equal. 

17. Prove that 

(i) tan' 1 - tan" 1 f~' 8 ' v") » 

\1 “SC 81 Q <t>/ \ COS <P / 


(ii) tan’ 


L f 2 

1 + M: 


+ tan’ 


L ^2*“" t* 

1 + Jof 


2‘8 


. -1 (n-i “f.n 

ftan i+w» 


18 . If the sum of four angles be 180°, prove that the 
sum of the products of their cosines taken twft and two 
together is equal to the sum of the products of their sines 
taken similarly. 

19 . Prove that cos 2 .4 + cos a |.4 + ~ j + oos 2 (.4~ 

[ 0. E7. 1983. ] 

20. In a triangle ABC , if tan ^ 1 tan » tan ^ be in 

Arithmetical progression, then cos A t cos B , cos C are also 
in Arithmetical progression. 
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21. Give in general terms the solutions of the following 
equation : 

tan (x + 6) tan (a; 4* c) + tan (x + c) tan (x + a) 

+ tan (x + a) tan (x + b) “ 1. 

22. If A + B + G = 180°, prove that 

1 1 + tan ~)(l + tan '|)(l + tan 

= 2^1 + tan * tan ~ tan^)- 

23. Prove that 

sin 2 ® + sin 2 y + sin 2 z + sin 2 (® + y + z) 

- 2 - 2 cos (x + y) cos (y + z) cos (z + x). 

24. Solve the following equation : 

tan x + tan ^ J + tan(® + =■ 3. 

[ Left side reduces to 3 tan 3®. ] 

25. Prove that in a triangle ABG , 

A ( a + h + c) 2 

A “/ .A . .B. ,C\ 

4|cot -- + cot 0 - + cot - J 

20. Prove that 

log sin Sx « 3 log 2 + log sin x + log cos x 
» + log cos 2x + log cos 4®. 

27. Show that in any triangle ABG , 

log tan " “ i[log (s - b) + log (s - c) - log s - log (s - a)]. 

28. Prove that (i) x loB v “ t/ los *. 

(ii) a; lo S V-logj8 x ^log Jj-loff X x glo* ® -logy „ 

29. In any right-angled triangle ABC % C being the 
right-angle, show that B + r - £(<* + 6). 

30. Show how to solve a triangle having given the three 
perpendiculars from the vertices on the opposite sides. 
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GRAPHS OF TRIGONOMETRICAL FUNCTIONS 

102. Changes in the Trigonometrical ratios ot an 
angle as the angle increases from 0° to 360°. 



Suppose an angle traced out by a revolving line starting 
from OX % changes gradually from 0° to 360°. 

Take a circle with centre 0 of any radius. It is clear 
that in determining the trigonometrical ratios of an angle 
XOP i in its different positions, we can keep the hypotenuse 
OPi always the same, equal to the radius of the circle. 

(i) Changes in sine. 

When the angle NiOPi (-0 say) is zero, its sine is zero. 
As the angle increases from 0° to 90°, the hypotenuse OP x 
remaining the same, the opposite side P X N X is positive and 
gradually increases, as is evident by comparing the triangles 
N x OP x and N*0P 2 . 
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P N 

Hence, sin 0 - gradually increases, until when 

Uf'i 

^■*90°, P 2 N& and OP 9 both coincide with OF and sin 0 
attains its greatest value 1 . 

As 0 still further increases, from 90° to 180°, the hypote- 
nuse OPfl retains the same value, but P 3 AT 8 remaining 
positive, now gradually diminishes from OF to zero, and so 
sin 0 diminishes from 1 to 0 . In the third quadrant, as 0 
increases from 180° to 270°, P 4 N 4 is negative and numeri- 
cally increases from zero to OY\ the hypotenuse remaining 
always positive and unaltered. Sin 6 is therefore negative 
and numerically increases from 0 to 1 ; in other words, it 
diminishes gradually from 0 to - 1. In the fourth quad- 
rant, as 0 increases from 270° to 360°, P a N s remaining 
negative numerically diminishes from OY* to 0, and sin 0 
therefore remaining negative numerically diminishes from 
1 to 0 ; in other words, it increases from - 1 to 0. The 
results are therefore as follows : 

In the first quadrant, as 0 increases from 0 ° to 90°, 

sin 0 increases from 0 1 . 

In the second quadrant, as 0 increases from 90° to 180°, 

sin 0 diminishes from 1 to 0 . 

In the third quadrant, as 0 increases from 180° to 270°, 

sin 0 diminishes from 0 for 1 . 

In the fourth quadrant, as 0 increases from 270° to 360°, 

sin 0 increases from - 1 t o 0 . 


(ii) Changes in cosine. 

In the first quadrant as the angle XOP x increases, ON X ‘ 
diminishes, from the value of OX at 0 0* to the value 0 
at 0~9O°, and is always positive. 

In the second quadrant, as 0 goes on increasing from 90° 
to 180°, ON 8 increases numerically from 0 to OX but is 
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negative. In the third quadrant, 0N 4 remains negative, 
but diminishes numerically from OX* to 0. In the fourth 
quadrant, 0N 5 is positive and increases from 0 to OX again. 

The hypotenuse remains always positive and is equal to 
OX or OX' in magnitude. 

We thus come to the conclusions : 

As 0 increases from 0° to 90°, 

cos 0 diminishes from 1 to 0. 

As 0 increases from 90° to 180*, 

cos 0 diminishes from 0 to - 1. 
As 0 increases from 180° to 270°, 

cos 0 increases from - 1 to 0. 

As 0 increases from 270° to 360°, 

cos 0 increases from 0 to 1. 

(iii) Changes in tangent. 

As 0 goes on increasing from 0° to 90® in the first quad- 
rant, P x Njl increases from 0 to OY and simultaneously ON x 
decreases from OX to 0, both remaining positive ; hence 

tan 0 - increases from the value - 0 to - « . 

In the second quadrant, PsN s diminishes from OY to 0 
while ON 3 1 becoming negative, numerically increases from 

p n 

0 to OX\ Hence, tan 0 — off* * s but numerically 

diminishes from <*> to 0, i.e, increases from - » to 0. 

Immediately before 90°, tan 0 is positive and very large, 
while immediately after 90*, tan 0 is negative and numeri- 
cally very large. In fact, here, as 0 passes through the 
value 90° from the first to the second quadrant, there is a 
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sudden break or discontinuity in the value of tan 0, which 
suddenly passes from a very large positive value to a very 
large negative value, i.e. from the positive to the negative 
side in passing through infinity. 

In the third quadrant, both P4N4 and ONt are negative 
and P*Ni increases numerically from 0 to OY / while ON 4 

decreases numerically from OX 9 to 0. Hence, tan 0 = 

is positive, and increases from 0 to « . 

In the fourth quadrant, P a N 5 is negative and numeri- 
cally diminishes from OY f to 0 while ON & is positive and 

P N 

increases from 0 to OX. Hence, tan 0 — 8 is negative 

and numerically diminishes from °° to 0 i.e. t increases from 
- 00 to 0. 

In passing through 270°, there is another discontinuity, 
tan 0 suddenly passing from the positive to the negative 
side through infinity. 


The results are therefore as follows : 

As 0 increases from 0° to 90°, tan 0 increases from 0 to 00 
As 0 passes through 90°, tan 0 suddenly changes from 

+ 00 to — 00 

As 0 increases from 90° to 180°, tan 0 increases from 

-<*> to 0 

As 0 increases from 180° to 270°, tan 0 increases from 

0 to co 

As 0 passes through 270°, tan 0 suddenly changes from 

+ 00 to - 00 

As 0 increases from 270° to 360°, tan 0 increases from 

- o* to 0 . 
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(iv) Changes in cotangent. 

From the changes in the value of the tangent, the 

changes in cot 0 — are traced as follows : 
tan 0 

0 increasing from 0° to 90 c , cot 6 diminishes from 

oo to 0 

6 increasing from 90“ to 180°, cot 0 diminishes from 

0 to - oo 

As 0 passes through 180° , there is a sudden change in 

cot 6 from ~ to + 00 
0 increasing from 180° to 270°, cot 0 diminishes from 

oo to + 0 

0 increasing from 270° to 360°, cot 0 diminishes from 

0 to - oo 

As 0 passes through 360°, cot 0 again suddenly changes 

from - oo to + °o. 

(v) I Changes in secant. 

For sec 0 — — - • the results are as follows : 
cos 0 

From 0° to 90° for 0, sec 0 increases from 1 to oo. 

Here there is a sudden change from + °° to — °o . 
Then from 90° to 180°, sec 0 increases from - oo to - 1. 
From 180° to 270°, sec 0 diminishes from - 1 to 
Here again there is a sudden change from - oo to + ». 
Then from 270° to 360\ sec 0 diminishes from oo to 1. 

(vi) Changes in cosecant. 

For cosec 0 « the results are as follows : 
sin 0 

From 0° to 90°, cosec 0 diminishes from °° to 1. 

From 90* to 180°, cosec 0 increases from 1 to ®. 

Here oosec 0 suddenly changes from + » to - 
is 
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Then from 180° to 270°, cosee 0 increases from 

- a* to - 1. 

From 270* to 360°, cosec 0 diminishes from - 1 to - «>. 

As 0 passes through 360°, cosec 0 again suddenly 

changes from — » to + °°. 

Note. As $ increases by complete multiples of 2* (i.e. t 360°) we 
know that all the Trigonometrical ratios remain unaltered. Hence 
after 360° , as 9 goes on increasing, the same series of values for the 
ratios are repeated over and over again for each complete revolution 
of the revolving line. The trigonometrical ratios are therefore all of 
them periodic functions having the same period 2ir,* after each of 
which, the same cycle of values is repeated. 

The changes traced out above, of the trigonometrical 
ratios, may be much more clearly demonstrated to the eye 
from a study of their graphs. 

103. Graphs of Trigonometrical Functions. 

Just like algebraic functions, trigonometrical functions 

(i.e., sin x t cos x, sin 2 2sc + tanf » etc.) may be conveniently 

A 

represented by means of graphs, showing their changes with 
the change in the values of the angles. 

The method is the same as for graphs in Algebra. Two 
straight lines XOX ' and YOY’, intersecting at right angles 
are taken as axes of co-ordinates. Along the 2-axis, the 
angles are represented on a suitably ehosen scale, positive 
angles along OX, and negative angles along OX'. Along the 
y- axis, the values of the trigonometrical functions corres- 
ponding to the angles are represented on a suitably chosen 
scale, positive values being measured upwards (along OY), 
and negative values downwards (along OY% Thus the 
abseim and ordinate of a point stand respectively for an 
angle and its trigonometrical fnnetion. 


•tan 0 and oot 9 have a period *\ 
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Plotting a number of points in this way and joining 
them free-hand, we get the required graph of a given 
trigonometrical function. 

104, Graph of sin x or sinc-graph. 

Let y — sin x • 

Using the table of natural sines, the corresponding values 
of x and y are tabulated corresponding to the values of x 
differing by 10° (the values of y being correct up to two 
places of decimals) as follows : — 


X 

| ! 

-90° | 

-80' 

i ! 

-70° i 

j 

— G0° 

r 

-50° 

i— 40° 

1 

— 80°j — 20' 

J_ ___ 

| 1 

-10* 

0° 

y or 
sin x ! 

rl 

| - *98 

-‘94 

[ -’87 

-‘77 

! --C4 

1 

-•50 -‘34 

— *17 

0 


; f 

x ! 10' 20' 

1 

80' | 40' 

j 

50° jcO* 

i 

70° 

80' 

90° 

lOO'jllO' 

i 

120° 

etc. 

L “ | -17 | -34 

•50 ! -64 

i : 

i 

*77 j ‘87 

•04 J ’98 

1 

1 ,n 

98 j ‘94 

*87 

etc. 


Now let the scale be so chosen that 1 small division 
along OX represents 10°, and 10 small divisions along 07 
represent unity.* 


The points corresponding to the tabulated values are 
plotted on the graph paper according to the scale chosen 
and joined free-hand. 

The graph is as shown on the next page (drawn here 
between the range x — - 180° to X — + 360°). 

""According to the graph paper supplied and the range within which 
the graph is to be drawn, the scale should be suitably chosen in eaoh 
individual case separately. 
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Sine-Graph 
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Hot© 1. In the table of natural Bines, sines of angles from 0° to 90* 
only are available. With the help of the formula sin (—0)* —sin 0, 
sin (ieO°-0)-sin 0, sin (l8O° + 0)- -sin 0 etc. of Chapter IV, how- 
ever, the tabulation for sin 0 shown above, outside the range of 0° to 
90°, is effected. 

Similar is the caBe of tabulation for other graphs in the following 
pages. 

Note 2. Peculiarities of the sine-graph. 

From the figure, the following features will be apparent : — (i) The 
graph is continuous, and wavy in form ; (ii) The maximum value 
of sin x is + 1 and the minimum value is — 1, these values being 
attained for values of x which are odd multiples of 90° ; (ii) sin ® 
is 0 at the origin and at points for which x is an even multiple of 

90° i,e, t any multiple of 180°; (iii) that sin j«Bin 

sin (v-aj)«Bin x t sin (— a?)« - sin x, sin (vH-®)=» - sin x etc, ; (v) since 
sin (2rw+®)*sin x, the portion between 0 to 2r is repeated over and 
over again on either side. 

105. Graph of cos x or cosine- graph. 

Let y - cos x . 

Using the table of natural cosines (see Note 1 of the 
previous Article), the corresponding values of x and y are 
tabulated at intervals of 10° for x as follows : — 


X 

-90° 

i 

-80° j 

-70° 

-60° 

-50° 

-40* 

-30° 

-20* 

-10° 

yot | 
COS X t 

0 

•17 | 

1 

•34 

*60 

’64 

•77 

*87 

*94 



i -08 

! 


X 

0® 

10° 

20* 

30° 

40* 

50° 

60* 

70° 

80® 

90° 

100* 

110* 

etc. 

y or 
cos X 

! l ! 

*98 

*94 

*87 

*77 

t 

, *64 j 

1 

•60 

•34 

H 

B 

| — *17 

-‘84 

etc. 
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Cosine-graph 
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Now choosing the scale such that 1 small division along 
OX represents 10°, and 10 small divisions along OY repre- 
sent unity, the points corresponding to the above tabulated 
values are plotted and joined free-hand. 

We then get the roquired graph, which is shown on the 
annexed page (shown here between the range - n to + 2n 
of x ). 

Note. It is apparent from the figure, that the cosine-graph is 
exactly the same as the sine- graph only shifted wholesale backwards 
(to the left) through a space of 90°. 

This is due to the fact that sin (90° +x) * cos x, or sin cos (*-90°) 
so that the ordinate in the sine-graph corresponding to any value of 
z«the ordinate of the cosine-graph corresponding to a value of x 
which is 90° less than before. 

108. Graph of tan x or tangent- graph. 

Let y — tan x . 

Using the table of natural tangents, the corresponding 
values of x and y are tabulated at intervals of 10° of x as 
follows : — 

20 e j — 10° !o° j 10° j 20° ; 30° ; 40 ® | 50°| 60°| 70°| 80* | 90 4 100° jetc. 

I ' j ; i i | | i ! ; j” 

'36 — ’18 ! 0 ;*18| '36 *58 *84 1'19 1‘7S!2*76:5*67 oo -5*67 etc. 

i , • i i i i * 1 

Now choosing the scale such that 1 Small division along 
OX represents 10°, and 3 small divisions along OY represent 
unity, the points corresponding to the above tabulated 
values are plotted and joined free-hand. 

The graph is as shown on the next page (shown here 
between the range -a* to + 2 ji for x ). 


y or 

tan x 



200 


INTERMEDIATE TRIGONOMETRY 



Tangent-Graph 
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Note. Peculiarities of the tangent-graph , 

From the figure, the following points will be apparent : (i) That 
the curve is not continuous, but consists of separate branches or 
portions, the points of discontinuities being the values of x corres- 
ponding to the odd multiples of ~ • (ii) As x passes through these 

points from the left to the right, the value of tan x suddenly changes 
from very large positive values on tho left to very large negative 
values on the right, (iii) The lines parallel to y-ax is corresponding 

to the odd multiple of ~ are continuously approached by the graph 

on either side, but never actually met. Such lines are called asymptotes 
to the curve, (iv) Since tan (nff + ®)» tan x, each branch, is simply 

x x 

a repetition of the branch from — ^ to + • 

107. Graph of cot x or cotangent-graph . 

As before the values of x and y ( — cot x) are tabulated, 
and with the same scale as in the tangent-graph the points 
are plotted and joined free-hand. 

The graph is shown on the next page (between x** —n 
to x ■■ + 2 7t), 

This graph also, like the tangent-graph, is discontinuous , 
the points of discontinuity being x—0 and x — nn. The 
portion between x — 0 and x ■■ n is repeated over and over 
again on either side, as is consequent from the formula 
cot (arc + a) — cot ®. 


108. Graph of cosec x or cosecant-graph . 

The corresponding values of x and. y are tabulated at 
intervals of 10° of x as follows : — 


X 

-20° 

-10° 

0° 

10° 

20* 

80° 

etc. 

80* 

90° 

100* 

B 

1 

y or 
cosec sti 

i 

— 2*92 

-576 

oo 

5*76 

2*92 

2 

etc. 

ro2 

1 

1*02 

1*06 

etc. 
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Cotangent-Graph 


GRAPHS 


203 



Cosecant-Graph 


201 


INTERMEDIATE TRIGONOMETRY 


[ If the table of natural cosecants be not available, the 
table of natural sines may be used and the values of cosec x 

■ ma Y be calculated for different values of x. ] 

sin x 

The scale is so choosen that 1 small division along OX 
represents 10°, and 3 small divisions along OY represent 
unity. 

The tabulated points are now plotted and joined free- t 
hand. 

The graph is shown on the previous page (between the 
range x ■* - n to x * 2n), 

Note. This graph also consists of detached branches , the points of 
discontinuity being a - 0 and mr. The value of y never lies between 
+ 1, being always greater than 1 or less than-1. The lines as-ni* are 
asymptotes. The portion between a- 0 to x is repeated on either 
side, over and over again. 

109. Graph of sec x or secant-graph. 

The corresponding values of x and y ( - sec x) are tabu- 
lated as in the caso of cooocant graph, by making use of the 
table of cosines, if a table of secants be not available. 

With the same scale as in the cosecant-graph, the 
tabulated points have been plotted and joined free-hand. 

The graph is shown in the adjoining page (between the 
range « to 

Note. It is apparent from the figure that the secant-graph is exactly 
the same as the cosecant-graph , only shifted backward s (to the left) 
through a epace of 90°, 

A This is due to the fact that cosec (90° + x)** sec x. [ See 
ttbte below Art. 105. ] 
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110. Graphs of other Trigonometrical Expressions. 

Graphs of other Trigonometrical functions may be 
obtained in a similar manner. 

We illustrate this by an example. 

Ex. Draw the graph of y^sin x + cos x between the 
range x — O to x™ 2 n, and find from the graph the values x 
for which (i) y * 0 , (ii) y is maximum , (in) y is minimum . 

[ 0. U. 1934 . ] 

From the table of natural sines and cosines y correspond- 
ing to each value of x, the values of sin x and cos x may be 
separately obtained and then added to give y ; or else we 
may write y « sin x + cos x =* J 2 (sin x cos i n + cos x sin 1?*) 
- J2 sin + and corresponding to any value of x, 
sin (a? + }rc) may be deduced from the sine- table, and this 
multiplied by J2 (®1'414) will give y. 


The corresponding values of x and y are tabulated at 
intervals of 10° of w t between the interval £“0 to x a 2n as 
follows : — 


X 

0° 

10° 

20° 

30° 

40° 

50° 

60° 

-5 

o 

o 

80° 

90° 

100* 

y 

l 

1*15 

1 1*27 

l 

1-37 | 

L ! 

I 

1'41 ! 1-41 

' 

1‘37 

1*27 

1*15 

1 1 

i 

1 

•81 


X 

110 ° 

120 ° 

| 130 ° 

140 ° 

150 * 

160 ® 

170 * 

180 ° 

■ 

, 190 ° 

i 

i 

O 

V 

•59 

*37 

| *13 

-•13 

-•37 

-•59 

1 

CD 

-1 

1 

j — 1*16 

- 1*27 
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Graph of sin x + oos x 
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X 

210 ° 

220 ° 

230 ° 

240 ' 

260 ' 

260 ' 

270 ' 

280 ° 

y 

- 1*37 

- 1*41 

i 

- 1 * 41 1 - 1*37 

- 1*27 

- 1*15 

-1 

-*81 


X 

290 ° 

300 ° 

310 ' 

320 ° 

330 ° 

840 ' 

350 ° 

860 ' 

V 

-*59 

-*37 

— *13 

*13 

•87 i 

*59 

*81 

1 






1 







The scale is chosen so that 1 small division along OX 
represents 10°, and 10 small divisions along OY represent 
unity. 

The tabulated points are now plotted and joined. The 
graph is as shown on the previous page. 

From the graph we find that (i) y*0 when ®«135 0 and 
$-315°, (ii) y is maximum when x^ib 0 , (iii) y is minimum 
when x “225°. 

111. Graphical Solution of Equations. 

Trigonometrical equations, just like algebraic equations, 
may be solved graphically. In fact in many practical cases 
particularly where the solutions are not obtained in terms of 
the standard angles, the graphical method of solution is the 
only one which is found convenient and is actually adopted. 
The method is illustrated by the following examples. 

Ex. 1. Solve graphically the equation 2 sin 2 ® - cos 2®, 
giving only those solutions of x which lie between - * vp 

[ 0. U. 1938 , '46 t *48, ] 

We draw two graphs, namely 

y - 2 sin*® (“ 1 - cos 2®) 
and y- cos 2® 

by tabulating the corresponding values of x and y for the 
two cases separately, making use of the table of natural 
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cosines, for the range x = - ^ to x » - ^ , at intervals of 
10° or 15° of x . 

With the same scale, namely, 1 small division along OX 
representing 10°, and 10 small divisions along OY represent- 
ing unity, we plot the tabulated values for the two cases 
in the same graph paper, and joining them, we get the two 
graphs, as shown in the adjoining page. 

We find that the two graphs intersect, and thus have 
the same abscissa and ordinates at the points for which 
n 7t 5n 7n 

2? i - i , 

6 6 6 6 


Thus 2 sin 2 ® -cos 2x is satisfied for the values of x 
given by 

n n bn -In 
*" "6 6 6 and 6 

which are the required solutions within the range 

ft , 

“a t0 2 


Ex. 2. Solve graphically the equation tan x=*2x between 
flc — 0 and [ O, U. 1939.] 

Here, x is supposed to he measured in radians 

First of all we draw separately the two graphs, namely 

If" 2x (i) 

and # "tana* (ii) 
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The corresponding values of x and y within the range 
a — 0 and a?-" are tabulated in case (i) as follows : 


(in radians) j 

y (i.e. 2 <b) 
(numorical value) 


i B | 3 


0 i 1'05 ! 2-10 i 3-15 


and in oase (ii) as follows 

x 0 

(in radians) 

i 

y (i.<j. tan a:) j 0 
( numerical Rvalue) ! 


! Sir 

4ir 


1 6r | 7ir 

8ir 

*■ 

I 15 

18 

18 

; is ! h j 

1 

2 

' ‘57 

*84 

1-19 

1-73 ; 2-75 

5-67 

oo 

... . 


1 

1 1 

. . 




Now choosing the same scale, namely 5 small divisions 

along OX to represent radians, and 10 small divisions 

along 07 to represent unity, we plot the tabulated points 
for the two cases in the same graph paper and joining them 

7t 

we get the two graphs within the range ®==0 and as 

shown in the adjoining page. 

We find that the two graphs intersect at the point 
given by ®“0 and also at the point corresponding to 33'5 
small divisions along OX, which, from our chosen scale, re- 
33'fi jj 

presents x - x — radians -* 117 radians (approximately). 

Hence the given equation tan x * 2x is satisfied between 

*■•0 andfl?-^ by the values of x, namely &■*() and 

g«»ri7 (approximately), which are the required eolations 
in radians. 
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Examples XVI 

1. Draw the graphs of 

(i) sin 3a? between x “ 0° to x ** 180°. 

(ii) tan \x between x “ - in to x “ n. 

(iii) sin 0 cos 0 between 0“-7ito0“+?r. 

(iy) — " ~~T~ a~r between 0“-£to + v?' 
cos 0-sm 0 2 2 

( v) cos (jj sin a;) between a; * 0 to a; — $7*. 

(vi) sin 0 - <s/3 cos 0 between 0 * 0 to 0 » n. 

(vii) i cosec \x between x “ 0 to x “ 2?i. 

2. (i) Trace the changes in the sign of cos 0 - sin 0 
as 0 changes from 0° to 360°. Verify your conclusions by 
a graph. 

(ii) Trace the changes in sign and magnitude of 

[ B. B. U : 1931. ] 


2 sin 0 - sin 20 


2 sin 0 + sin 20 

3. Draw the graph of y “ sin ( x + \n) between the limits 
a?“ n and a?™ + n. 


4. Draw the graphs of sin 0 and cos 0 between 0 — 0 
and 0 — n. Find the points where the graphs intersect. 

[ C. U. 1936 , *46. ] 

5* Construct the graphs of tan x and cos a? between 0 
and in for x , making a tabulation of the values of y dividing 
the interval into 9 equal parts. 

If tan a? “cos a?, find approximately the value of x from 
the above two graphs, [ C, U. 1943 . ] 

8, Obtain graphically a solution of the equation 
tan a; — 1, between x m 0 and x “ in. [ 0. U . 1937 . ] 

[ Draw the graphs ofy**taftx and ym 1 , ] 
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7. Draw the graph of cos x - sin 2x for values of x 
lying between 0° and 90° and hence obtain the least value 
of cos a; -sin 2x in this range. 

8. Solve graphically the equations : 

(i) x - tan x «= 0, between x = 0 and x =* 

[ C. U. 1945 . ] 

(ii) 5 sin 0 + 2 cos 9 “ 5, between 6 = 0° to 6 — 270°. 

[ Draw the graphs of sin 0 + 2 cos 0 and ?/« 5 and y2nd //ifl 

common 2 )oin<s. ] [ C. U. 1947. ] 

(iii) cot 0 - tan 0 ■= 2, between 0 *= 0 to 0 — rc. 

[ C. 17. 1940. ] 

(iv) cosec x cot x + J 3, between x = 0 to x “ rc. 

(v) cos ® ■** sin 2a; + between sc ** - f n to a; 853 + \n. 

(vi) 5 - tan x = 2a;, between 0 and 2rc. 

(vii) 2 sin x + x - 3 — 0. 

(viii) x 2 - cos x. 

(ix) ar=*cos 8 a?. 

[ Draw the graphs of y^ cos 2x and y * 2x — 1. ] 

9. Represent by a graph the displacement given by ’ 
5*2 sin t + sin 3 t. 

10. Show graphically that the equation 2 sin x + cos 2a? 
m ix has only three real roots. 

11. Sketch the graphs of : 

y-Xi y—sin x, tan rein ( - $»). Prom the 

nature of graphs near the origin, can you suggest any 
Elation among them at the origin ? [ 0. U. 1952 . ] 



CHAPTER XVII 

MISCELLANEOUS THEOREMS AND EXAMPLES 
Sec. A 

HARDER PROBLEMS OR HEIGHTS AND DISTANCES 

112. Some simple practical applications of Trigono- 
metry, dealing with easy problems on determination of 
heights and distances, have already been discussed in 
Chapter V. The problems in the present section are of 
a more general character, requiring for their solutions, the 
general relations between the sides and angles of a triangle, 
as also some geometrical skill. 

113. To find the height and the distance of an inacces- 
sible object standing on a horizontal plane. 

c c 



B 



Kg- (>) Pig. (ii) 

Let CD be the object, which is observed from a point A 
on a horizontal ground, a being the,, observed elevation 
of its top 0. Let h be the required height CD and d the 
required distance AD of the object from A. 

Case I. It possible, measure off any suitable distance 
AB(-e) from A directly towards the object, and from B let 
the observed elevation of C be p. 
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Then from fig. (i), 

c - AD - BD — h cot a - h cot P 
, W oos a _ 008 ^ h sin (g-a) _ 

\sin a sin pi sin a sin P 

fe “ c sin a sin j3 cosec (0 - a). 

Also d “ AD — h cot a « c cob a sin p cosec (/? - a). 

Note. Each of the above expressions for h and d is in a suitable 
form for logarithmic computation. 

Case IL If however it is not convenient to measure 
the length AB directly towards the object, we may proceed 
as follows : 


Measure off the length AB («c) in any suitable direction 
from A. From A let the observed elevation of C be a as 
before. The angles CAB and CBA are also observed from 
A and B respectively. Let these be 0 and <t > . 


We get from fig. (ii) in this case, 


in A ABC, 


AC = AB_ 
sin <t> sin C 


t e " “ sin UHO 0 - sin (0 + <t>) ' 

.*• AC*=c sin <f> cosec (0 + <f>). 

/. h — AC sin a = c sin a sin <t> cosec (0 + $ 
and d«AD*» AC cos a«c cos a sin ^ cosec (0 + ^), 
Note. Here also, the expressions for h and d are suitable for 
calculation by logarithm. 


114, To find' the distance between two visible but 
inaccessible objects . 

Let P and Q be the objects whose distance apart is 
required. 
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Take two suitable points A and B for observation, the 
distance between which is measured, say c. 



At A , measure the angles FAQ, FAB t and QAB (the 
second observation being unnecessary if all the four points 
P, A, B, Q are in the same plane, for in that case, fLPAB 
— Z.PAQ + LQAB) % Let these be 0, a and P respectively. 


At B measure the angles PBA and QBA t and let them 
be y and <3. 


Prom A FAB, 
whence, 


FA m c c ^ 

sin y sin (180° - ci - y) sin (a + y) 
FA — c sin y cosec (a + y). 


Similarly, from AQAB , 

QA — c sin S cosec (p + d). 


Lastly, from A FAQ, 

PQ* -PA* + QA*- 2PA.QA. cos 0. 

Thus FQ is determined. ^ 

115. Some more illustrative examples of harder pro- 
blems on heights and distances are worked out below. 


Ex. 1. A flagstaff is fixed on the top of a tower stand- 
ing on a horizontal plane . An observer walking directly 
towards the foot of the tower , observes the angle’, subtended 
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by the flagstaff from two positions on his path to be the same 
namely 0 . The distance between these two positions is d , and 
the angle subtended by the tower at his first position is a. 
FindUhe height of the tower , and the length of the flagstaff . 



Lot CD be the tower, PC the flagstaff, whose heights 
required are h and l respectively. A and B are the points 
of observation. 

ZPZG — fLPBC^O, the points P, A , B , C are 
concyclic. 

. \ Z CBD - Z APC - 90° - Z PAD - 90° - (0 + a). 

Now d— id D — BD^h cot a- ft cot (CBD) 

" ft {cot a - tan (0 + a)} 

. -l __ sin (6 + a)l ^ cos (0 + 2a) b 

n Isin a cos (0 + a)J * sin a cos (0 + a) 

ft « d sin a cos (0 + a) sec (0 + 2a). 

Again, from A ZPC, 

l ^ AO m ft d 

sin 0 sin ZPC sin a cos (0 + a) cos (0 + 2a) 

•\ l-d sin 0 sec (0 + 8a). 
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Ex. 2. A man walking towards a building , on which a 
flagstaff is fixed , observes the angle subtended by the flagstaff 
to be greatest , when he is at a distance d from the building . 
If B be the observed greatest angle , find the length of the 
flagstaff and the height of the building . 



Let QB be the building, and PQ the flagstaff. It is 
easily seen from Geometry that the point of contact A of a 
circle through P and Q touching the path of the observer 
on the ground, is the point at which the angle subtended by 
PQ is greatest. 

Thus L QAB = L APQ - a say. 

Then, LPAB + A APB - 90°, 

or, 0 + 2a«9O°. (i) 

Now, PQ-PB-QB**d tan (0 + a)-dtana 
— J sin (0 4- a) _ sin aj 
loos (0 + a j cos a/ 

— ^ sin 0 2 d sin 0 

cos (0 + a) cos a cos (0 + 2a) * cos 0 

■ 2d tan 0. [/row (ij ] 

Also, QB^d tan a-d tan| j - 
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Ex. 8. The angle of elevation of a light at the top of 
a distant tower from a point 12 ft . above a lake is 24° 55', 
and the angle of depression of its reflection in the lake is 
36° 5\ Find the height of the tower correct to two decimal 
places 9 having given 

log 2 - ‘30103, log 3 -*47712 
log 588 - 2*76938, log 589 - 2*77012 

Lsin 10° 10'- 9*24677. 



Let L be the light at the top of the tower LM 3 LRO the 
ray from L , which reflected in the lake at R t reaches the 
observer 0, so that OR is the direction in which the 
reflexion is seen, and thus, from the laws of reflexion, 
i LORA — /LLRM' m <> (say) which is evidently equal to the 
angle of depression of the reflexion, e.e., 35° 5'. 

Let 0 denote the angle of elevation of L from * O, 
ie. t 24° 65'. 

Now from the figure, in AORL t 


RL 


OR 


12 


sin (0 + <t>) sin (<t> - 6) sin sin - 0) 


ft. 


^ __ t* ifjr . j „ rt sin(0 + <f>) sin 60 

h ■* LM - RL sm 4> - 12 — — ;t ~ — m 12 — — /; 

sin ($- 0) sm (10 10 J 

§78 2 . 8 * 

" sin (10* 10) Bin (10* 10')’ 
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Hence, log ft -log (2,3^) -log sin (10° 30') 

-log 2 + § log 3 + 10- L sin (10° lO0 
— ‘30103 + 1C 47712) + 10 -9 24677 . 
-176994. 

From the given data, it is seon that 

log ft lies between log 58’8 and log 58‘9. 

Hence, if ft -58*8 + z, dill, for *1-177012-176938 

- ’00074, 

and diff. for x - 176994 - 176938 - ‘00056. 

/. by the theory of proportional parts, 

*1 " 74 "* 75. .‘ . r *=* *075 - *08 approximately. 

Thus, ft-56‘88 ft. 


Examples XVII (a) 

1. The angles of elevation of the top of a palm tree 
standing on horizontal ground, observed from two points 
A and B, distant 40 and 30 feet from the foot, and in the 
same straight line with it are found to be complementary. 
Prove that the height of the tree is nearly 35 feet, and that 
the angle subtended at the top of the tree by the line AB is 
sin" x ih 

2. The angles of elevation of an aeroplane from two 
places one mile apart and from a point half way between 
them are found to 60°, 30° and 45° respectively. Show that 
the height of the aeroplane is 440 */§ yards. 

8. A building with ten storeys, each of equal height 
x ft, stands on one side of a wide Btreet, and from a point 



222 


INTERMEDIATE TRIGONOMETRY 


on the other side of the street directly opposite the building, 
it is observed that the three uppermost storeys together and 
the two lowest storeys together subtend equal angles. Show 
that the width of the street is x J 140 ft. 


4. A two storeyed building has the height'of its lower 
storey 12 ft. and that of the upper storey 13 ft. Find at 
what distance the two storeys subtend equal angles to an 
observer's eye at a height 5 feet from the ground. 

5. A vertical rod is erected in a horizontal rectangular 
field ABOD. The angular elevation of its top from A, B, 
O t D are a, /?, y t <5. Show that 

cot a a - cot 2 ]? " cot B 3 - cot 2 y« 

6. The angles of elevation of a bird flying in a hori- 
zontal straight line, from a fixed point at four successive 
observations are a, /3, y, <5, the observations being taken at 
equal intervals of time. Assuming that the speed of the 
bird is uniform, show that 

cot 2 a - cot 2 <5 — 3(cot 2 /? - cot 2 y). 


7. A man on a hill observes that three towers on a 
horizontal plane subtend equal angles at his eye and that 
the angles of depression of their bases are a, p, y. If a, b t c 
are the heights of the towers, prove that 

sin ( p - y) + sir (y — n) + gin ( a - p ) ^ 
a sin a fcsin p o sin 7 

8. A gun is fired from a fort F at a distance d from a 
station 0, and from two stations A and B in a straight line 
with 0 and distant a and b respectively from 0, the inter- 
vals between seeing the flash and hearing the report are 
t and t\ Show that the velocity of sound is 



3 - ab){a — b) 
at'* - bt* 


9. A person observes the elevation of the top of a 
telegraph post which is E. S. E. of him to be 45°, and at 
noon f the extremity of its shadow is to the N. E. of him ; 
if the length of the sh adow be x, shew that the:height 
of the. post is x J 
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10. A straight tree on the horizontal ground leans 
towards the North ; at two points due South and distant 
a, b respectively from the foot, the angular elevations of the 
top of the tree aro a and /?. Show that the inclination of 
the tree to the horizon is 

, - 1 / azk \ 

aD \a cot /5 - b cot a; 

11. An observer on a carriage moving with a speed V 
along a straight road observes in one position that two 
distant trees are in the same line with him which is inolined 
at an angle 0 to the road. After a time t , he observes 
that the trees subtend their greatest angle <f > ; show that the 
distance between the trees is 

2 Vt sin 0 sin tf>/(oos 0 + cob <£). 

12. A train travelling on one of two straight intersecting 
railways subtends at a certain station on the other line, 
angles a and /?, when the front of the first carriage and the 
end of the last carriage reach the junction respectively. 
Show that the angle of intersection of the two lines is 

, _i2 sin a sin /3 

tan sin (a-fifr 

13. Two vessels are sailing in parallel directions, and at 
one instant the bearing of one from the other is a° N. of E. 
After an hours sailing the bearing of the first from the 
second is p° N. of E., and after another hour the bearing 
is 7° N. of E. Show that the vessels are sailing in a 
direction 6° N. of E., where 

sin (a — 6) sin (y - j8) — sin (j3 - a) sin (y - 0), 

14. A rod of given length can turn in a vertical plane 
passing through the sun, one end being fixed on the ground; 
if the longest shadow it can cast is 3 j times the length of 
the rod, calculate the altitude of the sun, having given 

log 3 -'47712, L 008 72* 82' 3(f-9’47712. 

15. A skip sailing N. E. is, at a particular moment, in a 
line with two light-houses, one of which is situated 5 miles 
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due N. of the other. In 3 minutes and also in 21 minutes 
the light-houses are found to subtend a right angle at the 
ship. Prove that the ship is sailing at the rate of 20 miles 
an hour, and that the light-houses subtend their greatest 
angle at the ship at the end of 3 J r i minutes. 

16. A parachute was observed in the N. E. at the eleva- 
tion 45° ; ten minutes afterwards it was found to be due N. 
at an elevation 22|°. The parachute was descending at the 
rate of 6 miles per hour, and was all along drifted uniformly 
towards the west by the wind. Show that wind blows at 
the rate of 6 miles per hour. 

17. A person wishing to determine the height of a 
distant temple observes the elevation of its top from a 
point on the horizontal ground through its base to be 30°. 
On walking a distance 80 n/3 ft. in a certain direction, he 
finds the elevation of the top to be the same as before, and 
then on walking a distance 80 ft. at right angles to the 
former direction, the elevation is found to be 45°. Show 
that the height of the temple is 80 ft. 

18. The shadow of a telegraph post is observed to be 
half the known height of the post, and sometime afterwards 
it is equal to the known height ; how much will the sun 
have gone down in the interval, given 

log 2 -*30103* L tan 63° 26'- 10*3009994 
and diff. for l' - 3159 ? 

19. The side of a hill faces due S, and is inclined to the 
horizon at an angle a. A straight railway upon it is 
inclined at an angle P to the horizon ; show that the bearing 
of the railway is 

cos" 1 (cot a tan p) E. of N. 

20. A spherical time-ball of diameter d at the top of a 
tower subtends an angle 2a at a point on the ground from 
which the elevation of its centre is 0 ; prove that the height 
of the centre of the ball above the ground is sin 0 cosec a . 
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Sec. B— Summation of Finite Series 
116. Method of Difference. 

When the rfch term of a trigonometrical series can be 
expressed as the difference of two quantities, one of which 
is the same function of r as the other is of (r + 1), the sum 
of the series may be readily found as illustrated in the 
Examples 1 and 2 below. 


Ex. 1. Find the sum of the series . 

(i) cosec 9 + cosec 29 + cosec 2 2 9 + ■•• + cosec 2 n ~ 1 9 . 


stn x 


stn x 


stn x 


J sin 2x sin 3* sin 3x sin 4x sin 4x sin 5x 


to n terms . 


(i) We have cosoc 0— -i 
sm 9 sin \9 sm 9 

^ sin (d-id) 
sin %9 sin 9 

sin 0 co s j?d ~ 009 ?...?!?_ 4? 
sin id sin 0 

— cot id — cot 0. 

jldus, cosec 9 — cot id — cot d. 

Similarly, cosec 2d — cot d — cot 2d. 

cosec 2*d — cot 2d - cot 2*d 


cosec 2 n “ x d — cot 2 n "*d-oot 2*" x d. 
by addition, the required gum 

— cot id -cot 2 n " 1 d, 


15 
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(ii) Here, rth term 

_ sin 0 

sin(r + l)® sin (r + 2)® 

— sin {(r + 2)-(r+l)} ® 
sin (r + 1)0 sin (r + 2)0 

« si n (r + 2)0 cos (r + 1)0- cos (r + 2)0 sin (r + 1)0 
sin (r + 1)0 sin (r + 2)0 
" cot ( r + 1)0 - cot (r + 2)0, 

Putting r“l, 2, 3 ,...n and adding, the sum of the 
required series would be found to be 
cot 20 - cot (to + 2)0. 


Ex. 2. 


tan mX 


Find the sum of the series 
1 + 1 . 20 * tan 1 + 2 . 30 * 


+ 


+ tan ~ x - , . 8 

1 + toIto + 1)0 


Here, rth term "tan -1 
= tan 


1 + Hr +1)0* 

1 (f + l )ff - r® 
l+(r + l)®.r® 
■■tan" 1 (r+ 1)0- tan’ 1 r0. 

putting r - 1 , 2, 3, to , we have 


tan 


•1 1 


: "tan“ 1 20- tan“ 


tan" 1 


0 

1 + 2.30* 


— tan" 1 30 - tan" x 2® 


" tan ' 1(n + 1)8 ~ tan " lwa: - 

by addition, the required sum 
** tan" x (n + 1)0 - tan" 1 ®. 
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117. Sometimes the rth term of a series, when multi- 
plied by a factor, can be expressed as the difference of two 
quantities one of which is the same function 01 r as the 
other is of (r+ 1). It is illustrated in the following two 
oases. 

(I) Sum of sines of n angles in A. P. 

Let the angles in A.P. be a, a + p, a + 2 + (n - 
the first term being a, and the common difference, 0. 

Let S denote the sum of the series, 

sin a + sin (a + P) + sin (a + 20) + ••• + sin {a + (n - 1)/?}. 

Multiplying each term of the above series by 
2 sin (half difference ). i.e., by 2 sin ip, we have, 

2 sin a sin ip - cos (a - ip) - cos (a + ip) 

2 sin (a + P) sin ip cos (a + ip) - cos (a + $0) 

2 sin (a + 2/5) sin 40 - cos (a + |0) - cos (a + f 0) 


2 sin {a + (n - 1)0} sin ip 

I ^n-Z\ I 2w - 1 \ 

“COB + — 2~^)-cos| a H ~ py 

Adding vertically, we have 
2 sin 40.S = cos |a- ^ j - cos |a+ 

«2sin(a+~^) sin ~J- 


S 








Cor. Putting p - a, we get 

sin a + sin 2a + sin 3a + + sin »a 



n+1 
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(II) Sum of cosines of n angles in A,P. 

As before, let S denote the sum of the series 

cos a + cos (a + p) + cos (a + 20) + + cos {a + (n - 

Multiplying each term of the above series by 
2 sin ( half difference ), we have, 

2 cos a.sin ip — sin (a + ip) - sin (a - ip) 

2 cos (a + /?).sin ip » sin (a + * p) - sin (a + ip) 

2 cos (a + 20).sin ip ** sin (a + f j3) - sin (a + %p) 


2 cos {a + (n - l)p], sin ip 


, / 2»-l \ . / 2w-3^\ 

-sm|a + " sm \ a + P)' 

Adding vertically, we have 

2 sin 4/1.5 - sin | a + 0 j - sin |a - 1 j 

-2 C08 (a + ”— V) sin ? |- 


S- r- cos 

din IZ 


( c+£ i 1 4 


Cor, Putting P *■ a, we get 

. na 

2 +1 

cos a + cos 2a + cos 3a + ••• + cos rta *■ — • cos 

a 2 

8m 2 

Note. The sum of the cosine series may be deduced from that of 
the sine series by writing a+~ for a. 
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As an aid to memory, the two formulas of this article 

may be expressed i a language as follows : 

n~l a + a + (» — 1)5 
since, a + 2 “” P “2 ’ 

Sum of sines of n angles in A.P. 

. n-diff. 

2^ . first angle + last angle 


Sum of cosines of n angles in A.P. 

2 first angle + last angle 

~ . m cos ' " 2 

® tn ~2 

mB 

Note. From the above formulae, it is clear that if Bin - «0,-then 
the sum of the sine series as also tho sum of the cosine series is zero. 
Now, if sin *0, then = br or where 1c is an integer. 

A A 71 

Thus, the sum of the sines and the sum of the cosines of n angles in 
A , P. are each equal to zero when the co7nmon difference of the angles 

is an even multiple of * • 


Ex. 1. Find the sum of n terms of the series 
sin a - sin (a + p) + sin (a + 2/3) - ••••■• 

Since, sin (n + 0) — - sin 0 ; sin (2n + 0) i *sin 0 etc, 

/. the series is equal to 

sin a + sin (:i + a + /3) + sin (2« + a + 2/3) + ••••** 
i.e. 9 equal to a series in which the common difference of 
the angles is p + n and the last angle is a + (to ~ l)(j3 + n). 




230 


INTERMEDIATE TRIGONOMETRY 


Ex. 2. Find the sum of the series 

sin* 0 + sin* 20 + sin* 30 + ••• +sin*nO. 

Since, sin a 0 = £(1 “ cos 20) ; sin a 20“ 4(1 “ cos 40) ; &c. 

.*• the given series 

“4(1 "cos 20) + -J(l-cos 40) + '** +4(1 -cos 2»0) 
n 1 

6=5 o " o (cos 20 + cos 40 + — + cos 2n0) 
a a 

“ n - v ~~~ COB (»+ 1)0. [ by Art. 117 ] 

A A sin V 

Ex. 3. Sum the series 

cos a + 2 cos (a + 0) + 3 cos (a + 2)5) + ••• 

' ••• +n cos {a + (n — 1)0}. 

Let u r denote the rth term and S denote the sum of 
the given series. 

Now, 2 cos p.Ur** 2 cos 0.r cos {a + (r- 1 )0} 

“ r [cos (a + rp) + cos {a + (r - 2)0}]. 

putting r = 1, 2, 3,...n and adding together, 

we get 2 cos 0.S. 

Now, subtract 2 cos p.S from 2 S ; then 

2S(1 - cos P) *» (« + 1) cos {a + {n - 1)0} 

- cos (a - 0) - n cos (a + n0). 

Then, dividing by 2(1 - cos 0), S, the sum of the required 
series would be obtained. 

Note. Similarly the sum of the series 

sin a+2 sin (o+0) + 3 sin (a+ 20)+ •••+** sin {a+(n— 1)0} 
would be obtained. 
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Examples XVII(b) 

Sum the following series to n terms : 

1 * sin a + sin (a - — J + sin (a - ” J + 

2. eos a + cos (a + ^ j + cos (a + + 

3. sin a — sin 2a + sin 3a 

4* cos 2 0 + cos 2 20 + cos 2 30 + 

5. sin 8 a + sin s 3a + Bin 3 5a + ( 

6. sin 2 0 - sin a 20 + sin 2 30 - sin 2 40 + 

7. sin 4 a + sin 4 2a + sin 4 3a + 

8. cos 0 - sin 20 - cos 30 + sin 40 + cos 50 - sin 60 * 

9. sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a + 

10. cos a cos 3a + cos 3a cos 5a + cos 5a cos 7a + •••• 


Find the sum of the following series : 

44 n . 3» , , , 17r, 

11. cos ^ + cos jg + cos jg + ••• + cos 19 • 

12. sin 5° + sin 77° + sin 149°+ ••• + sin 293°. 

40 . 2* . . 4» , . 6» , . . 2 nn 

13. sin — + sm + sm — + ••• +sm • 

n n n n 

14. sin na + sin (n — l)a + sin (« - 2)a + ••• to 2fl terms. 

15. Prove that 

/,\ sin 0 + sin 30 + sin 50 + ••• to n terms . - 

li; o tv" am: — r — t ■ B tan »0. 

cos 0 + cos 30 + cos 50 + ••• to n terms 

(ii) sin*a + sin 2 (o + “) + sin 9 |a + ^ E j + *** to n terms 
-in. 
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Sam to n terms : 

16. sec a sec 2a + seo 2a bog 3a + sec 3a sec 4a + 1 

ill 

17. 


18. 


sin 0 sin 2 0 Bin 20 sin 30 sin 30 sin 40 


cos a + cos 3a cos a + eos 5a cos a + cos 7a 

19. cot 0 cot 20 + cot 20 cot 30 + cob 30 cot 40+ ••• 

20. tan a + 2 tan 2a + 4 tan 4a + 8 tan 8a + 

[ tan a = cot a — 2 cot 2a ] 


21 . 

22 . 


• nil • 2 20 , . o- • g 30 . . . n . 2 40 , 

Bin 20 sin g- + sm 30 sin — + sm 40 sin — + ■ 

sin x , sin 3x , sin 3*x . 

mfm -- - -J- rnfm •••••• 

COS 3x QOB 3 *X COB 3 JC 

[ 1st term = J (tan 3® — tan a) ] 

1 


1 

1 + 1 + r 


tan" 1 rr, A ; ^ + tan" 1 


+ tan 


1 + 2 + 2 
-i 1 


24. t« -1 r+l5+tan-* 1 + 8>5 


1 + 3 + 3 a 

2 . ;__.x 


+taa-1 r+6:7 + 


25. cot” 1 (2.1 2 ) + cot“ 1 (2.2*) + cot” 1 (2.3 a )+ ,-# 

26. tan x + | tan | ® tan ^h<r + 

27. cos x cos 2x cos 3x + cos 2x cos 3a? cos ix + ■ 

28. cos 0 + 2 cos 20 + 3 cos 30 + + n cos n0. 

29. Find the sums of the series 

(i) sin a + sin 2a + sin 3a + • •• to n terms 
and (ii) Bin a + sin 3a + sin 6a + • • • to n terms 
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and hence deduce respectively the sums of the series 
(a) 1 + 2 + 3 + — to n terms 
and (6) 1 + 3 + 4 + ••• to n terms. 

30. Sum the series 

tan x tau 2x + tan 2x tan 3x+ + tan nx tan (« + l)x 

and hence deduce the sum of the series 
1.2 + 2.3 + ••• + n(n + l). 

31. If 0 be the exterior angle of a regular polygon of 
n sides, show that 

(i) sin a + sin (a + 0) + sin (a+20) + ••• to n terms — 0. 

(ii) cos a + cos (a + 0) + cos (a + 20) + ••• ton terms “ 0. 

32. A regular polygon of n sides is inscribed in a circle 
of radius a ; prove that 

(i) the sum of the lengths of the perpendiculars drawn 
from the angular points upon any diameter is zero ; 

(ii) the sum of the lengths of the lines joining any one 

71 

vertex to each of the other vertices is 2a cot - 


Sec. C— Elimination 

118. The elimination of trigonometrical functions from 
given equations is a very important and common mathemati- 
cal problem. There are no set rules to effect the elimination. 
The form of the equations will often suggest special methods, 
and in addition to the usual algebraical artifices, we shall 
always have at our disposal the identical relations subsist- 
ing among the trigonometrical functions. 

The following examples will illustrate some useful 
methods of elimination. 
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Ex. 1. Eliminate 0 between the equations 
a cos 0+6 sin 0 + c *■ 0 
a cos 0 + if sin 0 + c ** 0. 


From the given equations, we have, by cross-multi- 
plioation, 


cos 0_ sin 0 1 

be - b'c ca ' - c'a ab' - o!b 


cos 0 


be - b 'c t 
ab ' - ab 


and sin 0 


ca - ca 
ab 9 — ab 


Squaring and adding, we get 

{be - b'c)* + {ca' - ca)* - (ah' - a'6) 2 


as the required eliminant. 


Ex. 2. Eliminate 6 from the equations 

x sin 0 + y cos 6*= 2a sin 26 
xcos 6-y sin 0*=*a cos 20. 

Solving as simultaneous equations in x and y % we have 
x-a(cos 20 cos 0 + 2 sin 20 sin 0) 

“ a[cos (20 - 0) + sin 20 sin 0] 

“ a(cos 0 + 2 sin 2 0 cos 0), 
y - a(2 sin 20 cos 0 - cos 20 sin 0) 

— a(sin 0 + sin 20 cos 0) • a(sin 0 + 2 sin 0 cos 2 0). 
•\ x + y — o( sin 0 + cos 0)(1 + 2 sin 0 cos 0) 

— a(sin 0 + cos 0)(sin 0 + cos 0) 2 “ a(cos 0 + sin 0)*; 
Similarly, 

a:-ir*a(eos 0- sin 0)(l - 2 sin 0 cob 0) 

« a(cos 0 - sin 0) 8 . 



ELIMINATION 


285 


.* . a^(cos 0 + sin 0 ) -» (® + yft ■ ■ • (i) 

aH cos 0 - sin 0 ) - (® - yft. . . . (ii) 

Hence, squaring and adding (i) and (ii), we have, 

(® + y) s + (® - */)* * 2 a^ 
as the required eliminant. 


,Ex. 3. Eliminate x and y from the equations 
a sin 2 x + b cos 2 x*~c, b sin*y + a co$*y wa d, 
a tan x*=b tan y . 


From the first equation, we have 

a sin 8 ® + b cos 8 ® *» c (sin 8 ® + cos 8 ®), 
(a-c) sin 8 ®-(c - 6 ) cos 8 ®. 


tan 8 ® 


a-c 


From the second equation, we have similarly 
6 pin 2 i/ + a cos 2 y m *d (sin 8 2 / + cos 2 i/}. 


tan 8 # 


d- a 
h- d 


From the third equation, 

a 8 tan 8 ®" 6 2 tan 2 y, 

. a'ic-Vl ^ bHd-a) 
a-c b-d 

This, when simplified, reduces to 


~ + f " - + 3 • the required eliminant. 
a b o d 
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Examples XVII(c) 

Eliminate 0 from the following pair of equations 

1. cot 0 (l + sin 0) — 4a. 

• cot 0 (l — sin 0) — 4 6. 

2. x — a cos 0 + 6 cos 20 
y — a sin 0 + 6 sin 20. 

8. a; = tan 0 + tan 20 
y =* cot 0 + cot 20. 

4. a sin 0 + 6 cos 0=1. 

a cosec 0-6 sec 0 = 1. 

5. x = sin 0 + cos 0 sin 20 
3 /«=cos 0 + sin 0 sin 20. 

6. a? + a = a (2 cos 0 — cos 20) 
y = a (2 sin 0 — sin 20). 

7. a: = 3 sin 0 - sin 30 
y = cos 30 + 3 cos 0. 

8. a; « cot 0 + tan 0 
1 / — sec 0 — cos 0. 

9. x sin 0—y cos 0“ Jx 2 + i/ a 
cos a 0 sin*0 1 

"a- + ‘6» "a a +l/-‘ 

10 . ~ ■» cos 0 + cos 20 

a 

sin 0 + sin 20. 
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11 . 


cue 

cos 0 


J>V_ 

Bio 0 


a® - 6 


2 


ax sin 0 by cos 0 
cos 2 0 skiV" 0, 


12 . 


cos 


I - ^ sin 0* 

h 


‘COS ! 


- sin B + f! cos 0 = 2 sin 
a b 

18. x « cosec 0 - sin 0 
y * soc 0 - cos 0. 

14. sin 0 + cos 0 • a 
sin s 0 + cos 8 0 ■= b. 

15. ® cos 0 + r sin 0 - 1 

a o 

a; sin 0 -y cos 0 s= (a a sin 2 0 + 6 2 cos^0) ? 

Eliminate 0 and from the foll<%i»g equations 
{Ex. 16-19 ) : — 

16. sin 0 + sin </> = &, cos 0 + cos 4> m y % 0-<£« o. 

17. tan 0 + tan </> * a, cot 0 + cot </> ** b, 0 + ^ — a. 

18. a sin 2 0 + b cos 2 0~a cosV + b sin*<f>»l t 

a tan 0 » b tan <t>. 

19. sin0 + sin <#>“«, cos 0 + cos ^“b, sin20 + sin 24> m 2c. 

20. If (a + 6) tan (0 - <fr) - (a - 6) tan (0 + 4>) and 
a cos 2 4> + b oos 20 m c t show that 

a 2 - b 2 + c 2 - 2ac cos 24>. 
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1. To prove that 

Bin 6 < 6 < tan 6 


usher#? is circular measure of any positive acute angle. 



Let AOP he a positive acute angle whose radian measure 
is 0, and let QOA be an equal angle on the other side 
pi OA.~ With centre 0 and any radius, a circle is drawn 
cutting OP, OA, OQ at P, A, Q respectively. PQ is joined 
catting OA at N. The triangles OPN and OQN are easily 
seen to be congruent, so that PN-QN and PNQ is 
perpendicular to OA. The tangent PT to the cirole at P 
cutting OA at T, A. OPT is a right angle. TQ being 
joined, the triangles OPT and OQT are easily proved to "be 
congruent! so that PP “ TQ. 

The figure is thus symmetrical about 6A. 


Then, from the figure, 


sin 0 


PN 

OP 


1 PQ 

2 OP 


0 

tan 0 


aro PA J. aro PAQ 
OP " 2 OP 
PT 1 PT+QT 

op" 2 OP 
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Now we may take it as axiomatic that the straight line 
PQ is less than the curved arc PAQ, and that the curved 
arc PAQ which always bends the same way, being within 
the triangle PTQ % is less than PT+ TQ . 

Hence, since PQ < arc PAQ < PT+ QT % 

we have, on dividing throughout by 20P 
sin 0 < 0 < tan 0, 

Alternative method : 

Let ABG be a circle whose centre is 0 and radius r. 



Let AOB — 0 radians. 

Draw BT the tangent at B to meet OA produced at T ; 
then BT=*r tan 0. 

We know that if the angle of a sector of a circle of 
radius r is 0 radians, its area — ir*Q, 

Now from the figure it is obvious that 
AOAB < sector OAB < AOBT 
•\ ir 8 sin 0 < br 2 0 < br.r tan 0, 
i.e. f sin 0 < 0 < tan 0. 

Cor. If now 0 becomes infinitely small, we can prove 
* * sin 0 . 
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Lt cos 6-1, 

0*0 

and Lt !SE»_i. 

e+o 6 

For, since, sin 0 < 0 < tan 0, 
we get, by dividing by sin 0, 

1 < . 0 „<— 1 
sin 0 cos 0 

This is true, however small 0 may be, provided it is 
positive. When 0 becomes infinitely small, OP and ON 
practically come into coincidence, so that 

cos 0 = ultimately becomes 1. 

Hence, Lt cos 0— 1. 

6-*0 


1 0 
In that case — also tends to the value 1. But --~- 
cos 0 sin 0 


always lies between 1 and which ultimately come into 


coincidence, and so - — - also ultimately coincides with 1. 
sin u 

Thus ■■ 1 in the limit. 

Again, from 

sin 0 < 0 < tan 0, 

We get by dividing by tan 0, 


cos 0 < 


tan 0 


< 1 


Q 

and as 0 0, cos 0 -> 1 and - — - always lying between 

tan o 


cos 0 and 1 which come into coincidence, 

limit, and so Lt “j-- — l. 

• 0*0 0 


tan 0 


■ 1 in the 


Henoe, the results. 
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2. Formula for sin(A + B) and cog(A+B) where A 
and B are of any magnitude . ( Generalisation of Art , 33.) 



In Article 33, formulae for sin ( A + B) and cos (A + B) 
were deduced geometrically with a figure in which A and B 
were acute and (A + B) less than 90°. We now prove them 
in a more general case. 

Let a revolving line, starting from OX % trace out an angle 
XOZ“ A and further trace out an angle ZOP m B, so that 
the total angle traced out is (A + B). From any point P on 
the final position of the revolving line, PN and PT are 
drawn perpendiculars to OX and OZ (produced it necessary, 
as in the above figure), and from T perpendiculars TM and 
TB are drawn on OX and PN (produced if necessary), 

In the figure above, Z.POT- JB- 180°, and since PN 
and PT are perpendiculars to OX and OZ respectively, 
LTPB~ LTON- 180°- LXOZ i.e. t 180 *-A. 

In considering sin (A + B) and cos (A + B) from the 
triangle NOP , it is to be noted that PN is negative and ON 
and OP are positive. 

If we consider only the positive magnitudes of the sides 
of the acute-angled triangle OTM , PTB and OPT , then 
PN with its proper sign may be written as -(TM-PB), 
and ON with its proper sign may be written as OM + TB . 


Now, from the figure. 


sin (-4 + .B) 


PN 
OP m 


TM_-PB 

OP 


16 
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TMOT PR PT 
m ~OTOP PT'OP 
- - Bin TOM cos POT + cos TPB sin POT 
“ - sin (180° - A) cos (J5 - 180°) 

+ cos (180° - A) sin ( B - 180°) 
■* - sin A[ - cos B) + ( - cos A)( - Bin 2?) 

• sin A cos B + cos A sin B . 


Again, 
cos (A + B) 


ON OM+RT 
OP " ~ OP 


OMOT RTPT 
m OT OP PTOP 

■cos TOM cos POT+ sin TPR sin POT 

■ cos (180° - A) cos (B - 180°) 

+ sin (180° - A) sin (B - 180°) 

■ ( - cos A\ - cos B) + sin A{ - sin B) 

■ cos A cos B - sin A sin B . 


8. Formula for sin (A - B) and cos (A - B) in a more 
general case . ( Generalization of Art . 34. ) 



Here XOZ measured counter-clockwise is A and ZOP 
measured clockwise has magnitude B so that XOP measured 
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clockwise is A - B. Prom P, PN and PT are drawn per- 
pendiculars on OX and OZ (produced in this figure), and 
from T t TM and TE are drawn perpendiculars on OX 
and PN. 

In the present figure, magnitudes of the acute angles 
TOM and POT are 180° - A and B - 180° respectively, and 
noting that PNOT is a cyclic quadrilateral (A. 9 N and T 
beingright angles), LRPT— L TOM — 180° - A in magnitude. 

Now, we see that in considering sin {A - B) and cos (A - B) 
from the triangle NOP , PN and ON are of negative sign. 

Hence, 

. (A PN 
sin (A - B) - 

MT + PR 
" ~ — 

where the magnitudes of MT, P.72, etc. only are considered, 
MTOT PR PT 
~ ~ OTOP-PT OP 

- - sin TOM cos POT- cos PPP sin POT 

- - sin (180° -A) oos(B- 180°) 

- cos (180° - A) sin (B - 180°) 

- - sin A( -cos B)-(- cos A){ - sin B) 

- sin A cos B - cos A sin B . 

Similarly, 

ON 

COS (A - B) » Q-p [ where ON is taken with proper sign ] 

v _ NT— OM [ where magnitudes only of 

OP BT, OM etc. are considered ] 

RTPT OMOT 

“ "prop orop 

- - sin BPr sin P02*+ cos TOM cos BOZ 7 

- - sin (180° - 4) sin (B - 180') 

+ ooa (180° - cob (B- 180*) 
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■* — ain A ( — sin J3) + ( — cob .4)( — cos B) 

— cos A cos B + sin A sin B. 

4. A few particular cases of sin (A ± B), cos (A ± B). 

Case I. In the case A and B are both acute and 
U+B)> 90°. 

Construction same as in Art. 33. Here Q, the foot of 
the perpendioular will fall on XO produced. 

Z.TPR- 90° - ATRP- ATRO- AROS- A. 
sin (A + 2J) — sin XOP 

PQ QT+TP 
“ OP“ “ OP 

RS+PT RS PT 
OP “ OP OP 

RS OR PT PR 
“ OR OP PR OP 

“ sin A cos B + cos TPR sin B. 

“ sin A cos B + oos A sin B. 



„„ TTnPrs [ Magnitude o! OQ being 

cos U + £)- cos XOP m - 0 p considered ] 

so-so os sg OS TB 

~~ OP ~ OP~ OP~ OP~ OP 
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OS OB TB PB 

* OR OP ~ PR OP 

•cos A oos B - sin TPB sin B 

• cos A cos B - sin A sin B> 


Case II. In the case A is obtuse and B is acute, but 
(A + B) < 180°. 


Construction game as in Art. 33. 


Here ZTPB- 180° - £RPQ- LROQ» 180*- A. 


. sin TPR 
sin (A + B)' 


• sin A ; oos TPR — - cos A. , 

. PQ QT-PT RS-PT 

’ sin XOP — Qp — Qp - op ~ 

ES_PT RSOR PT PR 
‘ OP OP “ OR OP ~ PROP 


— sin A cos B - cos TPR sin B 

— sin A cos B + cos A sin B. 



cos (A + B) — cos XOP “ 


OQ 

OP 


[ Magnitude ot OQ being 
considered ] 


0S+J3Q OS _SQ 
OP ” “ OP OP 
OS OR TR PR 
m ~ OR OP ~ PR OP 

— oos A 008 B - sin TPR sin B 

— cos A cos B- sin A sin B. 
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Case III. In the case A and B are both obtuse and 
(A- B) is acute. 

Construction same as in Art. 34. 

Here L TPB -Z.POS- 180* - A. 



sin ( A - B)“ sin POQ 

PQ PT-BS 
"OP" OP 

PT BS PT PR BS OR 
“ OP~ OP* PB OP~ OB OP 

— cos TPB sin POB - sin BOS oos POB 
-cos (180° -A) Sin (180° -B) 

— sin (180° - A) cos (180° - B) 

— — oos A sin B — sin A ( — cos B) 

— sin A cos B— cos A sin B. 

cos (A — B) — oos POQ 

OQ O S±SQ wm OS-t-BT m qS.BT 
"OP" OP “" OP" "op OP 

OS OR. BT PR 

" OR OP + PB OP 

— oos BOS. cos POB + sin TPB. sin POB 

— oos (180 ' -A) oos (180* - B) 

+ sin (180° - 4) sin (180°- B) 
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— ( - cos -4X * oos B) + sio A sin B 
■* cos A cos B + Bin A sio B, 

Note. Other particular cases of the above four formulas can easily 
be proved exactly in the same way by drawing the corresponding 
figures in each case and making the same constructions as in Arts, 88 
and 34 for (X + B) and (A — D) respectively. 

5. An alternative method of proof for sin (A ± R) t 

cos (A ± B). [ See Arts. 33, 34 ] 




Let Z XOY-A ; AYOZ-B; in Fig. (i), Z.XOZ 
-A+B(< 90°); in Fig. (ii), LXOZ - A - B (A> B) 
[ A and B being positive and acute ]. 

Through any point P on OY, the common arm of two 
angles, draw a straight line MN perpendicular to OY, 
meeting OX in M and OZ in N. 

Then A MON- A MOB ± AN OP 

hOM.ON sin {A ±B) - \0M.0P sin A ± \ON.OP sin B 

t Art. 88(i) ) 

sin(4±J5)-sin "£.sinB 

“ sin A cos B ± cos A sin B 

cos U±J3)-OOS MON - C Art ' 88 5 

(OP* ± PM*) +{QP*+ Py*) - ( MP ± PNJ* 
20M.0N 
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OP_l±MPJPN 
“ “ OM ON 
OP OP -MPPN 
“ OM'diV OAfON 
~ cos A oob B + sin A sin B. 


6. Geometrical proof of the expansion of tan (A+B). 


The figure and the construction are the same as in Art. 33. 


tan C A + B) 


PQ^RS+PT 
OQ“ OS -TR 

RS PT RS PT 
Oft OS _ OS OS 
_ TR TR TP 

OS 1 TP OS 


Now, 


RS 

OS 


tan A and 


TR 

TP 


tan TPR " tan A. 


The triangles ROS, TPR are similar. 


TP ^ PR 
OS~ OR 


tan B. 


tan (A + 2?) 


tan Aj^tnnB . 
1 — tan A tan B 


Note. Similarly the expansion of tan (A — B) can be proved geo* 
metrically from the figure and construction of Art. 84. 

7. Geometrical proof of the formula for 2A. 



Let XPY be a semi-circle, XY the diameter and 0 the 
centre. 

Draw PN perpendicular to XY. 
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sin 2 4 


oos 2 4 


tan 2 4 


LPXY-A ; then /.PCY-2A. 
A.NPY-90 0 - £PYN- A.PXY-A. 

. PN 2 PN 2 PN 0 PNXP 
4 "* CP “ 20P “ XY^^XPXY 
— 2 sin PXN. cos PXY“ 2 sin A cos A. 
. ON 2GN 2 CN CN+GN 
4 " GP” 2CP~ XY~ XY 

(XN- X C) + (GY- YN ) XN-YN 
XY “ XY 

XNXP 

” XP XY~ PY XY 

*» cos 4. cos .4 — sin 4. sin A 

•=cos 2 il -sin B A. 

. PN 2 PN 2 PN 
1 “ CW “ 2CW “ AN- YA T 

n^Y n PAT 
a xn *_xn_ 

” . YN YN PN 
XN 1 " PNXN 
^ 2 tan 4 2 tan 4 _ 

1 - tan 4. tan 4 1 - tan*4 


8. Trigonometrical Ratios of Generalised angle 
defined by Projections. 
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Let XOX' and YOY ' be a pair of rectangular axes inter- 
secting at the point 0 and let an angle 0, of any magnitude 
(positive or negative) be generated by the revolution of OP 
from its initial position OX to its present position. Then 
the trigonometrical ratios of the generalised angle 0 are 
defined as follows 

^ _ projection of OP on y-axis 

sin e- aa 


cos 

tan 

cosec 

sec 

cot 


A projection of OP on ac-axis 
e ~ ~~OP 

q „ projection of OP on y-axis 
projection of OP on ac-axis 

e OP 

projection of OP on y-axis 

e op 

projection of OP on rr-axis 

q mm Pr omo tion of OP onjr-nxis^ 
projection of OP on y-axis 


In the above definitions, projection means algebraic 
projection ; that is, we should consider not only the 
magnitude but also the sign of the projection ; and with the 
usual convention the projection would be considered positive 
if they are along OX and OY and considered negative if 
they are along OX * and OY\ By convention, OP is always 
considered positive . From these definitions, the signs of the 
trigonometrical ratios can be easily determined according 
to the position of OP in one or other of the four quadrants. 
In the above figures, the positions of OP in two quadrants 
only (1st and 3rd) are shown. 

Note 1. From the above definitions, it is clear that if OX ba a 
fixed line, and if,* l be the length of any straight line OP inclined 
at an angle $ to OX, then the projection of OP along OX is l cot B, 
whatever he the magnitude of the angle B. 

Note S. The Addition and Subtraction Theorem! for generalised 
angles oan also be proved by the method of projection. 
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9. Two important Trigonometrical relations. 



If D be any point in the base BC of a triangle ABC , and 
if AD divides BO into two parts m and » (J5D — m, OjD — n) 
and the angle A into two parts a and p{£BAD m a, 
A.GAD—P ), and if the angle ADB be 0, then 

(i) (m+ n) cot 6 ■■ n cot fi - m cot a 

(ii) (m + n) cot 0-m cot C-n cot B. 


We have 


m 

n 


BD m BD AD _ sin BAD wixi ACD 
DC AD DC sin ABD sin DAC 


sin a mnlBrJ) 
sin (0 + a) sin 0 



jLABD~r~( a+0), 
/LACD**0-fl t 


sin a (gin 0 cos 0 “.oos 0 sin 0) 
am 0 (sin 0 cos a + eos 0 sin a) 


Dividing the numerator and the denominator by 
sin a sin 0 sin 0, we have 

m cot 0 - cot 0 
n cot a + cot 0 

(w + n) cot 0*n cot 0-m cot a. 


Again* 

m^ sin BAD sin ACD 
n sin ABD sin DAC 
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sin (0 + j B) sin C f v 

r — * a I Z.DAC-6-C' 

sin B sm (0 — C) L 

m sin 0 (sin 0 cos B + cos 0 sin B) # 

sin B (sin 0 cos C - cos 0 sin 0) 

Dividing the numerator and the denominator by 

sin B sin G sin 0, we have 

m cot B + cot^ 

n cot C - cot 0 

(m + ») cot 0 — m cot G - n cot B. 

10. Note of Art. 90. 

Let us denote the formulas of Arts. 82, 83, 84 by (I), (II), 
(ill). We have seen in Art. 90, that (II) can be deduced 
from (III). We shall now show how any one of these can 
be deduced from any other of the rest. 

To deduce ( I) from ( III). 

Substituting value of b from the second relation of 
Art. 84 in the first, 

a — (c cos A + a cos C) cos C + c cos B. 

.* . a(l - cos 2 G) — c(cos A cos C + cos B) 

“ c{cos A cos G - cos (A + 0)} 

[ V A+B+C-r] 

a sin*C-c sin A sin G. a/sin A — cl sin G. 
Similarly substituting the value of c in the first relation, 
we get 

a/sin A — bl sin B . Hence etc. 

To deduce (II) and (III) from (I) 

(i) Putting each of the ratios of Art. 82 equal to ft, 
we get 

a* fc. sin A ; 6* ft.sin B ; c — fc.sin G . 

* b*±c* -J** fc 8 fsin , B + sin 9 0 - sin 2 A) 

26c k *. 2 sin B sin 0 

^ **5 2 ft + sin (0+ A) sin (G - A) 

2 sin B sin 0 


. • 
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sin JB fcip B + Bin (Oj-_A)\ 

2 sip B bin C 

[V Bin (C + A)«sin («■-£)“ sin B ] 


„ sin - Plai n ( 0 + A) + sin (0~_48 
2 sin B sin 0 

2 sin B sin G cos A A 
2 sin B sin C 

(ii) 6 cos C + c cos B - ft (sin B cos C + sin C cos B) 
-ft sin (B + C)-ft sin 4 


-a. 

To deduce (I) and (III) from (II) 


r V 4 + £+C~ir] 


(i) sin 9 4-l-cos 2 4 

1 _ lh*±c* z ay _ 4 5Vj-J5! + c 2 - a®) 9 
l 26c / 46 ¥ c 2 

(26c + 6 2 _+c 9 - a 2 X 26c - 6* -^c 9 + a 9 ) 

" ““ 46 2 c 9 ~ ~ 

(n + 6 + c)(6 + c - a)(c + a — 6)(a 4* 6 — c) 
46 ¥ c ¥ ‘ 


sin *4 
„ . 


ii ?? say - 

K 

c m 


' 4a *6*“* ; 


. , sin*B , sin*0 , JT 

similarly, - r»- - and ■■■■ ■, each — — - ■ 


4 a*h r r* 


sraM 8in*B 9 in*C , , 

— i r* ” v* “ —rr~ ; hence etc, 
a o c 


(ii) Adding 2nd and 3rd relations of the formnlte of 
Art. 83, we get 

b* + c* m b 9 + e* + 2a* — 2ca cos B ~ 2 ab cos 0. 

Now transposing and dividing by 2a, we get 
«“6 cos C+o cos B ; etc. 



Miscellaneous Examples III 

1. The angles of a triangle are as 4:5:6. Express 
them in circular measure. 

2. The angles of a triangle are in A. P. and the greatest 
is double the least ; express the angles in degrees, and in 
radians. 

8. The number of degrees in one of the acute angles 
of a right-angled triangle is three-tenths of the number of 
grades in the other ; determine the angles in degrees. 

4. Compare the areas of two circles in which the 
circumference of one is equal to an arc of 60° of the other. 

5. A railway train is travelling on a curve of half-a-mile 
radius at the rate of 20 miles an hour ; through what angle 
has it turned in 10 seconds ? 


6. An arc of a circle whose radius is 7 inches, subtends 
an angle of 15° 39' 7* ; what angle will an arc of the same 
length subtend in a circle whose radius is 2 inches ? 

Prove the following identities {Ex. 7 to 22 ) : — 

7. sin*0 tan 0 + cos 2 0 cot 0 + 2 sin 0 cos 0 “ tan 0 + cot 0. 

8. sin *0(1 + cot“0) + cos*0(l + tsn*0) - 2. 

9. (ten 0 + seo 0)* - • [ C. U. 1984. ] 

1 “ sin 0 

18. 2Csin e 0 + cos e 0)-3(sin 4 0 + cog 4 0) + l-»O. 


11 . 

I** 


tan x - cot y 
tan y - cot x 


tan x cot y. 


(sin x cos y + cos $ sin y)* 

+ (oos x cos y - sin * sin y}* - 




IS. 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 

20 . 
21 . 

22 . 

23 . 

24 . 

25 . 

26 . 

27 . 

28 . 
29 . 


MISCELLANEOUS EXAMPLES 

sin 4 ® + cob*®— 1 — 2 sin 8 ® cos*®. 

sin 8 ® - cos 8 ® — (sin 8 ® - cos*®)(l - 2 sin*® oos 9 ®). 


/l-sin 0 , 
1 + sin 0 


■ sec 0 — tan 0. 


(l + sec 0 + tan 0)(l - sec 0 + tan 0) — 2 tan 0. 

cos 0 , sin 0 . . . 

1 - tan 0 1 - cot 0 

(sin « + cos ®) 8 + (sin ® - cos ®) 8 - 2. 

.« sec® — 1. s sin®-l „ 

cot ®\ : + sec ®“ -0. 

1 + sin x 1 + sec ® 

(sin x + cos ®)(tan ® + cot ®) - sec ® + cosec ®. 

(sin 0 + sec 0) 8 + (cos 0 + cosec 0)* — (1 + sec 0 cosec 0)* . 

1 — jsin 0 co s 0 sin * 0 — cos* 0 — . _ 

cos 0 (sec 0 — cosec 0) sin*0 + cos 3 0 

If a cos 8 ® + 6 sin 8 ® — e, show that tan ®— ± 

If cosec A + oosec B + cosec <7 — 0, show that 
(75 sin A) 9 — 2 sin 9 A. 

If x - a cos 0 + 6 sin 0 and y — a sin 0-6 cos 0, 
show that ®* + y 8 — o* + 6*. 

Express ~ ^ in terms of t, 

OOB X 8111 X 

where t stands for tan x . 

If sin A - i and tan B - ^/3, find the value of 
sin A cos B + oos A sin S. 

If cos 0 find the value of 

If 6 tan 0—4, find the value of 
6 sin 0 — S cos 0 


sin 0 + 2 cos 0 
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SO. If 72 , J an ®» js, 

8111 y tan y 

find x and y (given x and y acute angles). 

81. Which of the statements is possible and which 
impossible, x , y and z being unequal real quantities ? 


« sc a + s/ a « 

(i) cosec - ---- • (n) see 0 « 

&xy 


x 2 -y* 

x*+y*' 


/...v . A x +y +z 
(ill) sin 0 - . -- 

yz + zx + xy 

32. Eliminate 0 from the equations 

(i) sin 0 + cos 6 - a, sin 0 - cos 0 - fc. 

(ii) 37 cos 0 + ? sin 0 - 1, - sin 0 - ^ cos 0 — 1. 

a b a b 

(iii) g-a cos 8 0, t/-& sin 8 0. 

(8S) If k tan 0 - tan &0, prove that 

sin a fe0 = ^ b 

sin*0 1 + (&* - ljsin*© 

34. If sec a? sec y + tan g tan y - sec 2 !, 

then, sec x tan y + tan x sec y - ± tan z . 


85. Show that 


/H-oot 60 V 1 + cos 30° 
\1 - cot 60/ "* 1 - cos 30° 


t e ± sin 0 - cos 0 . , . 

36. If tan ."-#>• P rove that 

Bin 0 + cos 0 

sin * - Jg (Bin 0 - cos 0). 

87. Show that the product of sin x (1 + sin x) + 
eos x(l + ooe x) and sin x( 1 - sin x) + cob x(l — cos x) is equal 
to 2 ein x oob x. 


88. Find the height of a obimney when it is found that 
on walking towards it 250 feet, in a horizontal line through 
its base, the angular elevation changes from 45° to 75*. 
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39. The length of a kite string is 250 yards, and the 
angle of elevation of the kite is 30*. Find the height of 
the kite. 

40. The angle of elevation of the top of a temple at a 
distance 300 feet is 30° ; find its height. 

41. Find the angle of elevation of the sun when the 
shadow of a pole 60 feet high, is 20 >/3 yards long. 

42. The angles of elevation of a tower at two places 
due east of it and 200 feet apart are 45° and 30° ; find the 
height of the tower. 

43. An aeroplane leaves the earth at the point X and 
rises at a uniform speed. At the end of 15 seconds, an 
observer stationed at a distance of 660 feet from X, finds 
the angular elevation of the aeroplane to be 45° ; at what 
rate in miles per hour is the aeroplane rising ? 

44. A ladder 45 feet long just reaches the top of a wall. 
The ladder makes an angle of 60° with the wall. Find the 
height of the wall and the distance of the foot of the ladder 
from the wall. 

45. If cos A^t, cos B — f, find the values of 

sin (A + B) and cos ( A — B). 

46. If tan A - A and tan B - A. find the values of 

sin (A - B) and cos (A - B). 

47. If tan A — m + — » and tan B - m - n • find tan (A - B). 

m- n m + n 

48. If tan (a + y) - 1 and tan x - £, find tan y, 

6 

40. If cos 0 — f, find sin 20, tan 20, cos ^ * 

50. If cos x - $, cos y - $ (as and y being positive acute 
angles), find the valne of oos 4(* ~ v)> 

11 
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61. 

62. 


If sin J “ ®in -B" ^<j» find the value of 

tan i(4 + B) cot iCd - JB). 

^f sec x - -V-. ooseo y — i, find sec (x + y). 


63. Prove that 

2 008 3?—- - - (2 cos 0 - 1)(2 cos 26 - 1)(2 cos 46 - 1). 

2 cos 6 + 1 

54. Show that a cos 0 + b Bin 6 - Ja 2 +6 a cos (6 - a), 

where tan o ” b/a. 

55. if sin 4 * + cos*® “ 1, prove that x is zero or a 
multiple of 

56. If «/2 cos A - cos B + cos 8 B, 
and >/2 sin A - sin B - sin 8 B, 
thnn sin (4 - B) - ± i. 

67. Prove that oos 2 (a - j8) - sin 8 (a + 0) - cos 2a oos 20. 

58. Show that sin 18° + oos 18°“ J 2 oos 27°. 

59. Show that whatever be the value of 0, 

Bin*(0 +a)+ sin 8 (0 + 0) - 2 cos (a + 0) sin (0 + a) sin (0 + 0} 
is independent of 0. 

60. Show that 

... sin a , sin & 

sin (a — 0) sin (a - y) sin (0 — y) sin (0 — a) 

. sin y „ 

sin (y-a) sin (V-0) 

(ii) tan(0+y ~2a)+tan (y + a- 20)+tan (a + 0~2y) 

- tan (0 + y - 2a) tan (y + a - 20) tan (a + 0 - 2y). 


O - 
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If tan |0 -» tan 9 $<£ and tan - 2 tan a, 
show* that 0 + £- 2 a. 

(i) If tan*a?— 2 tan 2 y + l, then oos 2cr + 8in 2 y'*0. 

(ii) If oos A • tan B, cos B - tan C, cos C * tan A, 

prove that sin 4* sin B — sin C. 

Show that tan 20° tan 40° tan 80° — tan 60°. 

. If a + P + y - 0, prove that 

cos a + cos P + cos y - 4. cos “ oos ~ cos - 1. 

If in any triangle, tan 4 > — ~v cot prove that 

fl * o 

c-(a + 6 ) sin iC sec </>. 

e <t> 

. 7 tan “r tan - 

A flcos^-D „ 2 2 

. If cos 0 - — x x’ then - 7 — T“j “ ' 7 -“% * 

a-o cos v da+b va -6 

, If a + 0 + y *■ irc, prove that 

8 in 2 a + sin a j3 + sin 2 y + 2 sin a sin p sin y- 1 . 

, If cos 8 4 + cos 3 B + cos 8 C + 2 oos A cos B oos C-l, 
1 that one of the quantities A±B±C is an odd multiple 


ShOW that 860 X * — : 

V2+ >/2+2 cob4& 

If a siu (0 + a) - b sin (0 + £), prove that 
1 * a cos a-b oos P 

•° k *“i«ta7=Wa 

l! tan show that 

l*s sin a 

tan (a - 0) ** (l - «) tan a. 
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In any triangle, prove that(2ftr. 72 to 77 ) : 


72. 


cos A 


+ , 


oos B 


c cos B + b cos C a cos G + c oos A 

c os G ^ a* + 6* +c* m 

b cos A + a cos B 


tan 


B 


tan 


73. 

74. 

75. 

76. 

77. 

78. 


, A 

tan ^ 2 w "“ 2 

(a - 6)(a - c) + (6 - c){b - a) + (c - a)(c ~b) 

sin 3 A sin (B - G) + sin 3 B sin (C - A) 

+ sin 3(7 sin {A - J5) — 0. 

. r> . cos C . n , cos B 

cotJ3 + ~- - --cot C+ . ~ n / 

sin B cos A sin G cos A 


Zabc 

1 

"A* 


c - (a - b) sec 0, where tan 0 - , sin 


j „ 2js/a6 

a - b 


a (oos B cos 0 + cos A) — b(cos C cos ^ + cos B) 
- c(cos il cos B + cos G ). 

B C 

If in a triangle, c{a + b) cos £ - fc(a + c) cos g • 


show that the triangle is isosceles. 

79. If in a triangle, a, b , c be in A. P. and the greatest 
angle exceeds the least by 90°, prove that 

a : b : c- «/7-l : Jl : >/7 + l. 


80, In the solution of triangles there can be no 

ambiguity except when an angle is determined by the sine 
or cosecant, and in no case whatever, when the triangle 
has one right angle ; prove this. [ Cambridge . ] 

81, If sin (n cos 0)-cos (n sin 3), prove that 

°° B ( 9± 

82, If sin (» oot 0)-©oa (n tan B) t prove that either 
oosec 29 or oot 26 is equal to n + i, » being an integer. 
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83. If a and 0 be the different values of 0 which satisfy 
the equation a cos 0 + 6 sin 0 — c, prove that 

sin ( a + 0)“a* + 6 3 ’ 

84. Find all the values of 0 which satisfy the equation 

sin 0 + sin 20 + sin 30 *» 1 + cos 0 + oos 20. 

85. Prove that in any triangle, 

1 + 1 + 1 = i .. 

6c ca ah 2Rr 

86^ If r : R : r x -* 2 : 5 : 12, show that the triangle is 
rightjLngled. 

87. If the angle of elevation of a cloud observed from 
a point at a height h above the surface of a lake be 4> and 
the angle of depression of its image in the lake be 0, prove 

that the height of the cloud above the lake is h B ! n 

sin — 

assuming that the image is vertically as much below the 
surface as the cloud is above it. 

[ A. U. 1942 ; B. H. U. L 1931. ] 

88. The elevation of a tower due north of a station at 
A is a and at a station B due west of A is 0. Prove that 

its altitude is ° [ B . H. 0 \ 1. 1934 . ] 

89. A man walks along a straight road and observes that 
the greatest angle subtended by two objects is a ; from 
the point where this greatest angle is subtended, he walks 
a distance c along the road and finds that the two objects 
are now in a straight line which makes an angle ft with 
the road. Prove that the distance between the objects is 

c sin a sin p sec - * - ec - [ B . IL U. I. 1936. ] 

4 8 A 

90. Oa the bank of a river is a column 200 ft. high 

supporting a statue 30 ft. high. To an observer on the 
opposite bank with his eye on the level of the ground the 
statue subtends an angle equal to that subtended by a man 
6 ft. high standing at the base of the column ; determine 
the breadth of the river. [ B. E. U. 1. 1941. ] 



ANSWERS 


Examples I. [ Pages 11-14 ] 


1. (i) first quadrant ; 

(iii) second quadrant ; 

2. (i) 01" 34' 44" 4 ; 

». (i) ■253776s’ ; 

4. 82° 30’ ; 91» 66' 6'"6 ; 4 Jr. 


(ii) third quadrant ; 
(iv) fourth quadrant, 
(ii) 175° 49’ 1"‘776. 
(ii) 

5. a : |3»5r : 24. 


«• 5(1-55)* ’• c ° and9 °- 8 - <fo( I)+ S)-m(® + ifio)- 


». nearly. 10. 20° and 30°. 12. 20», 40», 80». 

18. 27°, 9°, 18°. 14. (i) At 28 T «t min. and 48 min. past 7 ; 

(ii) At 7-10. 15. 20°, 60°, 100°. 16. y. y 5 -*• 

17. 45°, 60°, 120°, 135°. 18. 9. 

IS. i»® and »x where 20. {, 


21. 3 and 6. 22. 51'41 miles per hour (nearly). 

28. 66444 miles per hour (nearly) ; 431445 miles (nearly). 

24. 76’8 ft. (nearly). 25. 3969 miles (nearly). 26. 33 ft. 27. 360' yds. 



Examples II. 

[ Pages 24-26 ] 


25. 

(sin 0— cos 0)*. 

26. 

*~Yi“tan 4 0. 

tan 4 0 

81 a ’“ b \ 
81 • a* + 6* 

25* 


+ .il±±PZ£l> 84. ii, 86. 

J. 27. 1 or 3r. 


“ seo « 

cot 9 


22. 

a*-b % . a* +6* 

S ab ' 


«• »S+S- 

1 ; (U) xymt* • 


(ill) (60' — 5'o)*+ (ea* - o'a) ’ 

(iv) (e'6 - I'cHaV - be') -* (aa' - 00') * . 
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Examples HI. [Pages 85-86] 

7. 8. (i) 60° ; (ii) 45° ; (iii) 30® (There is another 

angle which is not one of the standard angles). 

(iv) 45° ; (v) 80° ; (vi) 80° ; (vii) 80®. 

9. 6-62J®, 4>~ 7i°. 10. a “50®, 0-1O®. 

11. A“22l°, B=67J 0 , 0» 45®. 12. (i) — V ! (H) 1. 


4. -*"• 5. (i) 1 ; (ii) ±2, 


Examples IV. [ Pages 49-51 ] 

2 . ‘1 . J9 

JB’ 2 * 

2 


1 . 1 . 2 . . , 1 . 
i-us'-jB’- 1 ' 2 - -jr 
■A 


s/3 


10. tan*0 ; 1* 


(ii) 1. (iii) sin x or 0 according as n is odd or even. 


8 . 0 . 

12. (i) 2. 
18. ft}. 


14. 15. (i) pot 26° ; (ii) cos 25® ; (iii) coscc 39° ; (iv) cos- • 

16. (i) 300° ; (ii) 480°. 17. (i) 60° ; (ii) 120°, 240° ; 

(iii) 30°, 160°, 210°, 330° ; (iv) 30°, 150° ; (v) 30°, 185°, 150°, 315°. 


Examples V. [Pages 56-59] 

1. 100 s/3 ft. 2. 2*89... miles ; 2} miles* 8. 20 a/3 ft. ; 120 ft. 

4. 20 is/3 ft. ; 20 ft. . 5. 30 ft. 6. 400( Jb+ 1) yds. 

7. 40 s/S ft. 8. *(3± tjB) miles. 9. 22*8 miles nearly. 

10. 94*64 ft. nearly. 11. 47*32 ft. nearly. 12. 60 miles per hour. 

18. 60 is/6 ft. 14. 40 J6 i t . ; 40 */2( *J7 + 1) ft. 

15. J( is/3+1) miles. 16. 5 Smiles,. 

17. 241*6... ft. ; 91*6... ft. 18. 5*25... miles per hoar. 

19. 867*38 ft. 20. \ J6[ */5-fl). 

22. 2 miles* 28. 13*66 ft. 


Examples Via [ Pages 68-70 ] 

21. sin A oos B cos O-sin B cos C cos A -fain C cos A cos B 

+ sin A sin B sin C ; 

ta n A — tan B— tan G— tan A tan B tan 0 # 

1+ tan A tan B+tan A tan G-tan B tan C* 

•« cot A cot B cot O-cot A -co t B-c ot G t 
' cot B cot G -foot C cot A -foot A cofc~&-l* 

Examples VIII. [ Pages 79-81 ] 

27s a . 
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Examples IX. [Pages 86-87] 

16. 17. (i) 2 sin J4- N /iTsinA+ ^l-sin A ; 

(ii) No ; 2 sin J0« ^/l + sin d + d. 

Examples XI. [ Pages 110-111 ] 

1. nv± ~ * i.e . (2fc+l) * • 2. (i) ?ir+ J i (ii) nw± ^ • 

^3, 2«y+~i (27i + l)r. 4. ^ + ("1) M ^' 

5. nf+*> or, wr+( — 1)" ~ • 6. or, n*!** 

7 ‘ m+rifn 8 ‘ (2w+l) ^ ,or » (2n+l){* or,(2n+l)^ 

9. nv-^t or, ^f+( — 1)"-* » where sin a« 10. Jr. 

IS d A 

11. wr+ ^ • 12. (4w+l)~* 13. 2n* + ^» or > 2«ir-~* 

14. (2n+l)^ror, 15. 2mr-f-~» or, 2wr-j3, where j&is 

a positive acute angle whoBe sine is g. 16. &wr. 17. nr+Jr. 
18. (4»+l)*y 19. 2»r+i"ir, or 2nr+T> a r, 20. 

l(nr+ o), where tan a = 2. 22. 2wr. 23. 2wr, $(4n+l)ir. 

I* ,90°, 450°, 810°. 25. i*, *r. J4^. (i) $wr+l* ; 2wr±frr. 

(ii)°.± * 2 '± ±^*(iii) j ; n^ttan" 1 ^ (iv)2»T-a, 4 -™r+a. 

(v) 2 »ir, or, 2n* - Jr. (vil (2»+ 1) -r, 4 ”^jr. 

(vii) nw+ * ; (2n + l) J - £ . 28. n*+(-l)" 21° 48 r ~68° 12'. 

29. (i) ; or, a«iir, - jr. 

(ii) a-l*, P t *i'** ; or, ; 

or, *■=}», ; or, a “fi*, P" -I*. 


82. 0) 1 i 


Examples XU. [ Pages 119-1S1 ] 

(ii) oo ; (iii) 23. 


vm 

y l-6**+s 4 


25. 




84. (e - v)(l+j.) - (y - *)(!+ gy). 
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(iii) ±~ ’» (iv) ± ^ M In or > 1 ( vi ) ±*s/2T; 

6 */5 

(vii) 0, or, J ; (viii) 0, ±4 ; (ii) 2- ^3 ; to ~ 3 ~ • 

Miscellaneous Examples I. [ Pages 122-128 ] 

2. 19. a 1 + 6*- 2(1+ e). 

Examples XlII(a). [ Pages 135-137 ] 


1. (i) 6; (ii) -3. 2. 

-2. 

5. n " 1 - 9. (i) 1 ; (ii) 14. 

10. 1*1173942, *3861209. 

13. 2*425805. 14. 

*41369. 

15. (i) 1*8969092 ; (ii) *808665. 

16. 

99*879. 

17. (l) 13 ; (ii) 6 ; (iii) 25. 


18. (i) 24 : (ii) 4 ; 

(iii) 79. 

iogV** ' C3 : 


(«)4+;°j5i.e.5*77... 

fiiil 2 log7 — Siog3_ , 

1 ; 6 log 6 — log 7-2 log 3 1 

; i.e. '108... 


(l7) ^logl- log2 = 271 n6arly ’ 

11 = log 3°- iog2 “ 1-71 noariy ; 

, , 2b(2a — b) , 

V 5ab+3ac-2b* — be an 

2 ab 

5ai+3ac—26 a — be 


where a — log 2, ?) = 

log 3, 

c = log 7. 


20. (i) l6g£c- oH ’ 3fe » Jog?/« ( 
o 

a-2b 

5 



Examples XIH(b). 

[ Pages 142-144 3 


1. 3*2766077. 2. 1*3686646. 

3. 37*6018. 4. 

*7400927. 

5. *8455104 ; 32° 16' 21". 


6. ‘792S863. 


7. 9*3440554, 10*1559446. 


8. 86° 24' 36". 


9. 53° 13' 55". 


10. 9*6198509 ; 22° 36' 28". 


12. 10*0957589. 13. 9*9147334. 14. 9*8718486. 

13. 9- 50° 7' 48" nearly. 17. *2394. 

Examples XIV(a). [ pages 157-160 ] 

28. 120°. 24. Am 60°. 29. 4-90°, jB-30°, C-60®. 

89. fjv + * + * . 40. 84, 

'Stay 

Examples XIV(b). [ Pages 166-168 ] 

15. r m 4 ; jR»8i. 
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Examples XV(a). [ Pages 172-178 ] 

1. 35° 6' 49". 2. 102° 1' 28". 8. 58° 69' 83". 

4. 104° 80' ; 46° 86' ; 28° 64*. 6. (i) 88° 69* 40‘9". 

(ii) 78° 27' 46' 86". 6. (i) 48° 11' 28" ; 68° 24' 48" ; 78° 28' 64". 

(ii) 182° 34' 24". 7. A- 120°, B-45°, 0=15°. 

8. A-45°, B-30°, 0-105°. 9. A = 60°, B = 38° 11', 0-81“ 49'. 

10, A«106°, B-45°, 0-80°. 11. ( s/3+1) : J6 : ( n/3-1). 

18. «/5+l: s/5-1. 14. 3:4:6. 

Examples XV(b). [ Pages 176-178 ] 

1. 13-88° 12' 48", 0 = 21° 47' 12". 

2. B-56° 19' 46 8", C-63° 40' 13-7". 

8. A = U7° 38’ 46", B-27° 88’ 46". 

4. A - 94° 42' 64", B = 26° 17' 6". 

5. B-71° 44' 29-5", 0=48° 16' 305". 

6. (i) 70° 53' 36" ; 49° 6' 14". (ii) 74° 13' 50", 36° 16' 10". 

(iii) A -64° 21', £-77° 26', c=27-39. 

7. (i) 23—78° 17' 39-6", 0-49° 86' 20' 4". 

(ii) 116° 33' 64" ; 26° 83' 64". 

8. A— 23— 76°, 0—30°, 6=2 ^6. 9. s/6, 16°, 105°. 

10. (i) A = 45°, 23 = 75°, c= J6. (ii) A-80°, 23 = 90°. 

11. 27-0875. 12. 172-6486 ft. 18. 79-063. 

14. (i) A- 81° 20', 6-185, c=192. 

(ii) 6-18-46, c-37-16, 0=70° 30'. (iH) 6=118-9, e-117'2. 

15. 0-75°. o-c=2 s/3+2. 16. 0 = 105°, a- s/2, c- s/3 + 1. 

17. 72°, 72°, 86° ; each side- s/5 + 1. 18. 8, 1. 

Examples XV(c). [ Pages 184-185 ] 

1. (i) One solution ; (ii) Ambiguous ; two solutions ; ■ 

(iii) No solution ; (iv) One solution (right-angled triangle). 

2. (i) 0-76°, A— 60°, a- s/6 1 (ii) 60°, or, 120°. 
or 0-103°, A— 30°, a- s/2 J 

8. A— 46°, 0—76°, c— s/8+1, (no ambiguity). 4. Impossible. 

8. 0-68° 66’ 66-8" 1 0-121°. 8' 3-7" 1 

A— 87° 48' 8’7" I or * A -26° 41' 56-8" J 

9. 23—84® 27', C— 100° 88'. 

10. A— 5° 44' 21". 11. A— 38° 89* 84", 23—86° 20* 28". 

1*. A -80° 86', 0-64° 14' ; or, A =29° 4', 0-115° 46'. 
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Miscellaneous Examples II. C p »e efl 186-188 ] 

11. 4,5,6. 14. B»44* 25 # 39",or, 185° 34' 4". 

21. Hwir+jT-(a+6+c)}. 24. l(»ir+£»). 

Examples XVI. [ Pages 213-214 ] 

4. 0 = 5. x - 38° 10' nearly. 6. Jr. 7. - *37 nearly. 

8. (i) x**0 ; (ii) 46° 25' (nearly) and 90® ; (iii) 22 J° and 112£* ; 
(iv) ; (v) 14° nearly ; (vi) 1*19, 2*72, 4*92. 

(vii) 1*16, 3*28, 4*95. (viii) ±‘82. (ix) *64. 


4. 

1. 

8 . 

4. 

6 . 

7. 

8. 

9. 

10 . 

18 . 

17. 

19. 

21 . 

* 2 . 


Examples XVlI(a). Pages 221-224] 

n/ 5 T55 ft. 14. 17° 27' 30". 18. 18° 26' 5*8" nearly. 

Examples XVII(b). [ Pages 231-233 ] 

- cos («+“)/ sin 2. 0. 

sin {a + £(n — l)(a + y )V si n £n(a + y) 
sin £(a+V) 


2 + 2 Bin 9 


coa (n+ 1)9. 5. 

4 \ sm o sin 8a / 


/ iy»-i ain fiO sin (»t4- 1)0 
' ' 2 cos 0 


3 ^ 1 sin na , , 1V , 1 sin 2na 

W — - ~ cos {n + l)a + — — : — r— cos 2(»-M)a. 

o sin za 


8 

cos 


2 sin a 


sS~a{( n+ l) sin 2a -sin 2(w+l)« J* 


11 . £. 12 . 0 . 


4 sin 

» rt . cos 2(«+l)a sin 2wa 

n COB 2a H — : — T 

2 2 sin 2a 

0. 14. sinna. 16. cosec a{tan («+l)a~tan a), 

cosec 9 {cot 9 - cot (n+ 1)8). 18. £ coses « {tan (n+ l)a- ten •}. 

cot 9 {cot 9 - cot (« + 1)0 } - n, 20. cot a - 2* oot 2"a. 


£(ten 8"x~ten x). 


28. ten" 1 ^™* 
2 +* 


84. tan-^. 


A 

A+l* 


86. 3 cot 9*. 


86. t*n“* 
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27. * [&£ cos J(»+3)®{l+2 cos cos |(»+3)*J- 

28. (»±l)eosn^™in;,J)«-l. 29 .(«) Jn(n+1) ; <l>) n’. 

80. cot x tan (n+l)aj-(n+l) ; Jn(n+l)(n+2). 


Examples XVII (c). [ Pages 236-237 ] 

1. (a*-b*)* = ab. 2. a*i(x+b)*+y*) = (x*+y*-b*)\ 

8. {z+Qy)* — zy*(x+2y). 4. a a + 6*«l+b®- 6^. 


5. 

(®+y) ? + (®-j/) S = 2. 6. 

(fl3* + 2 / 4 + 2<xar)* = 4a*(« a +#*). 

7. 

4*. 

8. 

1. 


10. 

;-CM)i 

f»V‘-sV 

(o’ + 6* 8 j 

11. 

(ax) 5 + (ty) S «(a*-ft # ) 5 . 

12. 

(:♦!)*♦( 

a b / 

13. 

<r^ 1. 

14. 

8a- 25 « a*. 

15. *'+V'=a+b. 

a b 

16. 

® , + 2/ , -2 cos a *2. 

17. 

a&=(6-a) tan 

a. 18. a+5=*2a&. 

19. 

(a& - c)(a® + 6*) «= 2a6. 


Miscellaneous Examples III. [ Pages 250-260 ] 

AM*, !*. 2. 40° , 60°, 80° ’ir,Jir,fir. 3. 90°, 224<\ 67£°. 
1 : 36. 5. Gj*t degrees. 6. 54° 46' 64*5". 

(t* + l)(«‘ + l) , 28. *. 29. *. 


> *“}*, = 81, (i) Possible; (ii) Impossible; (iii) Impossible. 

(i) *'+b'~2; (ii) j£+£-E; (iii) ( +(l f -1. 

. 841*5 ft. approximately. 39. 125 yds. 40. 173*2 ft. 

30°. 42. 273*2 ft. 43. 80 miles per hour. 

> height ■■ 22*6 ft., distance *38*97 ft. 45. 1, If. 

Mr.tH- «• “?—»• «. 49. If. ~¥.1 n/6. 

An/2. 51. 5+ 2(^/6. 52. — 1| . 

(2»+l) | . or, (2»+l)r ± ? . or, «r+ (-1)" | • 90. 107‘2 ft. 



CALCUTTA UNIVERSITY QUESTIONS 


'"3f! (a) Show that cot 2.4 + tan A «* cosec 2 A, [ See Ex. 3 , Art, 38, ] 

0 (6) If tt+jS + 7 = ir # prove that 

cos*a+cos*|9 + cos*7 + 2 cos a cos |3 cos 7 = 1. 
y [ See Ex, 8, Art, 56, ] 

2. (a) sm -1 1 ^* + sin ~ , i+6»“ 2 tan "'*’ 

show that *— ‘ [ See Ex. 7, Art. 71. ] 

1 - ab 

(b) Solve sin 0+ *J 3 cos 0 = ij2. [ See Ex, 13, Examples XI, ] 


3. (a) In a plane triangle, establish geometrically 
B &*+c*-a* 

2 be' 


cos 4* 


discussing separately the cases (i) when A is acute and (ii) when A is 
obtuse. [ See Art, 83. ] 

(6) If 23=45°, C=10° and a = 200 ft., find 6, having given that 
log 2 = *30103, L sin 65° = 9*9133645 
log 1726*4 = 3-2371414, log 1726 , 5»3*2371666. 

[ See Ex. 13, Examples XV(b). ] 

4 . Solve graphically the equation 5 sin 0 + 2 cos 0 = 5 between 
0=0° to 0- 270°. [ See Ex. 8(H) , Examples XVI. ] 


1. (a) Prove geometrically that 

cos (A + B) = cos A cos B - sin A sin B. [ See Art, 33, ] 
^(b) If A + B + C • r, prove that 

cos* g +cos* ^+cos*~^»2 ^14-sin £ sin ^ sin 

2 . (a) Show that tan~‘(i tan 24) + tan“ , (cot 4)+tan“ 1 (cot*4)»0. 

(5) Solve tan x + tan 2s + tan x tan 2x • 1* [ See Ex. 18 , p. 110. ] 

3. (a) In a plane triangle, prove that 

i m 1 8t * Art - *■ J 

(5) The sides of a triangle are 7, 8, 9 ; determine the greatest 
angle, [ 8ee Ex, 6(i), Examples XV (a). ] 
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4* Solve graphically the equation 2 sin*® - cos 2® between 

~ f an< * [ See Ex. I, Art. 111. ] 

1. (a) Prove geometrically that 

sin (4-B)»sin A cos B-cos A sin B, 
when A and B are positive and acute and A > B. [ See Art . 34. ] 

(ft) If A+B+C—r, prove that 

oos A + cos B f cos G ^ 

sin B sin C sin C sin A sin A sin B™ 

[ See Ex. 11, p. 95. ] 

^2. (a) Show that tan’ 1 +tan’ 1 * tan’ 1 - • 

a+b a +ab+l a 

[ See Ex. 4(H ) , p. 119. ] 
(b) Solve tan^ j + flj + tan | j - 0^*4. [ Ses Ex. 17, p. 110 . ] 

3. (a) In a plane triangle, prove that 

tan?™? - ~~ cot | • [ See Arf. 69. ] 

(6) Two sides of a triangle are 8 and 5 feet, and the included 
angle is 120° ; find the other angles. [ See Ex. I, p. 176. ] 

4. Solve graphically the equation cot 0 — tan 6 — 2 between 6 

to 3“ v. [ See Ex. 8(iii), p. 214. ] 


1. Prove geometrically cos (A - B) - cos A cos B+ sin A sin B, 

where the angles A, B, A-B are all positive and lie in the first 
quadrant. [ See Art. 34. ] 

d> — 0 <t> + 6 6 + $ 

Show that cos ~ sin 9 sin * cos $ cos 7 -y- • 

Find sin 18°. [ See Art. 53. ] 

2. For a triangle ABC, establish the formula 

sin A « ^{*(a - «)(« - h)(« - «)}^» 

where s is the semi-perimeter of the triangle* [ See Art. 87. ] 

Corresponding to the inequality a+b > c concerning the sides of a 
triangle, can you prove sin A+sin B > sin 0 ? 

3. A person walks one mile bearing an angle with a fixed 
Erection, and then another mile bearing 0, with the same direction, 
Find (a) final distance from the starting point and (ft) final bearing. 
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uBhow that 

tan _1 x + tan - *7/ + tan - — tan - 1 * + V + - ~ x V? ■ [ See Art. 70. ] 

x — ye — zx — xy 

4. Solve 4 sin 0 cos 0 « 1 - 2 sin 0 + 2 cos 0 in the interval 

o < e < w. 

Draw the graph of 3 sin sc +4 cos x. What is its maximum value ? 


1. Establish geometrically the formula 

sin (4 — B)«sin A cos B-cos A sin B, 

where A, B, A— B are positive and lie in the first quadrant. 

[ See Art, 34 ] 

PQB is a triangle and S is the projection of P on QR produced. If 
ZJPQB-30% ZJPBS-45 0 , and QB = 2 ft, find RS . 

2. Giyen 4+B+C®*-, show that 
tan 4 + tan B+tan C-tan A tan B tan C ; 

[ See Art . 56 Ex . 5 ] 

if 4® tan"’ 1 2, B®tan“* 3, then C«v/4. 

3. In any triangle 4BG, prove that 

tan cot * [ See Art . 55 ] 

If 6 * as/3, c® 1 and 4 ® 80°, solve the triangle. 

4. (i) What is meant by saying that the trigonometrical ratios are 
periodic functions ? What values of a; would indicate the end of the 
period beginning from a® 0 of sin a; and sin *x ? 

[ See Art. 103 Note ] 

Sketch a period of the tangent-graph, y— tan x, including aJ-r/2, 
and discuss the behaviour of the graph near ®*ir/2. 

[ See Art . 106 and Note ] 

(ii) Solve the equation sin 4 6 ® cos 3 0 + sin 20 in 0 < $ < w. 



1. (a) Define a radian. What is the length of an aro of a circle of 
radius r which subtends an angle of 0 radians at the centre ? In a 
diagram with acute angle 0 justify that 9 > sin 0. 

[ See Art. 5 and Appendix Art. 31 ] 

(ft) If 4, B are positive and 4+B is acute, establish geometri- 
cally 

cos (A +B)- cos A cos B- sin A gin B. [ Sit Art. 33 ] 

2. (a) If A+B+C-180*, show that 

ABO 

1+4 sin - sin —gin ^ »oos A+oos B+ooa 0. 

[ 8m Art. SO Ex. 4 ] 
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(6) Prove that 

tan" 1 * 4- tan" 1 | + tan” 1 ~ + tan” 1 * = 

[ See Ex. 4 of Examples XII ] 

3. (a) Assuming the formula of the type 

c*»a* + 6*-2ab cos C, 

deduce that the area of the triangle ABC is given by 
{s(s-a){s~b){s-c)ft. 

(6) From an aeroplane vertically over a straight horizontal road, 
the angles of depression of two consecutive milestones on opposite sides 
of the aeroplane are observed to be a and 3 . Show that the height in 
miles of the aeroplane above the road is given by 
tan a tan 3 
tan a 4 - tan 3 

4. (a) Sketch the graphs of y = x, jy*=s in® and y = tan® in the 
range between — ir/2 and +r/2 with reference to the same axes in x and 
y. From the nature of the graphs near the origin can you suggest 
any relation among them at the origin ? 

(6) Solve cos fl-ein 0 = 1/ *J2 in — r < 0 < +ir. 


1. (a) Find the relation beoween a degree and a radian. 

(b) Assuming A and B to be positive and A+B to be acute, 

Prove that sin (A-rB) — sin A cos J5 + cos A sin B. 

[ See Art 33 ] 

2. (a) Show that cos A + cos (120°+ A) + cos (120°- A) »0. 

[ See Ex. 23(i) of Examples Till ] 
( b ) If A+R+C«*180°, show that 

sin 2A + sin 2JB + 6in 2C«*4 sin A sin B sin C. 


3. (a) Prove that, in a triangle, 

si n A sin J3 sin G* 

a b c 


[ See Art 36 Ex. 1 ] 
[ See Art 82 ] 


(b) A spherical balloon whose radius is r ft. Bubtends at an 
observer's eye an angle a, when the angular elevation of its centre is, 3* 
Determine the height of the centre of the balloon. 


4 * (a) Draw the graphs of y «■ cos x and y - sec x t from «»0 to 2ar. 

[ See Art 166 and 109 ] 


(6) Solve the equation sin 20 « cos 0. 



PATNA UNIVERSITY QUESTIONS 


1. (a) Obtain tan (4 + B+ 0) in terms of tan A, tan B, and tan C. 
[b) Show that if an angle a be divided into two parts, suoh 

that the ratio of the tangents of the parts is X, then the difference x 
between the parts is given by 
X-l . 

sin sc® ^ +1 sin a. 

2. (a) If A 4* 75+ C = 180°, prove that 

sin* - f +sin tt ^ + sin ^ “^"2 Bin ^ am ^ sm ^ • 

(6) Show that cos 7° 30' = J(-1 + ^2+ s/3). ^2. 

3. (a) Prove that 

/ cos A + cos ,B\ n , / sin A + sin 71\ n k) . H A — Ii 
\sin A — sin Bf + \uohA-cokB) 2 ’ 

whon n is even, and is zero when n is odd. 

(6) Draw the graph of y**&ecx from 0 to 2*. 

4. Provo that in a triangle, 



Find the greatest angle in a trianglo whose sides are 5, 6, 7 ft. 
respectively, having given 

log 6® *7781513 

L cos 39° H' = 9*8890644, diff. for 60"- '0001032. 

5. A railway curve in the shape of a quadrant of a circle, has 
n telegraph posts at its ends and at equal distances along the curve. 
A man stationed at a point P on one of the extreme ' radii produced 
sees thepth and £th posts from the end nearest him in a straight line. 
Show that the radius of the curve is 

- cos Cp+$)0.cosecp0.cosec q$ % 


where 0 


i(n— 1)’ 


and a is the distance of P from the nearest end of 


the curve 
18 
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1. (a) Find sin 34 in terms of sin A. 

(6) Show that the equation eec*#™ is only possible 

when* «j/. 

2. (a) If 4 + £ = 90°, find the groatest value of cos A cos B . 

(6) Provo that 

,r . . Sir 4 5v , 4 7 tt 3 

oos 8 +C06 a +oos 8 +oos a “ r 


3. (6) If 4+£ + C*180°, prove that 

sin 24 + sin 2B + siu 2C«4 sin A sin B sin G. 

A B G 

(6) In a triangle ABC , if tan ~r i tan - - » tan ^ be in A.P., then 

« « Sa 

show that cos A, cos B t cos 0 are also in A.P. 

4. (a) “If 6, c and B be given, then solution of the triangle may 
be ambiguous. 1 2 * 4 ' Discuss this statement in detail. 

(b) Draw the graph of y- tan x between — w and v. 

5. The elevation of a tower due North at a station A is a, and at a 
station B due West of A is 0. 

Prove that the altitude is 
4 B. sin a sin 0. 

■v/sin’a — Bm®0 


1. (a) The angles of a triangle are in A.P., and the number of 
degrees in the least is to the number of radians in the greatest as 60 
to w ; find the,angles in degrees. 

(6) Trace the graph of sin x from -t to a*r. 

2. (a) Prove that oos* A, cos 34 + sin *A. sin 84 * cos* 24. 

(6) If a and 0 are two distinct angles satisfying the equation 

a cos 3 + 6 sin 0*c, show that sin (a+0)«^v~~r 

8. (a) Prove that in any triangle, 26c cos 4«&*+c*-a*. 

(6) In a triangle, prove that 

o* cos (B— C)+6* oos (C-4)+c* oos (4-B)*8abc. 

4. If the angles of a triangle be in A.P. and the lengths of the 
greatest and least sides be 24 and 16 feet respectively, find the length 
of the third side and the angles, given log 2 **80103, log 8**4771213 
and L tan 19° 6' *9*5894287, ASS, for 1**4084. 
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5. (a) If a+jS+7 = Jr, prove that 

tan £ tan 7+ tan 7 tan « + tan a tan jS«l. 

(6) A tower stands in a field whose shape is that of an oqui- 
lateral triangle and whose side is 80 feet. It subtends angles at the 
three corners whose tangents are respectively */3 + l, *J2, s/d, Find 
its height. 


1. (a) Prove that sin (A +23) = sin A cos 23 + cos A sin 23, when A 
and A + 23 are both obtuse. 

(6) Prove that sin 5 .4 + sin *(120° + A) + sin 8 (240° + A) » — J sinSA. 

2 . (a) If A +23 + C« 180°, prove that 

. A , , B . . C . , . . tt-A. t — B . r~C 
sin +sm +sin . =1 + 4 sin - sin - - - sin — - • 

2 2 2 4 4 4 

(6) Prove that in a triangle, tan “a+6 cot ^2 * 

8. (a) Solve sin lx — sin sc — sin 3s. 

( b ) The angles of a polygon (which has no re-entrant angle) are 

in A.P. The least angle is -g radians and the common difference is 
5°. Find the number of sides. 

4. (a) If a, b, A are given and if c lt c a are the two values of 
the third side in the ambiguous case, prove that if c t > c 9t 
c» — c ft «* 2a cos B. 

(6) Draw the graph of 2/ = cos x between s« -r and 

5. Two towers stand on a horizontal plane and their distance 
apart is 120 ft. A person standing successively at the bases observes 
that the angular elevation of one is double that of the other, but when 
half way between them, their elevations appear to bo complementary. 
Show that the heights are 90 ft. and 40 ft. respectively. 


1. (a) Find the value of sin 18°. 

(6) II tan | prove that cos 

8. Prove that in a triangle ABC, 
and deduce that n ain^~+£ J * (b+e) sin ~ • 
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8. (a) If A + B+C— ir, prove that 

sin 4 A-sin*B+bin*C»2 sin A cos Bsin C. 

(6) Trace the graph ot cos x between x — 90° and a: — 360°, and 
find from the graph tho valuo of cos 100° approximately. 

4. At each end of a horizontal base of length 2a it is found that 
the angular height of a certain peak ib 0 and that at the middle point 
it is 0. Prove that the vertical height of tho peak is 

a sin # sin <f> 
v^sin (<A + 0) bin (0 — 0) 

5. (d) Prove that log,, n - log fl n x log 6 a . 

(6) In a triangle ABC, a : Z>— 7 : 3, and C— 60° ; find A and B t 
having given log 2— '3010300, log 3— '4771213 ; L tan 31° 42' = 
D‘8403776, difference for l'-26'Jtf. 


1. (a) Provo that cos (A — B)*= cos A cos 71 + sin A bin B, whore 
A is obtuse and A -B is acute. 

(b) If tan 0 «* see 2a, prove that sin 20- J ^ an 4 a . 

l T tan a 

2. In any triangle ABC , prove that (i) tan ^ ? C cot 

A OtC A 

(ii) sin (B+2C) + biu (C + 2.4) + bin (A + 273) 

-4 sin i(B-C) sin J(0 -A) bin i(A-B). 

8, (a) Express the cosuie of an angle of a triangle in terms of its 
sides. 

(6) In a trianglo ABC, prove that 

(b+c-d)^cot^ +cot ^-2a cot ^ • 

4. (a) Trace the graph of sin x between * -0 and x »2r and find 
from the graph the angles whose sine is *7. 

(6) In a triangle ABC , if £-46°, C«10°*and d«200 ft M find 
b, having given log 2 ■■•30103, L bin 55° *9*9133645, log 172*64- 
2-2371414, log 172*65 - 2-2371006. 

5. An object is observed from three points A , B, 0, lying in a 
horizontal straight lino which passes directly underneath the object ; 
the angular elevation at B is twice that at A, and at C is three times 
that at A ; if AB**a, BC-b, whow that the height of the object is 

k / fl° + - a)] • 
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1. (a) Draw the graph of 2 / -cos a: for values of x varying from 
— * to *r. 

(b) If A + B+C«180°, show that 

. A, . B , . G , . . r~A . B -r-C 

sm 2 +8in 2 +sm y -1 = 4 sm ^ - sm 4 sin ^ • 

2. (a) If tan j3« n sin a . c °* a > show that tan (a — /3) = (1 — n) tan a. 

1— niin'a 

(h) Find a value of 6 satisfying the equation 
cos .30 4* cos 20 + cos 0 = 0. 

3. (a) In any triangle, prove that tan ^ ^ 6 cofc 2 ! * 

(b) If in any triangle a cos 4 ^ +c cos 4 ^ show that the 

sides of the triangle aro in Arithmetical Progression. 

4. The sides b and c of a triangle and the angle B are given. If 
b > c sin B but < c, discuss the solution of the triangle. 

If a x and a % are the values of the third side in tho two solutions, 
prove that 

a t * +<i a 4 -2a l rt 4 cos 2B = 46 4 cos 4 JS. 

5. The angles of elevation of a bird flying in a horizontal straight 
line from a fixed point at four successive observations are a, p t % 9 , 
the observations being takon at equal intervals of time. Assuming 
the speed of the bird to be uniform, show that 

cot 4 a — cot 4 0«3(cot 4 /3-cot 4 7). 


tan x from — to ~ < 

A A 


1. (a) Draw the graph of y 

(6) Is it possible to find a value of 0 if sec 0 


x'-y* 
jr 4 +y 4 

being two real and unequal numbers ? Justify your answer. 


x and y 


2. (a) Find the value of sin 18°. 


(6) If 

v 7 tan A 


L sm 4 C 

h , * 

sraM 


1. 


prove that tan A tau B«tan 4 C. 


3. In any triangle, prove that 

(i) c 4 »a*+b 4 -2a& cos 0. 

(ii) a sin (B-C)+2> sin (C-A) + c sin (A~B)«0. 
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4 , In a triangle, 2'26, c = l*75, ,4=* 54°. Find Ii and C, having 
given log 2 - ‘301080, L tan 63° - 10*292834, L tan 13° 47'- 9-889724 
and L tan 13° 48' * 9*390270, 

5. A man walking towards a building on which a flagstaff is 
fixed, observes the angle subtended by the flagstaff to be greatest when 
he is at a distance d from the building. If 6 be the observed greatest 
angle, find the length of the flagstaff and the height of the building. 


1. (a) Given sec 04- tan 0=*u, express tan 0 in terms of u . 

(6) Find all the values of 0 lying between 0° and 360° which 
satisfy the equation 

6 0 
sec® — 2 *J2 tan^ • 

2. (a) Draw the graph of ?/“ tan x from — v to tt. 

(6) If A+S + C = tr, prove that 

A B C ir+A ir + B ir—C 

COS •- 4* COS n — COS n **4 COB—'; “ COS -- --- COS — • 

2 2 2 4 4 4 

8. (a) Prove that the value of X U the 

same for all values of A . 

(b) Show that sin 20° sin 40° sin C0° sin 80° = t V 

4 . (a) Discuss the ambiguous case in the solution of triangles, 

(6) If a triangle is such that 2 6 = a + c, prove that 

2 cot ~ *= cot f- 4- cot ^ ■ 

5. Two points A and B of a straight horizontal road are at a 
distance of 400 feet apart. A vertical pole 100 feet high is at equal 
distances from A and R, and the anglo subtended by AB at the ‘foot 
of the pole (which is in the same horizontal plane as the road) is 60°, 
Find (a) the distance from the road to the foot of the pole, and (b) the 
coeine of the angle subtended by AB at the top of the pole. 


1. (a) If sina»-$, and a lies between 180° and 270°, find the 
values of sin and 'cos^ . 

(6) If cos prove that one value of tan | is, 

a j8 

°o*a‘ 
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2. (a) Find the values of 9 lying between 0° and 380° satisfying 
the equation tan’ 0 + cot * 6 — 2. 

(b) If 4-f B + C-180 0 , prove that 

sin* £ -4 sin 6 * * 9 g + sin 9 ^ -1-2 sin ^ sin ^ sin £ • 

3. A person walking along a straight road observes that the 
greatest angle which two objects subtends is a. From the spot whero 
this is the case he walks a distance c and the objects now appear as 
one, their direction making an angle /3 with the road. Shew that the 

distance between the objects is 

cos a ■+■ cots p 

A 

4. (a) Find the value of tan ^ in terms of the sides of the triangle, 
adopting the usual notation. 

(6) In any triangle, prove that 

{1 . A . B-C 

(6-c) cos - -a sin • 

5. Pick out, giving reasons, the ambiguous case out of the 
following and solve it. 

(i) A = 30°, c— 250 ft., o«125 ft. 

(ii) 4-30°, c-250 ft., a-200 ft., 

given log 2* *30103, log 6*03893 -*7809601. 

L sin 38° 4 1' = 9*7958800 and L sin 8° 41 f -9*1789001, 


1. (a) Show that cos s 4 cos 34 + sin*4 sin 34 — cos*24. 

(6) If x sm*0 + y cos*0— sin 0 cos 0, and z sin 6-y cos 0—0, 
show that x * + i/ 9 — 1. 

2. (a) Establish the formula 

r\ a n * 4+B . 4-B 

cos B — cos 4 — 2 sm — , — sm - ----- • 

(6) Prove that cos 9 4 + cos 9 B + cos 9 C — 2 cos 4 cos B cos C— 1, 
if 4+B-C. 

3. (a) Prove that in a triangle, cos ^ 

(h) ( B-C) 5 8 si n (0-4) c*sin (4-B) Q 

* sin B+sTn C sbfC+sin A sin 4 4-sin 5* ’ 

4. (a) Draw the graph of y- sin «+cos x as x ranges from 0 to r* 
(6) Prove that cot 4 + cot B+cot C *■ cot A cot B cot C, if 

4+B+C*ifi 



280 


INTERMEDIATE TRIGONOMETRY 


5. (a) Prove that log ft «® log* n xlog* <*. 

(&) To determine the breadth AB of a canal an observer places 
himself at C in the straight line AB produced through B t and then 
walks 100 yards at right angles to this line. He then finds that AB 
and BC subtend angles 15° and 25° at his eves. Find the breadth 
of the canal, given L cos 25° * 9*9572757 ; L cos 40° » 9*8842540 ; 
h cos 75° *9* 4129962 ; log 37279 *4*5714643 ; log 3728*3*5714759. 


1. (a) Evaluate sin 18°. 

(6) If sec (4> + a) + sec (<A — a) = 2 sec prove that 
cos 0*^/2 cos • 

2. (n) If A + J3 + C*t, prove that 

A l B C A w-A *-B r-C 

C0S o +cog + cos , *4 cos -- — cos -- cos — - • 

2 2 2 4 4 4 

(6) Draw the graph of j/* tan x from a: = 0 to »=2ir. 

8. In a triangle ABC , prove that # 

(i) co 4-*J s( 7c al 

(ii) cot A, cot B , cot C are in A. P., if a*, &*, c* are in A. P. 

4. Two sides of a triangle are in the ratio of 9 to 7, and the 
included angle is 64° 12' ; find the other angles, having given 
log 2* 3010300. L tan 57° 54'* 10-2025255, L tan 11* 16' *9*2993216, 
L tan 11° 17' * 9*2999804. 

5. A flagstaff PN stands vertically on level ground. A base XY 
is measured at right angles to XN , the points X, F, N being in 
the same horizontal plane, and the angles PXN and PYN are found 
to be a and /3 respectively. Prove that the height of the flagstaff is 

sin a sin 

sjsm (a— p) sin (a + pj 


1. (a) Obtain cot 3 A in terms of cot A . 

(6) Provo that 

cot A+cot (60°+A) + cot (120° + A) = 3 cot 8A. 

8 . (a) Prove geometrically that 

cos (180° + A)* -cos A, for all values of A. 

(5) Solve 

sin 3 A +> sin 2A + sia A-Q, where A lies between Oand 2r. 
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3. In a triangle ABC , prove that 

(ii) (6 — c) cot ~ +(c- a) cot + (a-b) cot ^ =0. 

4. The sides of a triangle are 4, 5, 6 ; find B having given 
log 2 = *30103, L cot 27° 53' = 9*9464040, did. for 1*- *00000(50. 

5. (a) The elevation of a steeple at a place due south of it is 45°, 
and at another place due west of the former place the elevation is 30°. 
If the distance between the two places be a, find the height of the 
steeple. 

( b ) Draw the graph of 7/«cot x from x — 0 tox—v. 


** ^ ** tan (0 + a) tan (0 + 0) tan (0 + 7)* P rov<i t * iat 

X + 1 - sin 4 (a-0) + W ' - sin 4 (0-7) + * + X sin*(7-a)»0. 
x-y ' y-z ’ z-x ' 1 

(6) Prove that cot A + cot (G0° -4- A ) + cot (120° + A ) = 3 cot 3 A . 


2. (a) If A-hB + C- 180° and sin ^4 + ^ ^ = n sin ^ » show that 


. A B 
tan _ tan - 


n — 1 # 
n + 1 

( 6 ) If .4 + 15 + 0= 180°, prove that . 

sm 4 A + sm 3 £+£in 9 C-2 cos A cos B cos C« 


3. In a triangle, prove that 

(ii) (6 4 — c 4 ) cot A + (c 4 - a 4 ) cot £+(a 4 ~6 4 ) cot C« 0. 

4. (a) Draw the graph of ?/ = sin x from x=0 to sc«ir, and from the 
graph find the angles whose sine is *7. 

(6) If a=70, 6 = 35, C = 36° 52' 12", find the other angles having 
given log 3 = *4771213, L cot 18° 26' 6" - 10*4771213. 

$. A flagstaff is on the top of a tower which stands on a level 
plane. At a certain point in the plane the tower subtends an angle a, 
and the flagstaff an angle 0. At another point 'a* ft. nearer the 
base of the tower, the flagstaff again subtends the angle 0. Show that 

the height o i the tower » r-U^£»n%+J)‘ 
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2 tan , 


1. Show that sin 0® 


and cos 0* 


1! tan 


. At* 

V l + e 


l-tan* , 


1 + tan* - 


l + tan® - 


, <t> , , , cos 6-e 

tan £l » show that cos </>*=% -• 

2 1 - 0 cos 0 


2. (a) Solve the equation tan 0 + tan 20 + tan 30=»O. 


(b) Show that 


cos 60 + 0 cos 40 + 1.5 cos 20 + 10 
cos 50 + 5 cos 30 + 10 cos 0 


can be reduced to 


the simple form 2 cos 0. 


3. Show that, in a triangle ABC , the distance of the ortho-centre 
from the side BC is 2 R cos B cos C, li being the radius of the circum- 
circle. 

Establish 42? sin A sin B sin C«o cos -4 + 5 cos B + c cos C. 


4, Prove that in a triangle, cos 



Find the greatest angle of the triangle whose sides are 5, 6 and 7, 
having given 

log, o 6- *7781513 
L cos 39° 14' = 9*8890644 
diff. for 60” ~ *0001032. 


5. The elevatiou of a tower due north of a point A is 0 and at a 
point B due west of A is 0. Show that its altitude is 
AB s in 0 sin 0 
<s/sin a 0-sin a 0 


1. Prove that *in (0 + 0)»sin 0 cos 0+cos 0 sin 0, when 0 and^ 
are both acute angles. 

Show that if an angle a be divided into two parts so that the ratio 
of the tangents of the parts is X, the difference x between the parts is 
given by 

sin sin a. 



ALLAHABAD UNIVERSITY QUESTIONS 


288 


2. Determine the height of a mountain if the elevation of its top 
at unknown distance from the base is 28° ; and at a distance 8 miles 
77 yards further off from the mountain along the same line, the angle 
of elevation is 16°. Given log 16071 = *2000, h sin 16° -9*4403, 
L sin 28° *9*6716, L sin 12° *9*3179. 


8. Solve completely the following equations 

(i) cot Jo: -cot x* cosec 4 . (ii) 2 sm*x + sin*2x — 2. 

4. Show that 

(i) cos a+cos p+cos 7 + cos (a+P + 7) 

a + P P + 7 7 + a 

— 4 cos cos cos -g— • 

(ii) tan A + tan B + tan G' = tan A tan B tan C\ when A+B+C— t. 


5. Establish the following relations in a triangle 

(i) a cot A + 6 cot B+c cot C * 2R + 2r . (ii) r A +r a + r, * r+4B, 


1. Prove that in any triangle ABC , 

. B-C b—c A 
tan n ; - cot • 

2 b+c 2 

2. (a) Show that in a triangle ABC, 


sin A + sin B + sin C « 4 cos cos ^ cos ^ • 

(6) Prove that in a triangle ABC, 

£ 

r A +r 3 * c cot f j 9 


where t x and r, are the radii of the two escribed circles opposite to 
A and B respectively. 


8. (a) Find the value of sin 15°. 

(6) Find the number of digits in 13' * x 2 R , given 
log 2**30103 and log 3* *4771213. 

4 . (a) What is the angle of elevation of the sun when the length 
of the shadow of a pole is *J ( S times the height of the pole ? 

(b) Prove that the radian is a constant angle. 

5. If (a— b)(s-c)*(b~e)($-a), show that the radii of the escribed 
circles of the triangle are in A.P., where a, b, c are the lengths of the 
sides of the triangle and s is semi-perimeter. 

6. If JT is a point in the side AB of a triangle ABC such that 
AK : KB**m : «, and if 6 be the Z.CATB, show that 

(tn+n) cot cot A-m cot B. 
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7. (a) If tan 6 — 1c , find tan 50. 

(5) Solve ain 00* sin 0. 

8. In a triangle, a- 10, 4-51° 31' 40", 13-76° ; find b, 

given log 12396- 4 0932S16, 

log 12397 — 4*09331 CC, 

L sin 76° -9*9869041, 

Ij sin 51° 30' -9*8935444, 

L sin 51° 31' -9*8930448. 


1. Provo that 

( . sin (A +373) sin (3 A 73) _ . . , 

(a) - . M .... ' = 2 cob(A + B). 

sin 2A + sin 2B ' 5 6 7 * 


-x 1 
4 


1 .,3 

« cos 1 - 


2. Solve tho following equation, giving the general solution 
cos 0 — sin 30 — cos 20. 

8. A hillside is a piano sloping at 30° to the horizontal. For 
climbing the hill there is a straight road inclined at an angle of 45° to 
a lino of the greatest slope. Find the tangent of tho angle which tho 
road makes with tho horizontal. 


4. (a) If tan .4 + sin A = ?» and tan A — sin A = n, prove that 
?»* — »* — 4 s/{nm). 

(b) Prove that 


cos tan" 1 sin cot" 1 a; 



5. (n) State, without proof, the formulas which you would use in 
solving a triangle when two sides and the included angle are known. 

(b) A landmark A is observed from two points B, C, 4400 yds. 
apart. The angle ABC is found to be 68° and the angle ACB 72°. 
Find the distance of the landmark from B. 


[ Given log 4*4 — 0*6435, log 6*51 — 0*8136, 

L sin 72° -9*9782, log cosec 40° -0*1919. ] 

6. (a) Find an expression for the radius of the circumscribed 
circle of a triangle. 

(b) If r lt r«, r t are the radii of the escribed circles of the 
triangle ABC opposite A, B, C respectively, and r is the radios of the 

inscribed circle, prove that 

rrilr%r B — tan 9 J A. 
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1. State the value of cos (90° + 0), and prove the truth of your 
statement. (0 < 90°). 

What sign has sin 0 + cos 6 when 0*300° ? Give reasons. 

2. Prove that sin 4 + sin B * 2 sin }(4 4- B) cos J (A - B). 

Simplify 

sin A 4- sin 34 4- sin 54 4* sin 74 
cos A 4* cos 34 4* cos 5 A 4- cos 7 A * 

3. (a) An angle x is divided into two parts a, £ such that 

tan a _ a 
tan 0 6 

Prove that 

sm (a-p)« a + 6 sm x. 

(6) Eliminate 0 between tho pair of equations : 

35*2 cos 0, y *3 cos (0-30°). 

4. (a) Find the general solution of the equation 

cos 204- sin 20 «1. 

(6) If 4-f B-bC* 180°, prove that 

sin a 44-sin a B4-sin a C*24-2 cos A cos B cos C. 

5. At each end of a base of length 2a the elevation of the top of a 
mountain is B, and at the middle point of the base the elevation is 4. 
Prove that the height of the mountain is 

a sin 4_sin B 

js/lsin (4 + B) sin (4 - B)}' 

6. If AO bisects the angle 4 of a triangle 4BC, and O lies on BC , 
find the length of AO . 

In the triangle 4BC, D is the foot of the perpendicular from 4 
on BC and A 9 is the middle point of BC. If AD~k, AA*~m % and 
BC—a, prove that 

cot 4«(4m*-a*)/4ah. 


1. Prove that in a triangle ABC f 


tan 


B-C 


b-c eot 4, 
&+c ° 2 
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2. (a) Show that 

1-tan 4 * , . rt 2 tan * 

cos 2*- “*rr — 5- and sin 2x « 

14 tan l4tan B * 

(6) If 2 tan A** S tan B , show that 

x / i -r>\ sin 2J5 

tan (A— B) = - 

' 7 5 — cos 2J5 

3. (a) Prove that sin 15° - ( JS - 1)/2 s/2. 

(6) Solve the equation 

sin 04 cos 0= s/2. 

4. Prove that log,,a«log e a/log f 6. 

If x = log a a a, log sa 2a and 3 = log 4a 3a, prove that xye+l**2yz, 

5. Prove that in any triangle, 


sin 2.44 


sin 2B 4- 


- sin 2C — 0. 


(ii) (r x — r) (r*-r) (r s -r)- 4r 4 I2, 

where the letters have their usual meanings. 

6. (a) If tan ~ tan \ , prove that 

4 Ar 14e 4 

. COR 0-6 

COS0- - ■* 

1-0 cos 0 

(6) Eliminate 0 between the equations 
ae-sin (04 a), y - cos (0 — |9). 

7. (a) Solve tan” 1 2*4tan~ l ftr— 

(6) Determine the height of a mountain if the elevation of its 
top at an unknown distance from the base is 28° , and at a distance 
3 miles 77 yards further oil from the mountain along the same line, 
the elevation is 16° , given 

log 1*6071 -*2060, L sin 12° -9*3179. 

L sin 16° -9*4403 and L sin 28° -9*6716. 

8. Prove that the square of the distance between the circum-centre 
and the in-centre of any triangle is JR 4 -2I?r, in the usual notation. 

If the circum-centre lies on the in -circle, prove that 
oos A 4 cos B4 cos 0 — s/2* 


0nB n/S +1 
4 


1. Show that cos 8$' 
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2. In any triangle, prove that 

(i) 26c cos A«6* + c*-a a . 

(ii) sin 2A + sin 2Ef + sin 2C ■**! sin A sin B sin O. 

8, (a) Prove the identity 

(6) If tan A+sin A»w and tan A -sin A»«, 
show that m 1 - n 4 » d J mn. 

4. (a) Solve the equation tan 0 + tan 20 + tan 30 «0, 

(6) If tan 0= ~ and tan = * , show that 

cos 20«*sin 4<£ 

5. {a) Eliminate 0 between the pair of equations 

ac**2 cos 0, y = 3 cos (0-30°). 

(6) If K is a point in the side AB of a triangle ABC such that 
AK : KB*=m : n, and 0 be the angle CKB , show that 

(m+n) cot 0**w cot A — ?n cot 23. 


6. (a) The angle of elevation of the top of a pole is 15° from a point 
on the ground. On walking 100 feet towards the pole, the angle is 
found to be 30°. Find the height of the pole. 


(6) Prove that cos tan" 1 sin cot" 1 a:*= 



7. (a) Show that the radius of the circle circumscribing a regular 
polygon of » sides, equal to a, is given by 

r» I x 

B “ - a cosec - • 
a n 

(6) If the area of a triangle is 96 and the radii of its escribed 
circles are 8, 12, 24 respectively, calculate the length of the sides. 


1, (a) If A is an angle between 90° and 180° and if sin A » *8, 
find tan - • 

(6) If A + B+C-r, prove that 

ABC 

sin A-sin B + sin C*4 sin j cos^- sinj- • 

2, (a) Prove geometrically the formula 

cos (A+B)««cob A cos B-sin A sin B. 
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(6) Show that 6in a 24°- sin*6°- — 8 r -* 

3. (a) How would you solve a triangle having given two sides and 
the included angle ? 

(b) In a triangle ABC t b = 14, c = 11, 4«60° ; find B, having 

given 

L tan 11° 44' 29" = 9‘31774 
log 2 » '30103, log 3 =» '47712. 

4. Show that 

(a) N/rr l r a r a *= 8 = r 5 cot ^ cot ^ cot ~ • 

(b) cos 4-f cos £-f cos 1+ ^ * 

where the symbols have their usual meanings. 

5. (a) A spherical balloon of radius r feet subtends at an observer’s 
eye an angle a, when tho angular elevation of its centre is 0. Find the 
height of the centre of the balloon. 

(b) Trace the changes in the sign and magnitude of cos A — sin A 
as A changes from 0 to 2ir. 

6. (a) Prove that cos A — sin A =» 2 cos ^-4 + ^ J » 

hence find the maximum value of 
cos A — njS siu Am 

(b) Solve the equation 

7 Bin*jc + 3 cos *£“4. 

(c) If cos a A4-cos*I3 + cos®C+2 cos A cos B cos C — l, 
shew that A±B±C is an odd multiple of r, 

7. (a) Prove geometrically that 

tan A > A > sin A, 

(b) Shew by means of trigonometrical formulas that if 
x+y+z**xyz, then 

_J2x 2 y 2 z _2x_ 2y 2 z 

l-x'+l-y' + i-z'^l-x'i-y'l-z*' 

1. (a) Prove geometrically the formula 

sin (4+£)»sin A cos £+cos A sin B. 

(b) Solve the equation <s/S sin 0 ~ cos 0 - *J2. 
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2. (a) In a triangle ABC , prove that 
a sin^ ^ +J5^*(6+c) sin ^ 
(6) Find the value of 
2 cos 


tr Ot 3v 

i3 cos J3 +°cs 13 +cos 


ftir # 

13* 


3. (a) Obtain an expression for the radius of an inscribed circle 
of a triangle. 

(b) It r l % r a , r* be the radii of escribed circles and r the radius 
of inscribed circle of a triangle ABC, prove that 

1,11,1 a*±b* + c* 

rS r, a r,* + r»* " &*"' 
where S stands for the area of the triangle ABC. 

4. (a) If sin 0« sin a, shew that all the values of 0 are included 
in the expression 

nv + ( — l) M a. 

(6) If cos (A — B) = £, and sin (A + B)«J, find the smallest positive 
values of A and B t and also their most general values. 

5. (a) In an ambiguous case of the solution of a triangle, if a , b , 
and A are give n , prove that the difference between the two values 
of c is 2 N /a*~6 fl sin 3 A* 

(b) Solve the triangle ABC , having given o«100* c—IOOjs/ 2, 
and A — 30°. 


6. (a) In a triangle ABC, if a 2 , 6*, c a are in A.P., 
tan A, tan .B, tan C are in H.P. 


(&) If 


a cos A s eo JB - x ^ 2/j—fc sin A s ec B R 
o sin (A + J5) 6 cos (A + B) n * 

prove that “ 1. 


show that 


7. (a) Prove the rule which determines the characteristic of the 
logarithm (to base 10) of a number less than unity. 

(6) Find the smallest integral power a, of 7, which makes 7* 
greater than 10 ao . 

(log 7- ‘8451 ) 

(c) Find the number of digits in 3°*, having given log 8 
m *4771213. 


1* (a) Deduce the signs of 

(i) sin A, (ii) cos A for all values of A between 0 and Sr. 


19 
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(b) Prove that 

sin (A - C) +.2jmi A + sin (A + O)^ sin A 
sin (B - C) + S lain B + sin [B — C) ™ sin B 

2. (a) Prove geometrically the formula 

cos (4 — B)» cos .4 cos B + sin 4 sin B, 

(i b ) Solve the equation 

. n + 1 d . it — 1. , . a 

sin -g 0«sin 5 + sin 0. 


8. In a triangle 4BC, prove that 

(i) cot B cot C + cot C cot 4 + cot A cot B = 1, 

(ii) sin (B+C — 4) + sin (C + 4-B) + sin (4 + B-C) 

= 4 sin 4 sin B sin O . 

4. In a triangle ABC, prove that 

C C 

(>) (r i+r.) tan ' =(r,-r) cot ~=c. 

(ii) if 8B* = a 4 + b 2 + c 4 , then the triangle is a right-angled triangle. 

5. The sides of a triangle are 32, 40 and C6 feet ; find the angle 
opposite the greatest side, having given that 

log 207 = 2*3159703, 
log 1073 « 3*0305997, 

L cot 66° 18' = 9*6424341, 
difference for l' = 8431. 


6, (a) In a triangle ABC , prove that if 

. Bin B 
cos 4= - — . - 

2 sin C 

then the triangle is isosceles. 

T 


(6) If prove that 

2" cos 0 cos 28 cos 2 a 0**'cos 2"“ l 0 = 1. 


7. A man notices two objects in a straight line due west. After 
walking a distance c due north, he observes that the objects subtend an 
angle a at his eye ; and, after walking a further distance o due north, 
an angle Show that the distance between the objects is, 

3c # 

2 cot p-cot a 
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1, Define a radian, and show that ii 6 be the circular measure 
on an angle subtended at the centre of a circle of radius r by an aro 

whose length is Z, 0 - i • 

Two circles, the sum of whose radii is V, are placed in the same 
plane, with their centres at a distance ‘ l * 2a\ and an endless string, 
quite stretched, partly surrounds the circles and crosses itself between 
them. Show that the length of the string is ^*-+2 


2. Prove that 


... * sin’a 
1 1 + cot a 


= sm a cos a. 


cos a 

- — ‘ - s 

1 + tan a 

(ii) tan 70° = 2 tan 50° + tan 20°. 

(iii) sin 4 A + sin*jB — sm a C-2 sin A sin B cos C, 
where A+B + C** 180°. 


3. (a) Solve completely cos 0 - sin 3 0 » cos 20. 

(6) If sin -1 a+sin" 1 |3 + sin~ l 7 «ir, 
show that a + jt' + yjl-y * * 2a ^* 


4. In any triangle, prove that 

(i) 


a 

&in A 


b , +c’-r‘ 




If cos show that the triangle is isosceles. 

2 sin C 

5. The perpendiculars from the angles of a triangle on the 
opposite sides meet at 0, and OA**x t OB**y t OC-z. Show that 

a + b 0 ; ^ abc * 
x y " r z xyz 

6, A tower stood at the foot of an inclined plane whose inclina- 
tion to the horizon was 9°. A line 100 ft. in length was measured 
straight up the incline from the foot of the tower, and at the end of 
this line the tower subtended an angle of 54°. Find the height of the 
tower, having given 

log 2- *30103, log 114*4123—2*0584726, 
and Lain 54° -99079576. 


1. (a) Prove the following identities : — 

(i) coa*A+sinM-l-3Bin*A coaM 
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(ii) 


cob fi sin® 

1 - tan 0 + i - cot 0 


*■ 

sin 0 + cos 0, 


(b) If 2 tan a *3 tan j3, prove that tan (a— 


sin g # 

5 -cos 2/3* 


2. In any triangle, prove that tan ^ ^ ^ * \+~c c0 * H * 

Two sides of a triangle are 540 and 420 yards long respectively and 
include an angle of 52° 6'. Find the remaining angles, given that 
log 2« '30103, L tan 20° 3'* 0*6391480, L tan 14° 20' -9 '4074189, 
£ tan 14° 21' *9-4079453. 


3. (a) Solve the equation sin (0-tf»)* J, and cos (0+4>)» J. 
(b) Prove that (i) sin“ , a; + cos * • 

A 


(ii) 


sin cot" 1 cos tan" 1 ®* 


/x'+l' 
\ x* + 2 


4 . (a) Prove geometrically the identity 

cos (A — B)«cos A cos B + sin A sin B. 

(6) In any triangle ABC , prove that 

a*sin (B — C) j 6*sin ((7— A) c f sin (A — B) m q 
sinB-HBinC sin C + sin A sin A 4* sin B 

5. An object is observed at three points A, B, C lying in a hori- 
zontal straight line which passes directly underneath the object. 
The angular elevation at B is twice that at A , and at C three times 
that at A; AB*a, BC = b . Show that the height of the object is 


0. If r lt r q , r 9 be the radii of the three escribed circles, and 
1* r* )( 1~ 9 k° w that the triangle must be right-angled. 


1. (i) Show that — - A * sec A + tan A. 

sec A — tan A 

(ii) If cos 0 — sin 0* sin 0, prove that cos 0+sin 0— \/3 cos 0# 
(iii) Prove that sin (A + B) sin (A -* B) * Bin® A - sin®!?. 

2. Prove that 

(i) tan 3 A tan 2 A tan A — tan 3A — tan 2A - tan A. 

4 ir , 4 8r , . 5 *r . 4 7 * 8 

(n) cos 4 g + cos 4 g~ + cos 4 g- +ccs 4 -g * - • 

3 . (i) Find the value of sin 18°. 

(ii) If A+B+C- 180°, prove that 

tan A + tan B 4-tan C»tan A tan B tan C. 
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4 . Solve any of the following equations : — 

(i) sin 50 oos 30 — sin 90 cos 70. 

(ii) tan 0 + tan 20 + tan 30 = 0. 

(iii) sin 0+cos 0= ij%. 

5. (i) Discuss the ambiguous case in the solution of triangles. 

(ii) In a A ABC, if a =*5, b * 4, and X»45 9 , find the other angles, 
having given 

log 2 -*30103 
L sin 34° 20' = 9*7523919, 
and L sin 34° 27'- 9*7525761. 

6. (i) Find the radius of the circumscribed circle about a given 
triangle in terms of its sides and its area. 

(ii) Prove that * +~ + \= ?>’ 

' be ca ab 2 ltr 

where a, b t c are the sides of a A ABC, R and r are respectively the 
radii of its circumscribed and inscribed circles. 


1. (a) Prove that 


/I -st 

V l + si 


— sin A, 
sin A 


sec A - tan A , 


( b ) What is the angle of elevation of the sun when the length 
of the shadow of a pole is tjd times the height of the polo ? 

2. (a) Prove that cos (4-B) — cos A cos J5+sin A sin B. 

m j.u i. sin(4-B) sin (B-C) sin (C — A) n 

( ) rove at CQa ^ 00g ^ CQS y cog q cosC cob A* 


8. (a) Prove that 


sec 84 - 1 b 
sec 44 — 1 


tan 84 . 
tan 24 


f*\ -n 2r 4v 8 t 14* 

ib) Prove that 16 cos oos , cos . - cos , _ 
15 15 15 15 


4 . Solve : — 

(i) tan*0-(l+ n/ 3) tan 0+ */3«0. 

(ii) */3 cos 0+sin 0 — tj'2. 


1. 


5. (a) Prove that log a log^ m x log* 5. 

(6) In a triangle ABC , if a * 21, 6« 11 and C-34° 42' 30", find 
A and B , given 

log 2 - *30103, 

and L tan 72° 38' 45" -10* 60515. 
t. (a) Prove that ~ +,-+5 - \ -0, 
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where r x% r 4f r t are the radii of the escribed circles and r the radius 
of the incircle of a triangle. 

(ft) Prove that sin“ l ^ - c os” 1 ~»sin" , g®' 


1. (a) Prove that sin 24 = 

l + tan 1 ^ 

(b) 2 cosec 24 = tan 4 + cot 4. 

2. (a) Prove that sin (4 — B) = sin 4 cos B — cos 4 sin B. 

(h) sin 10° + sin 20° + sin 40° 4- sin 50° = sin 70° + sin 80°. 

8 . (a) Provo that tan 34 tan 24 tan 4 = tan 34 — tan 24— tan 4 . 
(b) If 4 4- B + C « 180° , prove that 

tan 4 + tan B+tan C = tan 4 tan B tan C. 


4 . Solve : — 

(a) cos 3x4- cos 2x4- cos x = 0. 


(ft) sin 04- cos 0 = 


n/2’ 


5. (a) In any triangle, prove that 

. B-C ft — c . 4 
t* 111 <> cot 

2 04- c 2 

(ft) If in a triangle, 6=14, c= 11, and 4 = 60°, find B and C 
given that 

log 2 = *30103. 
log 3 -*4771218. 

L tan 11° 44' = 9 3174299. 

L tan 11° 45'= 9' 3 190640. 


6. (a) Prove that * 4- - 1 - 4- « 

be ca ab 


1 

2 Hr 


where B and r are the radii of the circum-oircle and the in-circle 
respectively of the A4BC. 

• -i 77 

sm l 85* 


(ft) Prove that sin 


_i 8 , . ..8 

■ ‘ s +”“ \r 


1. Prove that the circumference of a circle is equal to v times the 
diameter. 

Examine the following statement : — 

‘*■=180° ; therefore the circumference of a circle is 180 times 
the diameter*. 
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The angles of a triangle aro in A. P., and the number of degrees 
in the least is to the circular measure of the greatest as 00 : ir ; 
find the angles. 


2. i) I rove that b(Jc 0 — tan 0 cos eo* 9 sec 6 + tan 0 

(ii) tan 7A — tan 4J-tan 34-* tan 1A tan 4 A tan 3A. 

(iii) binM + sin’-E-sin’C-Q sin A sin li siu C, 

given A + B+ C = t. 

3. Solve any two of the following : — 

(i) sin 40 -sin 0 . 

(ii) 3 cos 9 + <s/3 sin 9 - JG. 

(iii) cog*0-fiin 0 — ^ — 0. 

4. In any triangle, prove that 
(i) n = b cos C+c cos B. 

a b 


(ii) 


wu A sin B' 


Prove that 2a- 5 -2c cos J3, given angle C«G 0°. 

S 

5. Prove r— - and state the corresponding results for the three 
s 

escribed circles of the triangle, in the usual notation. 


Prove that 1 + 1 + 1 — - 
r x r, r a r 


and 


1 . 1 . 1 
ab be ca 


1 

<2Jtr 


6. Explain clearly what, yon mean by in verso trigonometrical 
functions and their principal values. 

Prove that tan -1 J+tan” 1 j = l and siu coscc" 1 cot tan" 1 


7. A man on a boat moving direct towards a tower observes that 
at a certain point, the angular height of the tower is 30°. After 
advancing 50 yards nearer the tower, the elevation is observed to bo 16°. 
Find the height of the tower above the water lovel ; given 

L sin 15° - 9 4 129962, 

L cos 5° -9*9083442 
log 25 783- 1*4113334 
and log 26*784- 1*4113503. 


1. (a) If tan0+sin0-a and tan 0- sin 0-5, then prove that 
a* - 6* -4 Jab. 

(6) Show that l-f+£iV _ r+ui'»“ 9ln * oo» 

2. (a) In a triangle ABC , prove that 

tan ^ - * /l*zJLi 9 rfH 9 where 2s«a+6+c. 

2 V i(«-o) 
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(6) The sides of a triangle are 130 ft., 123 ft, and 77 ft. 
the greatest angle, having given 

log 2“ *8010300, 

L tan 38° 39'- 9*9029376, L tan 38° 40'= 9*9031966. 

3. (a) In any triangle ABC t prove that 

a _ b _ 

Bin A sin B sin C 
( b ) If in a triangle ABC, 

. sin B 
cos .4 *= . 

2 sm C 

prove that the triangle is isosceles. 

4. (a) Splvc the equation s/3 cos 0 + sin 0 — sj2. 

(6) Prove that sin~ l ^ + cot~ x 3= J • 

5. (a) In any triangle ABC , prove that 

(i) sin (B+2G') + sin (C + 24) + sin (4 + 2B) 


Find 


. . B-C . C-A . A- B 
= 4 Bin 2 sm — — sin — 


(ii) 


U 1 * 1 . 

r t r a r„ 


where the symbols have their usual meanings. 

6. In the same horizontal plane there are two inaccessible points 
P and Q and two stations S and Tat each of which PQ is observed 
to subtend an angle a. FT subtonds at S an angle 0 and QS subtends 
at T an angle 7. Prove that 

PQ*=ST. y 

Sill y — a) 


1. (a) If sin" 1 sc + sin"* 1 ^- 2 » prove that 

xjl-y* + y s/f-s r*«l. 

(b) Prove that the radian is a constant angle, and find its value 
in degrees, minutes and seconds. 

2. (a) If A + B + C m 180° , prove that 

A x &. C A A _ r~B _ w— O 

COS + COS + COS — 4 COS — ~r — COS — r — COS — 7 — • 

2 2 2 4 4 4 

(6) In any triangle, prove that 

f*‘.+r.)K± »•.)(»•. + 

r i r l +r,r l +r l r t 

where the symbols hsve their ueosl meaning. 
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3. (a) Discuss the ambiguous case in the solution of triangles. 

(6) In a triangle ABC, if o«5, 6 ® 4 and A “45°, find the other 
angles having given 

log 2 - *30103; 

L sin 34° 20' *9*7523019 ; 

L sin 34° 27'® 9*7525761. 

4. Prove that 

(i) tan 70° *2 tan 50° + tan 20°. 

(ii) cos a cos (00° — a) cos (00° + a)* J cos 3a. 

(iii) sin (a + £+7)-*- sin (a -4- /3 — 7) 4-sin (a — ^+7) 

- 1 sin a cos /9 cos 7, 

provided a® £ + 7. 

5. Solve the following equations 
(a) tan (r cot d)®cot (ir tan 9). 

(5) tan 0 + tan 2 0 + \/3 tan 6 tan 2 0=*- 

6. An object is observed at three points A, 13, C lying in a 
horizontal straight line which passes directly undernoafch tho object. 
The angular elevation at B is twice that at A and at C it is three times 
that at A ; AB®a, BC~b . Show that the height of the object is 

'si J&+W[*i>-a). 


1. (a) Establish cos (A + 23)® cos A cos B - sin A sin B . 

*"(&) Prove that cos 20°. cos 40°. cos G0°. cos 80° « 

2. (a) Show that tan ^ ® /(* 

2 V s(s-a) 

for any triangle ABC , each letter being used in its usual significance. 

(6) The sides of a triangle are 2, 3 and 4 ; find the greatest angle* 
having given log 2* *30103, log 3- 4771213, L tan 52° 14*® 10-1103396* 
L tan 52° 15'® 10*1111004. 

8. (a) Prove the following : — 

tan A + see A — 1 ^ 1 + sin A f 
tan A — sec A + 1 cos A 

* (b) tan A+tan 23+ tan C«tan A tan B tan C, if A+B + C»ir. 

4. *(a) Prove that tan" 1 2 * 4 5 J +i& n “ l \ *8m’ l ^ + cot"' 1 3-»45°. 

(b) The angles of a triangle are in A.P. and the number of 
radians in the least angle is to the number of degrees in the mean angle 
as 1 : 120. Find the angles in radians. 

5, (a) Solve JS cog 0+sin 9 ® */2. 

(6) A square tower stands upon a horizontal plane. From a 
point in this plane, from which three of its upper corners are visible, 



298 


INTERMEDIATE TRIGONOMETRY 


their angular elevations are respectively 45°, GO 0 and 45°. Show 
that the height of the tower is to the breadth of one of its Bides as 
<s/6( »^5+ 1) to 4* 


1. Establish the following identities : — 

# /.v 1 X ^ 1 1 _ 

' cosec 4 — cot A sin A sin A cosoc .4 + cot A 
*(ii) sin G5° + cos 65° = is/2 cos 20°. 


(iii) tan 


A + B . . 4 — B 2 sin A 

. +tan "■ ■■ ®“" ■ TJ * • 

2 2 cos A + cos B 


2. If B be the radius of the circle circumscribing the triangle ABC 
and p,, p a , p n bo the perpendiculars from the centre on the sidos of the 
triangle, prove that 

^ sin k = sin iJ = sin C = 2i? ’ 

(ii) + 

Ji ?. A 4 PiPiPt 

3. In a triangle ABC calculate the Bine of 4/2 in terms of the 
lengths of the sides and hence find the greatest angle of the triangle 
in which a =74, 6 = 26 and c=60, given that 

log 3 = ’4771213 
log 13 «1* 1139434 
L sin 56° 19' -9 9201836 
I) iff. for l' = *0000342. 

4. Solve the equations 

(i) cos 0 — sin 3# — cos 20. 

(ii) tan 0+ tan 20 + tan 30 = 0. 

5. The elevation of a lower at a place P due east of it is 0 ; and at 
Q due north of P, the elevation is <t>. Show that the height of the 
tower is 

PQ, sin 0 sin <f> 

\Uin (0 + 4>) sin (0-f) 

6. *(fl) Prove that 

tan” 1 * + tarr 1 6 = tan“ 1 

(6) Expand the determinant 

1 * I 


sin 4 * sin B sin C j 

| oos 4 cos B cos C | 
and hence or otherwise prove that in a triangle 4BC 
a s n (B— 0+6 sin (C-4)+c sin (4- B)«0. 
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1-7831 1-7437 1-7856 1-7675 1-7796 1 7917 1 8040 29 “ 12 24 36 48 60 72 84 96 108 

1-8040 1‘8165 1-8291 18418 1'8546 1'8676 T8807 28 ° 13 25 38 51 64 77 89 102 116 

1-8807 1-8940 1'9074 19210 T9347 19486 1 9626 27 ° 14 27 41 54 68 82 95 109 122 

1- 9626 1‘9768 1-9912 2'0057 2 0204 2 0353 2 0503 26° 15 29 44 58 73 88 102 117 131 

2- 0608 9'0655 3*0609 3 0965 21133 3 1283 3 1445 26° 16 31 47 63 79 94 HO 136 141 






2*1445 2*1609 2*1775 2*1943 2*2113 2*2236 22460 24° 17 34 51 63 85 101 118 135 152 

2*2460 2*2637 2*2817 2* 2998 2 3183 2*3369 2*3559 23° 18 37 55 73 92 110 128 146 165 

2*8559 2*3750 2*3945 2*4142 2*4342 2*4545 2 4751 22° 20 40 60 80 100 119 139 159 179 

2*4751 2*4960 2*5172 2*5386 2*5605 2*5826 2*6051 21° 22 43 65 87 109 130 152 174 195 

2*6051 2*6279 2*6511 2*6746 2*6985 2*7228 2*7475 20° 24 47 76 95 119 142 166 190 213 
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NATURAL COTANGENTS 


Table IV 

LOGARITHMIC SINES 


XIV 


INTERMEDIATE TRIGONOMETRY 




9 53406 9-58751 9-54093 9 54433 9-54769 9-55109 9-55483 89 ° 84 68 101 135 169 903 937 970 804 

•55433 -65781 56085 -56408 '56727 ’57044 57358 88 ° 82 64 96 128 161 198 225 957 289 

•57858 -57669 -57978 -58284 '58588 -58889 -59188 67 ° 31 61 99 122 153 183 214 244 275 

•59188 -59484 "59778 '60070 ‘60859 '60646 -60931 66 * 2 9 58 87 116 146 174 204 933 269 

*60931 *61214 *61494 -61773 '62049 '62323 *62595 65 ° 28 56 83 111 139 166 195 222 250 
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LOGARITHMIC COSINES 



Table V 

LOGARITHMIC TANGENTS. 


XVIII 



9*43805 9*43808 9*43808 9*44299 9*44787 9*45271 9*45750 74° 49 98 147 196 245 294 343 392 442 
*45750 *46224 *46694 *47160 *47622 *48080 *48534 73° 46 93 139 186 232 278 325 371 418 

*48534 *43934 *49430 *49872 *50311 *50746 *51178 72° 44 88 132 176 220 264 308 352 896 

*51178 *51606 *52031 *52452 *52870 *53285 *53097 71° 42 84 126 168 210 252 294 336 378 

*53697 *54106 *54512 *54915 *55315 *55712 *56107 70 ° 40 80 121 160 201 241 281 321 362 




9*66107 9*56498 9*56887 9*57274 9*57658 9*58039 9*58418 69° 39 77 116 154 193 231 270 308 347 

*58418 *58794 *59168 *59540 *59909 *60276 *60641 68° 37 74 111 148 185 222 259 296 333 

*60641 *61004 *61364 *61722 *62079 *62433 *62785 07° 36 72 107 143 179 214 250 286 822 

*62785 *63135 *63484 *63830 *64175 *64517 *64858 66° 35 69 104 138 173 208 242 277 311 

*64858 *65197 *65535 *65870 *66204 *66537 *66867 65° 34 67 101 134 168 201 235 268 802 
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USEFUL CONSTANTS 

AND LOGARITHMS 


SOME USEFUL CONSTANTS 


One radian - 57° 17' 45" nearly - 206265" ; 


log 206265 = 5*3144255. 


ji-3‘14159265. 

- -0*31830989. 
n 


72-1*4142135... 

73-1*7320508... 


75-2*2360679... 

76-2*4494897... 


77-2*6457513... 

78 - 2*8284271... 


710 = 

3*1622776... 


SOME USEFUL LOGARITHMS 


log 2 -*30103 

log 3 -*47712 


log 5 -*69897 

log 7 -*84510 










